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Introduction

Cut-slope and cliff failure are pervasive geotechnical problems that
are difficult to predict. Events that trigger landsliding and debris-
flow formation have been rigorously studied (Iverson et al. 1997;
Springman et al. 2003; Godt et al. 2009) to deduce the hydrome-
chanical conditions present at the shear plane prior to failure.
Methods for solving slope-stability problems are constantly being
revised as our understanding of slope-failure mechanisms improves
(Keefer and Larsen 2007). Cooper et al. (1998) detected incipient
motion of a field scale clay pit failure using point measurements.
Petley (2004) also detected an outward-propagating failure surface
during a controlled clay slope failure that used a network of
extensometers and inclinometers.

Several studies have been conducted on laboratory-scale mass
movement processes that account for the influence of three-
dimensional constraints. Iverson et al. (2004) used a laboratory ap-
paratus for dry sand avalanches to test a Coulomb continuum model
for avalanche motion across three-dimensional terrain. Bachmann
et al. (2006) observed gravitational slope failures in three-dimensional
physical models of mountains andmountain slopes by using casts of
deforming liquid and solid hydrocarbons. Harris et al. (2008) used

a 70-mm-wide box with polypropylene walls in a centrifuge to
model mass movement processes of a simulated thawing slope.
Harris et al. (2008) quantified surface and cross sectional movement
in a three-dimensional laboratory slope, but the infinite planar slop
model that was used did not account for sidewall friction. Fox et al.
(2007) used limit-equilibrium analyses to predict stream bank failure
of noncohesive soils. Fox et al. (2007) predicted that stream bank
failure would occur sooner than the experiments for 60 and 90�
slopes showed, and this discrepancy was attributed to the un-
accounted compression forces from the sidewalls on the soil.

In recent years, image-processing techniques such as particle
image velocimetry (PIV) have been used to calculate particle dis-
placements both in the laboratory and the field. The PIV technique
was originally developed to track and quantify particle displace-
ments through flowing media, such as water (Adrian 1991). The
tools involved in a typical PIV experiment usually consist of ameans
for capturing high-resolution, digital, still photographs in a time
series as well as an algorithm that will quantify particle displacement
by calculating the correlation between two images (Adrian 1991).

The PIV technique has recently been modified and adapted for
geotechnical applications. White et al. (2003) applied the method to
measuring soil deformation when using a digital camera, a corre-
lation protocol, and fixed-soil deformation experiments with known
particle displacements. Barnett et al. (2009) used PIV to quantify the
displacement of soil grains from earthworm muscle contractions.
Aryal et al. (2012) applied the PIV method to data collected using
a terrestrial laser scanner in order to measure displacements of slow-
moving landslides in the field. Desrues and Viggiani (2004) used
stereophotogrammetry in the laboratory, similar in concept to PIV,
to observe strain localization in sand. Hall et al. (2010) used
a method called digital image correlation, which is similar to PIV
analyses with a digital camera, to measure strain-localization pat-
terns in granular materials. By using the PIV method to observe
displacements occurring prior to slope failure, researchers can
produce a dense field of particle-displacement measurements, which
can show where incipient motion of a shear plane may occur.

In this study, a series of experiments was conducted simulating
the failure of a vertical cut of unsaturated sand. The experiments
were performed in an apparatus with a sliding door that incre-
mentally increased the height of a free vertical face until an abrupt
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failure occurred. Variable quantities of water was mixed with the
sand, and the sand volume was compacted to a uniform density.
Soil-water and shear-strength parameters were alsomeasured for use
in an extended vertical-cut theory that is proposed in this work. The
PIV method was used to quantify a field of particle displacements
throughout the soil volume as the sliding door was removed prior to
abrupt failure. These PIV displacements were used to delineate the
angle of the failure plane—a vital parameter in these extended
vertical-cut analyses—and the predictions were compared with the
height of the vertical cut observed at the moment of failure.

Theoretical Background

To quantify the role of varyingmoisture content in the critical height
of unsaturated slopes, a generalized effective stress framework for
unsaturated soils was used. The suction stress concept, initially
proposed in Lu and Likos (2004, 2006), is an extension of a Bishop-
type effective stress for unsaturated soils

s9 ¼ ðs2 uaÞ2 ½2Seðua2 uwÞ� (1)

where s9 5 effective stress; s 5 total stress of the soil volume; ua
5 pore air pressure; Se 5 effective saturation of the pore volume; uw
5 pore water pressure; and the quantity ua 2 uw 5matric suction or
soil suction. Suction stress can be conceptualized as the sum of the
active forces near interparticle contacts within a soil volume, and
which results in a tensile stress (Lu and Likos 2006). Lu and Likos
(2006) also quantified suction stress, ss, as a function of the matric
suction and effective saturation by

s s ¼ 2Seðua2 uwÞ ¼ 2
u2 ur
us 2 ur

ðua 2 uwÞ (2)

where ur 5 residual volumetric moisture content and us 5moisture
content at saturation, or the porosity of the soil. Combining Eqs. (1)
and (2) yields

s9 ¼ ðs2 uaÞ2s s (3)

These equations show that the suction-stress quantity is reduced to
zero when the pore volume is completely saturated (uw 5 0). Con-
versely, if a sandy soil is dried to residual moisture content, the
effective degree of saturation nears zero, and suction stress also
becomes zero. This important characteristic was missing from
a Bishop-type effective stress.

Following van Genuchten’s (1980) soil-water characteristic
curve (SWCC) model, the normalized effective saturation of a soil
sample at equilibrium for a given suction, ua 2 uw, is

Se ¼
�

1
1þ ½aðua2 uwÞn�

�121=n

(4)

where a and n5 fitting parameters related to the inverse of the air-
entry value for the saturated soil and the pore-size distribution,
respectively.Using a simple axis-translation experiment,a and n can
be determined by solving the inverse solution to the experimental
data with van Genuchten’s model. Substituting the effective degree
of saturation in Eq. (2) into van Genuchten’s (1980) model yields

s s ¼ 2

�
ua2 uw

1þ ½aðua 2 uwÞn�
�121=n

(5)

which is the closed-form expression for suction stress proposed and
validated in Lu et al. (2010) for all types of soils. Suction stress

portrayed as a function of a soil’s moisture content, or the suction-
stress characteristic curve (SSCC), can be used to quantify changes
in effective stress in unsaturated soils.

Extension of Culmann’s Theory

The applicability of the suction-stress concept to effective stresses in
unsaturated soils provides a convenient means to apply limit-state
Mohr-Coulomb–type failure analyses to variably saturated soils.
The classic Mohr-Coulomb failure criterion defines a failure en-
velope as a ratio of shear and normal stresses along a slip plane

tf ¼ c9þ s9 tanf9 (6)

where tf 5 soil’s shear strength; c9 5 apparent cohesion; and f9
5 internal friction angle. Because suction stress is a tensile stress,
Eq. (3) can be combined with Eq. (6) to solve for the apparent
cohesion as a function of suction stress and the friction angle (Lu and
Likos 2006)

c9 ¼ 2s s tanf9 (7)

Consequently, the SSCC can calculate the apparent cohesion for
a granular soil at any unsaturated moisture condition.

The simulated cut slope in this study is a vertical finite slope with
an assumed planar-failure surface passing through the toe of the
slope.Culmann’s (1866) analysis assumes that a slopewill fail along
a plane when the average shear stress, ts, exceeds the average shear
strength, tf , along that plane. A state of critical equilibrium exists for
a potential failure plane where the ratio of shear stress to shear
strength along that plane is at aminimum.The critical-failure plane is
found by calculating the ratio of shear stress to shear strength for
many potential planar failure planes that may exist for a single slope.
Once the critical angle is determined, the critical height of a vertical
cut, Hcr, can be calculated by

Hcr ¼ 4c9
g

 
cosfsoil9

12 sinfsoil9

!
(8)

where g5 unit weight of the soil; and fsoil9 5 internal friction angle
between the soil grains.

This finite-slope analysis is not valid for soils where cohesion is
assumed to be zero (i.e., sands). However, unsaturated cohesionless
soils generally possess some degree of a suction stress. If the ap-
parent cohesion, c9, is substituted for the suction stress function in
Eq. (7), the vertical-cut analysis can be extended to cohesionless
soils by

Hcr ¼ 24s s

g

 
cosfsoil9

12 sinfsoil9

!
(9)

Neither the extended analysis for predicting the critical height of
the vertical cut, nor the original Culmann’s analysis, accounts for
constraints in the third dimension. However, under experimental
conditions in a laboratory setting, three-dimensional constraints are
imminent. Fig. 1 shows a conceptual drawing of a vertical-cut
geometry in three dimensions. Under any experimental circum-
stance, a vertical cut of soil in the laboratory has a dimension of
thickness, s, in addition to the height, H, and horizontal distance
to the potential failure plane, b. Finite-slope analyses such as
Culmann’s (1866) neglected the third dimension, assuming the forces
acting along the failure margins were negligible compared with those
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on the failure surface. In general, this assumption provides reasonable
results for cohesive soils—especially when the slope approaches
vertical (Taylor 1948). However, at laboratory scales, the forces along
the margins of the slope failure—in other words, the sidewalls—are
not negligible compared with those on the failure surface (Courrech
du Pont et al. 2003). The extended analysis was modified in Eq. (9)

to account for the third dimension in a vertical-cut slope. The mod-
ification adds the effect of friction from each bounding layer (that
is, sidewall), keeping the thickness of the experimental slope, s,
constant. The effect of suction stress caused by the pore water that is
in contact with the sidewalls is also taken into account. The result of
the extended analysis modified for the sidewalls is

Hcr ¼ 22ss s tanb tanfsoil9

sg sinb
�
sinb2 2Ko tanfwall9 2 cosb tanfsoil9

�þ 2s s sinb tanfwall9
(10)

where fwall9 5 friction angle between the soil and one of the side-
walls, and Ko 5 coefficient of lateral earth pressure. The suction-
stress quantity,s s, in Eq. (10) is solely the suction stress of the soil at
its presentmoisture content as calculated byEq. (5). A full derivation
of Eq. (10) can be found in the Appendix.

Experimental Methodology

To test the proposed extended theory, a vertical-cut-slope apparatus
was constructed in the laboratory. The apparatus was rectangular in
shape, rested on a tabletop, and was 62 cm long3 20 cm wide
3 40:5 cm high (Fig. 2). A cohesionless, semihomogenous sand
(sold as Granusil 2095, Unimin, Le Sueur, Minnesota) with rela-
tively coarse grains (d50 5 1:4 mm; Unimin) was used in the

vertical-cut experiments. Before commencing with the failure
experiments and PIV assessments, the soil-water and shear strength
properties of the experimental soil were characterized.

Testing of Sand Parameters

The van Genuchten (1980) soil-water parameters of the sand were
measured using an axis-translation flow cell in the laboratory
(Wayllace and Lu 2012). Using the SWCC obtained with this
method, the SSCC was calculated from Eq. (5).

The friction angle between the sand particles, fsoil9 , was de-
termined using a dry direct shear test of the soil. To obtain the friction
angle between the sand and the wall, fwall9 , a tilting table was
constructed using an acrylic simulator sidewall as the failure surface.
The procedure was similar to those used in Buffington et al. (1992)
and Iverson et al. (2004). To properly estimate the contact between
the sand and acrylic sidewall in the cut-slope experiments, the sand
was compacted to the same porosity as the vertical-cut experiments.
The target porosity for the failure experimentswas 0.415. To achieve
this homogeneous porosity for thefwall9 tests, a rigid 22:93 33:0-cm
(93 13-in:) cake pan was filled with 5 kg of coarse sand. The top of
the sand volume was flush with the top of the cake pan, and the
sidewall was placed on the filled pan. The sidewall was then placed
upside down on the tilting table, with the cake pan keeping the sand
intact. The angle of the tilting tablewasmeasured using an electronic
level fastened to the table’s base. The table was tilted at an average
speed of 0:1�=s for each trial. The friction angle was defined as the
angle of the table when the pan and sand volume rolled off the
surface of the sidewall. Ten trials were conducted in all, and
the average fwall9 value was used in all calculations.

Fig. 1. Conceptual model of vertical cut with sidewalls separated by
distance, s

Fig. 2. Laboratory vertical-cut simulator: (a) side view of simulator with PIV grid of patches (x-z coordinate plane); (b) top view of simulator with
PIV grid (y-x coordinate plane)
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The coefficient of lateral earth pressure, Ko, was estimated using
the Jaky (1948) equation

Ko ¼ 12 sinfsoil9 (11)

Vertical-Cut Experiments

To effectively characterize deformation at the shear plane measured
from the PIV tool, each experiment needed to progress until abrupt
failure. Fig. 2 shows the side and top views of the vertical-cut ap-
paratus. The sliding door was fit into grooves machined into the
sidewalls [at the right-hand side of the x-z plane (side view)] and
the top of the x-y plane (top view, Fig. 2). The sidewalls were
fastened to an aluminum plate at one end and an aluminum plate on
the bottom to minimize deflection. The sidewalls were additionally
reinforced on top with small (0.6-cm-wide) aluminum beams at the
sliding door and at the center of the apparatus.

For repeatability, the consolidation and moisture-content distribu-
tion of the soil volume needed to be aswell controlled as possible. Prior
to each experiment, a measured volume of water was added to a large
tubof dry sand andmixedbyhand.The tubwas covered in plasticwrap
to prevent evaporation while the partially saturated sand was poured
into the cut-slope apparatus 6 kg at a time. The soil-moisture content
was kept to a maximum of 0.05, the percentage at which surface
tension dominates over gravity-driven pore-water seepage. After the
mass of sand was poured into the apparatus, a custom compaction
hammer compacted it. The 5.9-kg hammer was precisely the width of
the cut-slope apparatus and was dropped from a height of 10 cm at
consistent locations across the length of the apparatus. The processwas
repeated for a total of 60-kg bulkweight ofmaterial. The apparatuswas
then sealed with plastic wrap to prevent moisture escape through
evaporation. Samples of the moist sand were weighed for consistent
moisture-content measurement prior to being compacted.

Removal of the sliding door commenced immediately after the soil
was prepared. The sliding door was incrementally lowered 0.5 cm
from the top, thus increasingly exposing the vertical cut. Each time the
doorwas lowered, twodigital cameras (NikonD80 andNikonD3000,
withNikkor18–135mmand 18–55VR lenses, respectively) captured
digital images of the soil volume on both the x-z plane and the x-y
plane (Fig. 2). The side-view (x-z plane) camera was fastened to
a tripod placed 1.3 m away from the sidewall. The camera viewfinder
was centered on the cut-slope apparatus at an angle directly incident to
the sidewall surface. The top-view (x-y plane) camera was attached to
a custom immobile stand that rested on top of the apparatus. This
camera was pointed down and leveled to ensure that the lens was
incident to the x-y plane. Both cameras simultaneously captured each
image via wireless remote shutter. The tripod-mounted camera, top-
stand camera, and remote shutter were essential for minimizing camera
movement cameras during each experiment, thus reducing the possi-
bility of error in the PIV calculations.

The failure height was recorded as the height of the vertical cut ex-
posed by the sliding door at the moment abrupt failure occurred. Sam-
pleswere immediately taken from the remaining sandvolume in thebox,
weighed, and heated in an oven for moisture content measurement.

PIV Analysis

GeoPIV 8.01 (White et al. 2001) was used to detect displacement of
the sand particles in each failure experiment. Digital images of the
sidewall and top view at every door-lowering increment were
uploaded to theGeoPIV software. A grid of patches was defined for
an area 20 cm long3 30 cm high just to the left of the door for the
side-view images and a grid 203 20 cm directly behind the door for
the top view (Fig. 2). Each patch measured 803 80 pixels (about

6:53 6:5 mm) andwas designed to encompass several soil grains to
accurately capture the particle displacements. The reference image
usedwas the cut-slope apparatuswhen the sliding doorwas at the top
position (H5 0 cm). All subsequent images in the series were
compared with the reference image to calculate displacements, in
pixels, of the center of each patch. [White et al. (2003) provided
a detailed explanation on the subpixel cross-correlation procedure
between the reference and measurement images.]

The displacements from the PIV analyses were converted from
pixels to millimeters using marks at known distances on the cut-
slope apparatus. A small (subpixel to several-pixel) error occurred
fromminisculemovements of the cut-slope apparatus and/or camera
during the experiment as the doorwas being lowered. Thisfield error
was corrected by removing the apparent particle displacements at the
far left-hand boundary of the PIV patch grid farthest from the slid-
ing door at that height elsewhere in the grid. Through dozens of
experiments conducted with the apparatus, no displacement was
observed at the far left field of the PIV grid resulting from door
sliding. The entire suite of images and corresponding PIV vector
plots were observed to study the evolution of the vector field as the
sliding door was removed before failure.

Results

Results from the laboratory testing of the soil shear strength and
moisture retention function are summarized in Table 1. A friction
angle of 57.5� between soil grains, fsoil9 , was measured from six
separate direct shear tests. The SWCC and calculated SSCC
obtained from the flow cell experiment are plotted in Fig. 3. The
curves were used to dictate the amount of water mixed with the soil
volume for the vertical-cut experiments.

Table 1. Soil-Water and Strength Properties of the Experimental Sand

Variable Symbol Quantity

Internal friction angle fsoil9 (degrees) 57:56 4:7
Soil-wall friction angle fwall9 (degrees) 24:86 0:4
Coefficient of lateral earth pressure Ko 0.16
Air entry parameter a (kPa21) 2.65
Pore size distribution parameter N 4.48
Saturated moisture content us 0.39
Residual moisture content ur 0.01

Fig. 3.Modeled soil-water characteristic function for the experimental
soil using the parameters in Table 1 for the drying case; the suction stress
characteristic curve was calculated using Eq. (5) for the same range of
moisture contents
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Results from eight different vertical-cut experiments are sum-
marized in Table 2. Suction stresses in the samples ranged from
20:007 to 20:07 kPa. Compacted porosity ranged from 0.4 in the
drier samples to 0.41 for the samples with higher moisture content.
Failure heights ranged from 3.9 cm for the driest sample to 25 cm
for the wettest mixtures.

Fig. 4 shows one side-view soil displacement vector plot cal-
culated using the PIV analysis. As the experiments progressed,
vectors increased in magnitude and maintained a constant orien-
tation of about 60� downslope. Deformation decreased inmagnitude
with depth and with distance away from the slope face. Fig. 5 shows
the PIV vectors from the top view calculated at the same instant as
those in Fig. 4. Vector orientation was dominantly in the x-direction
(toward the slope face) near the center of the soil volume.

Our measurement system detected PIV patch movement result-
ing from slope deformation (after far-field and out-of-plane dis-
placement correction) as low as 0.6 pixels, or about 0.05 mm of
actual particle displacement. The set of results from Experiment E
(Table 2) was plotted into contour maps of total resultant magnitude
(x- and z-components for the side view and x- and y-components for
the top view) for three different slope heights. The side-view contour
plots are shown in Fig. 6 and the top-view vector magnitudes are
plotted in Fig. 7. The vertical cut failed at a height of 13.3 cm in
Experiment E (Table 2). The plots show progression of the vector
magnitudes as the slope height was increased (Figs. 6 and 7). In the
side-view plots (Fig. 6), total magnitudes increased as the slope
height (H) was increased, and contour shape remained nearly
constant-oriented about 60� downslope. In the top view plots
(Fig. 7), magnitudes also increased, and the 0.1-mm contour line
migrated away from the slope face as H was increased.

Analysis and Discussion

Top-View Deformation

Displacement contours from the top-view PIV analyses show
a parabolic shape that resembled the shape of the slope crest after
failure. WhileH was increased, displacement magnitudes increased
and migrated away from the sliding door during each experiment.
Because the principal movement of the soil volume was in the
x-direction—toward the sliding door—the strain in the x-direction
was calculated by taking the first directional derivative of the PIV
displacements in the top view. Strain in the x-direction for
H5 13 cm in Experiment E is shown in Fig. 8. The slope crest is
outlined in Fig. 8 as the dashed line where the slope failed once H
was extended to 13.3 cm. The future crest nearly coincides with the
location and shape of the area of highest calculated strain in the
x-direction (Fig. 8). As H was increased, the area of highest strain
localization increased in magnitude but remained at the same lo-
cation until abrupt failure.

The same strain calculations and slope crests were plotted for the
remaining experiments whereH was just before failure (Fig. 9). For
the lower moisture contents (Experiments A–F), the highest mag-
nitude of strain localization is at the future location of the postfailure
crest. Experiments with higher moisture contents (Experiments G
and H) showed a larger area of strain localization, with the location
of the slope crest occurring more toward the bottom of the strain
localization area.

It was concluded that the strain localization at the top surface of the
soil volume indicates the potential for abrupt failure at that location.
The strain computation delineates incipient shear movement from an
apparent uniform deformation of the vertical cut. The angle of the
failure plane, b, can then be assumed for our extended vertical-cut

Table 2. Moisture Content, Porosity, and Failure Height Data for the Eight Vertical Cut Experiments

Experiment
Volumetric moisture

content, u Compacted porosity Unit weight, g (kN=m3)
Mean suction stress,

s s (kPa)
Experimental failure height,

Hcr (cm)

A 0:0116 5:773 1024 0:3996 0:006 15.73 20:007 3.9
B 0:0146 5:153 1024 0:4006 0:006 15.72 20:017 7.7
C 0:0186 9:033 1024 0:4126 0:009 15.46 20:024 9.7
D 0:0226 4:533 1024 0:4116 0:007 15.53 20:033 11.8
E 0:0296 1:423 1023 0:4136 0:007 15.55 20:045 13.3
F 0:0386 2:573 1023 0:4076 0:007 15.79 20:059 21.5
G 0:0466 3:343 1023 0:4136 0:005 15.71 20:068 24.4
H 0:0456 3:173 1023 0:4126 0:005 15.73 20:070 25.0

Fig. 4. Raw result (in pixels) of particle displacement at the side view
(x-z coordinate plane) for a slope height of 10 cm

Fig. 5. Raw result (in pixels) of particle displacement at the top view
(y-x coordinate plane) for a slope height of 10 cm compared with the
image where slope height 5 0 cm; displacement in the y direction was
assumed to be error resulting from movement of the grains out of the
y-x plane
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analysis at that value of H, assuming the failure plane extends to the
toe as in Culmann’s (1866) analysis.

Side-View Analysis

ThePIVdisplacementmagnitudes from the side-viewPIVcalculation
did not clearly identify the location of incipient failure plane move-
ment. Side-view contours were oriented downslope about 60�, which
were not consistent with angle of the slope after failure (∼72� in all
experiments). If b is assumed to be 60�, there is no solution for
Eq. (10) for any quantity of soil moisture content because the shear
force does not exceed that of the resistant normal force from the sliding
block. Once more, the extended vertical-cut analyses assume the
failure plane extends to the toe of the exposed cut, as derived from
Culmann’s (1866) original analysis. The displacement contours in
ExperimentE (Fig. 6) did not extend to the toeof the exposedcutwhen
H was 10 cm and greater. Strain in the x-direction was also calculated
for the side-view images, but the results were inconclusive for de-
termining the failure plane location at the toe and crest.

Using PIV for Extended Vertical-Cut Analysis

The critical failure height, Hcr , was calculated by inputting the
variables in Tables 1 and 2 and the failure plane angle, b, to Eqs. (9)
and (10). The failure plane angle was estimated by taking the tangent
of the slope height,H, over the distance from the sliding door to the
highest strain calculated from the top-view PIV analysis. Results of
the calculations for each of our vertical-cut experiments are plotted
in Fig. 10, along with the experimental slope height at the time of
failure. Calculated critical failure heights had a RMS error (RMSE)
of 22.3% comparedwith the experimental failure heights accounting
for the sidewall friction. The extended analysis without sidewall
friction had a RMSE of 88.5% comparedwith the experiments. Both
analyses underpredicted the height of failure, but the addition of the
sidewall effect improved predictions over that if these effects were
neglected (Fig. 10). The variability in predicted H, represented by

the error bars, was calculated from the different moisture content
measurements of the soil volume after each experiment (Table 2).
The addition of the sidewall modification to the vertical-cut analysis
suggests that the PIVmethod can be used to predict critical height of
a laboratory vertical cut when calculating strain localization at the
top of the soil volume. According to the plot in Fig. 10, the modified
assessment would predict failure soon prior to the actual event as the
experimental vertical cut approaches Hcr. Accordingly, the com-
parison of the extended analysis to the experimental data in Fig. 10
presents some key points of discussion.

First, it is likely that failure may have occurred along the critical
shear plane prior to abrupt failure. Ourmethod of processing the PIV
data in this study suggests incipient motion of the failure plane, but
no quantitative or visible definition of failure prior to an abrupt
failure event. A perfectly plastic failure mechanism is also assumed,
whereas the soil has an elastoplastic stress-strain curve. Because of
the gradual change in the wall height, the actual stress-strain re-
sponse may have led to a progressive failure mechanism. Further
examination of this phenomenon would need to be pursued to pro-
vide a working definition of a vertical-cut-slope failure.

Heterogeneities in the soil moisture content and compaction
would have an influence on the strain localization computed for the
different slope heights. Results for the experiments with higher
moisture contents (Fig. 9) show several possible locations of strain
localization, and by our definition, incipient failure plane motion.
Although the experiments were conducted almost immediately after
moisture addition and compaction, water was likely redistributing in
the sand toward hydrostatic conditions. Higher moisture content
would likely result in greater moisture redistribution; therefore,
heterogeneity of the soil moisture may be larger for these experi-
ments relative to those with lower moisture contents. In addition,
possible effects of arching in the compacted soil associated with the
sidewalls were not considered in the measured movement of the soil
mass and may be responsible for the discrepancy in our predictions.

The analysis proposed in this study also assumes the failure
surface is planar. Shear planes obtained in the experiments were

Fig. 6. Plotted resultant vector magnitudes at the side view for Experiment E (u5 0:029); height of failure was 13.3 cm
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slightly nonplanar and curved upward. Simplification of the failure
surface shape in our extended analyses may have contributed to the
consistent underprediction of the critical failure heights. Our tests
showed ameanb of 69.4�, which was slightly less than the predicted
b from Rankine’s active theory (73.8�). Accounting for the cur-
vature of the failure planewould likely improve predictions of failure
height.

Finally, measured soil strength in laboratory experiments has
been shown to be dependent on scale (Skempton and Hutchinson
1969; Garga 1988). Bonala and Reddi (1999) explained the scale
dependency of soil shear strength experiments by attributing it to
spatial heterogeneities such as fissures and joints that may occur in
granular volumes greater than the one used her in the vertical-cut-
slope experiment. Iverson et al. (2004) also showed that cohesive
forces have a much greater effect in small-scale (,1m) granular
avalanches than in larger, geophysical avalanches, and suggested it
was best to use completely dry material when using small-scale
experiments to model an ideal granular avalanche. The vertical-cut
analyses in this study were derived from finite-slope analyses often
used in field-scale studies. The analysis presented here can be easily

applied to experiments on a larger scale (i.e., meters scale) that may
improve the comparison between the experimental and calculated
failure heights reported in our study.

Suggested future work to further test the extended vertical-cut
analysis modified for the effect of sidewall friction would include
an improved apparatus designed to change the distance between the
sidewalls, s, to test the effect of the critical slope height for different
sidewall thicknesses. A wider s can also allow for different soils
(e.g., with smaller d50, more fines) to be used in the failure ex-
periments. In larger, field-scale stability problems where slope
height is tens of meters or greater, body forces from the soil’s unit
weight accounts for a greater fraction of the total friction forces on
a failure plane than suction stress. Similarly, when two sidewalls are
less than 1 m apart, suction stress will account for most of the total
friction forces resulting from the sidewalls.

A dimensionless ratio between the critical slope height and the
distance between sidewalls (Hcr=s) can be plotted for each type of
soil to identify the distance between sidewalls for other vertical-cut
experiments. This provides a means to estimate the optimal sidewall
separation needed to obtain failure heights that are practical for
laboratory settings. In addition, soils with higher moisture contents
could also be tested in an apparatus designed to maintain pore water
pressures. For example, experiments can be conducted where the
water table height would be controlled to examine the effect of water
table fluctuation on the critical height of a vertical cut.

Conclusions

Culmann’s (1866) theory for the critical height of vertical slopes
was extended to unsaturated conditions. The extended theory also
accounted for the effects of the friction and cohesion along the
lateral margins, which is applicable for all laboratory slope stability
experiments. A tool that is being increasingly applied to geo-
technical tasks, PIV, was used to quantify and detect incipient
particlemotion as small as 0.05mmprior to failure. The PIV results
were also used to estimate the angle of the failure plane to predict
the critical height of failure using the extended analyses proposed
here.

Failure heights ranged from 3.9 cm for the lowest moisture
content to 25 cm for the highest. A displacement field was observed

Fig. 7. Plotted resultant vector magnitudes at the top view for Ex-
periment E (u5 0:029); height of failure was 13.3 cm: the sliding door
was toward the top of each of the contour plots; apparent displacement
resulting from sand movement out of the x-y plane was corrected

Fig. 8. Calculated strain in the x direction (toward the sliding door)
when H5 13 cm in Experiment E; height of failure was 13.3 cm: the
dashed line was superimposed from the exact location of the crest from
the top-view image after slope failure
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where the highest magnitudes occurred toward the sliding door and
gradually decreased in magnitude with distance away from the door.
Strain in the direction toward the sliding door was calculated from
the top view to be 0.5 to 2.5%. The region of highest strain locali-
zation coincided with the eventual location of crest of slope failure.
Using the failure angle, soil-water, and soil strength parameters, the
critical failure height was predicted with a RMSE of 22.3% using the
extended vertical-cut analysis.

Appendix. Theoretical Development of an Extended
Culmann’s Theory for Unsaturated Cut Slopes with
Sidewall Friction

The factor of safety for a simulated cut slope is calculated by di-
viding the resisting forces by the active forces along the failure
plane. The forces at play in a simulated laboratory cut slope that
figure into determining the factor of safety (FS) are

FS ¼ Fsoil þ 2Fwall

Fshear
(12)

where Fsoil 5 frictional force caused by resistance along the failure
plane; Fwall 5 frictional force caused by resistance along each

Fig. 9.Calculated strain in the x direction, toward the sliding door, for Experiments A–D and F–H: the dashed lines were added as in Fig. 8; location of
the sliding door was toward the top (x5 0 cm) of each plot

Fig. 10. Comparison between the experimental failure heights and
the predicted critical heights for each of the eight experiments in this
study: the diagonal line represents 1:1 regression; open shapes rep-
resent results from the extended vertical-cut analysis without sidewall
correction and using only the suction stress extension for cohesionless
soils; solid shapes represent results from the extended analysis modified
for sidewall friction
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sidewall in the simulator; andFshear 5 active shearing force along the
failure plane in the direction of shear. Each resistant and active force
is dependent on the weight of the wedge of soil that fails by

W ¼ H2sg
2 tanb

(13)

where s5 distance between the two sidewalls;g5 unitweight of the
soil (kN=m3); b 5 angle of the potential failure plane from the
horizontal; andH 5 height of the wedge or the height of the vertical
cut free face.

The shearing force acting in the direction of the failure plane can
be expressed simply as

Fshear ¼ W sinb ¼ H2sg sinb
2 tanb

(14)

The resistance to shear along this failure plane is derived from the
normal force from the wedge of soil, as well as the average suction
stress

Fsoil ¼
"
W cosb2s s

�
Hs
sinb

�#
tanfsoil9

¼
"
H2sg cosb
2 tanb

2s s
�

Hs
sinb

�#
tanfsoil9 (15)

where fsoil9 5 friction angle between soil particles; and s s 5 suction
stress (negative quantity). Suction stress is multiplied by the area of the
failure plane to give the total friction force contribution caused by the
average suction stress quantity along the failure plane.

The friction force contribution from each sidewall can best be
conceptualized as an additional failure plane following the Mohr-
Coulomb failure criterion by

Fwall ¼
�
WKo2s s

�
H2

2 tanb

�	
tanfwall9

¼
�
H2sgKo

2 tanb
2s s

�
H2

2 tanb

�	
tanfwall9 (16)

where fwall9 5 effective friction angle between the soil and the
sidewall; Ko 5 coefficient of earth pressure, or the ratio of vertical
stress imposed by the soil wedge translated into horizontal stress;
and the quantity H2=2 tanb 5 effective area the soil wedge is in
contact with the sidewall.

For a potential failure condition to be satisfied according to
Eq. (12), the active shearing forces must be set equal to the total
resisting forces (FS5 1:0)

Fshear ¼ 2Fwall þ Fsoil (17)

Combining Eqs. (14)–(17) results in

H2sg sinb
2 tanb

¼ H2

tanb
ðsgKo 2s sÞtanfwall9

þ Hs

�
Hg cosb
2 tanb

2 s s

sinb

�
tanfsoil9 (18)

After dividing H out once and rearranging Eq. (18), the result is
solving for a single quantity of H, or the critical height of a vertical
cut

Hcr ¼ 22ss s tanb tanfsoil9

sg sinb
�
sinb2 2Ko tanfwall9 2 cosb tanfsoil9

�þ 2s s sinb tanfwall9
(19)

If sidewall effects are ignored, Eq. (7) is used to solve for the co-
hesion, and if the critical angle is assumed to be

bcr ¼ 90þ fsoil9

2
(20)

which follows Eq. (9.31) in Lu and Godt (2013), then Eq. (19) is
reduced to Culmann’s original equation [Eq. (8)] for the critical
height of a vertical cut.
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