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Abstract: The recently established theoretical results of the solid-water characteristic curve �SWCC� and capillary force characteristic
curve �CFCC� are experimentally verified for mechanical and hydrologic interaction between uneven-sized spherical particles under
partially saturated conditions. It is shown that the theoretical framework, based on the minimization of the free energy of the liquid
meniscus between the two uneven-sized particles, can predict both water retention and capillary force accurately for spherical particles
ranging in radius from 165 to 252 �m. The experimental technique is novel and the results at such scale are valuable for the understand-
ing of gas-solid-liquid interaction among granular media, since there is very limited experimental data available in the literature. The
comparisons between the theoretical and experimental predictions of the SWCC and CFCC indicate that the agreements are generally very
good, confirming the validity of the theory.
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Introduction

Capillary forces in soils play an important role in soil’s mechani-
cal and hydrologic behavior. For example, their occurrence can
increase the strength of soils appreciably. An accurate description
of capillary force in terms of thermodynamic variables and soil
particle and pore size distributions is important for understanding
of the stress state in partially saturated soils, which is directly
related to their strength and deformation. For a given soil, the
capillary force among soil particles is a function of soil-water
content; therefore, this function is called the capillary force char-
acteristic curve �CFCC�. For a given soil, the water content is a
function of environmental variables such as relative humidity or
the matric suction; therefore, this function is called the solid-
water characteristic curve �SWCC�.

Both the CFCC and SWCC can be assessed by the thermody-
namic equilibrium principle applied to gas-liquid-solid phase
boundaries among soil particles, and at the most fundamental
level, the liquid bridge between two uneven-sized particles.

In the two-particle system shown in Fig. 1, the dashed lines in
Fig. 1�a� represent a water lens that has condensed onto the par-
ticles with the geometry indicated by the principal radii of curva-
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ture r1 and r2. It is these local radii of curvature that determine the
mean curvature and thus the pressure difference across the liquid-
air interface, i.e., the matric suction. If the interface is viewed
macroscopically, so that its thickness can be considered to be
negligible and the surface tension can be said to be uniform and
acting along the interface, it makes no difference whether one
approaches the problem from the direction of the mechanical
equilibrium of the interface, the minimization of the free energy
�an equivalent statement of force balance if there is no energy
dissipation due to viscosity�, or the thermodynamics of surface
excess quantities �e.g., Miller and Neogi 1985�. The fundamental
relationship is the Laplace equation

ua − ul = 2H�la �1�

where ua and ul=pressures of the air and liquid phases, respec-
tively; H=1 /2�1 /r1+1 /r2�=mean curvature with sign depending
on the concavity or convexity of the meniscus surface; and
�la= liquid-air surface tension.

The problem of the shape of the water meniscus between two
spheres will reduce to Eq. �1� when the minimum of the correct
free energy functional is found with the appropriate boundary
conditions. Considered here is a system with constant tempera-
ture, total volume, and total mole number of fluid particles. The
appropriate free energy is then the Helmholtz free energy which,
in cylindrical coordinates �see Figs. 1�b and c��, and considering
only the left particle �in Fig. 1� for illustration �the free energy of
the bottom half can be expressed in the same manner�, has the
functional form �e.g., De Bisschop and Rigole 1982�

F�r�z�� = 2��la�
0

zc

r�1 + ṙ2�1/2dz − �u��� �r2 − g2�dz − Vt�
+ 2���ls − �sa� � g�1 + ġ2�1/2dz + �sa

4�R1
3

3
�2�

where the subscripts l, a, and s=liquid, air, and solid phases

present respectively, and the symbol •=spatial derivative d /dz.
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The pressure difference across the liquid-air interface, �u, plays
the role of the Lagrange multiplier on the constant volume con-
straint, and the total volume of the condensed lens is Vt. The
function, g=g�z�, defines the particle surface while the limit of
integration zc=point of contact between the particle surface and
the meniscus profile �Fig. 1�c��. It should be noted that Eq. �2�
represents a variable end-point problem of the calculus of varia-
tions. This means that, as one would expect experimentally, there
is only one independent variable. The Lagrange multiplier �matric
suction, �u�, volume of the liquid, Vt, and end point, zc, are
related to one another so that specifying one implies the others;
although the matric suction end-point relationship may not be
single valued �Orr et al. 1975�, stability considerations or know-
ing the volume of the liquid will sort this out. In the present work,
the volume of the liquid is the control variable while the matric
suction and end point are free to find their values in accordance
with the minimum free energy of the functional in Eq. �2�.

Several approaches to solving the Laplace equation for the
shape of the liquid meniscus between two particles can be found
in the literature. Many are concerned with the meniscus between
two identical particles �e.g., Melrose 1966; Erle et al. 1971;
De Bisschop and Rigole 1982�. Lian et al. �1993� in particular
develop a numerical technique to solve the Laplace equation for
two equal-sized particles and compare it to the so-called toroidal

Fig. 1. Illustration of meniscus between two uneven-sized particles:
�a� definition of geometry; �b� variation of meniscus-particle contact
as result of variation of profile; and �c� closeup of curvature triangle
created by points A, B, and C
approximation, which assumes the meniscus profile to be circular,
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for determining the capillary force. They find errors of less than
10% between the numerical solution and the approximation. They
find that both their numerical method and the toroidal approxima-
tion underestimate experimentally determined forces at small par-
ticle separations and large liquid volumes. They also determine
a simple relationship between the liquid volume and critical
distance between particles when the liquid bridge ruptures.
Molenkamp and Nazemi �2003� also consider equal-sized, rough
particles. They develop a numerical approach to solving the
Laplace equation and compare it to the toroidal approximation
with similar results.

Orr et al. �1975� solved the general problem of a sphere in
contact with a plane of arbitrary liquid-solid contact angle. This
solution can be used to model even-sized spheres with an angle
of � /2, or uneven-sized spheres with an arbitrary angle. Their
tables of analytic solutions provide the basis for assessing
the validity of the toroidal approximation for uneven spheres
�Lechman and Lu 2008�. It was shown that as the particles be-
come increasingly different in size the toroidal approximation

Fig. 2. Schematic diagram of experimental apparatus

Fig. 3. Example frames from typical movie: �a� before particles are
engaged; �b� just before separation; �c� just after separation; and �d�
results of LoG edge-finding technique on stage �c�



becomes increasingly errant. However, the question remains as to
how well the theory of Orr et al. captures physical reality.

Experimental investigations of the capillary force between
spheres and plates and two spheres have a long history.
McFarlane and Tabor �1950� investigated the role of humidity on
the adhesion between a sphere and a plate. They found that the
adhesion for very small film thicknesses and small contact angles,
�, can be described by the relation

Fcap = 4�R�la cos � �3�

where R=radius of the particle. Mason and Clark �1965� devel-

Fig. 4. Results of fitting equation of circle to right particle in Fig. 3 f
as function of number of pixels used in fit; �b� standard error in fit as
fitting; �d� value of z coordinate at center of particle; and �e� value o
oped a technique to measure small capillary forces over a range of
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particle separations. Their results show that the capillary force
reaches a maximum at small separation and decreases until rup-
ture of the liquid bridge occurs. Mathewson �1988� investigated
the effect of viscous forces during the separation of a sphere
and a plate. Pepin et al. �2000a,b� investigate the evolution of the
liquid bridge up to rupture and develop a model to predict
the shape and rupture distance. Rossetti et al. �2003� investigate
the rupture energy of liquid bridges between glass spheres of
dissimilar energy and find that particle wettability affects both the
geometry and capillary pressure of the liquid bridge.

In the current work, an experimental program is developed to

erent numbers of pixel data used in fit: �a� correlation coefficient, R2,
on of number of pixels used; �c� radius of particle found from curve

ordinate at center of particle
or diff
functi

f r co
assess the theoretical results for the capillary force between
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uneven-sized particles in contact with a liquid meniscus between
them, which was presented in a previous work �Lechman and Lu
2008�.

Experimental Setup

Equipment and Materials

A micromechanical testing technique developed by Eccleston and
Miller �2002�, for measuring particle-particle adhesion forces, is
adapted for measurement of capillary bridge forces. In the present
application of this method, shown schematically in Fig. 2, a
glass sphere with diameter in the hundreds of microns is glued
to a glass fiber cantilever while another is glued to a rigid
capillary tube. A small drop of liquid is applied to one of the
spheres, and the capillary force is measured by the deflection
of the fiber cantilever as the particles are brought together and
separated. The position of the base of the particle-cantilever is
fixed, while the movement of the particle attached to the rigid
capillary tube is controlled by a high precision micromanipulator.
Positions and displacements are tracked using digital video
microscopy under an inverted light microscope. Image processing
techniques are used to analyze the images taken during the
experiments.

As mentioned, the cantilever is a glass fiber cylinder of about
30 �m diameter. For small lateral deflections the bending stiff-
ness can be determined from beam theory as

kb =
3�Er4

4L3 �4�

where E=Young’s modulus for glass, taken to be the commonly
used value of 70 GPa �e.g., Forsyth 2003�; r=radius of the fiber;
and L=its length. For the results presented here, dimensional
measurements determined the value of the cantilever stiffness to
be 0.327 N /m�7.25%. The cantilever force is then given by the
displacement of the particle from its at-rest position multiplied by
the beam stiffness. The force of interest here is the force required
to separate particles, which were initially in contact. In general,

Fig. 5. Distance between particle centers for various frames. Error b
between particle centers.
the capillary force is a function of particle separation �Mason and
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Clark 1965�; however, viscosity effects can be ignored if one
considers only the force required to separate contacting particles
�Mathewson 1988�. Also, the effects of advancing and receding
contact angles and meniscus particle contact point slippage or
pinning can be minimized since deformation of the meniscus is
minimized �Pepin et al. 2000a, Rosetti et al. 2003�. Figs 3�a–c�
show several frames of a typical movie when the particles are
separated �Fig. 3�a��, just before particle separation �Fig. 3�b��,
and just after separation �Fig. 3�c��. For reference, a frame is
captured every 1 /30 s. In the consequent analysis, for simpli-
city, the effects of viscosity and contact angle hysteresis are not
quantified.

Rough glass spheres �note the pock marks and bubbles in the
particles in Fig. 3� ranging in diameter from about 320 to 650 �m
were used in the experiments and glycerol, chosen for its low
volatility, was used as the liquid binder. The particle size ratios in
the experiments were 1:1, 1.22:1, and 1.56:1. The surface tension
of glycerol in air was found from tabulated values to be about
0.063 N /m �Washburn 2003�.

Testing Procedure

The experiment consisted of applying a drop of glycerol to the
rigidly bound particle and bringing it in contact with the cantile-
ver particle. The particles were brought together and separated
several times to ensure uniformity of liquid coverage before a
video was taken of several cycles of contact and separation.

The images taken by the camera were evaluated using image
analysis techniques to find the edge pixels. Once these pixels
were found for each frame of the video, various curve-fitting tech-
niques were used to determine the radius and center points of the
particles, the point of contact of the meniscus with the particle,
filling angle, and liquid-solid contact angle.

Data Analysis

Image Processing

Following Bateni et al. �2003�, who determined that Laplacian of

resent estimated error of about 1.12% in measured value of distance
ars rep
Gaussian �LoG� filtering was optimal for edge finding when mea-



suring the contact angle of liquid drops on a solid, flat substrate,
LoG filtering was used on the gray-scale images taken in the
current work to find the edge pixels to be used in the data analy-
sis. The LoG procedure first applies a Gaussian filter to the image
to smooth out the gray-scale values of the pixels and then finds
the Laplacian or gradient of the gray-scale pixel values. Sharp
changes in the gradient indicate boundaries between regions
occupied by liquid or solid. Two parameters are used in LoG
filtering. These are the width �or number of pixels� used in apply-
ing the Gaussian filter kernel and the threshold parameter. A large
filter width will smooth out any random noise in the image. The
threshold parameter indicates the value of the gradient changes to
be taken as indicating the solid edge. The before and after LoG
images are shown in Figs. 3�c and d�. Notice that the edge finding
technique is fairly representative of the edge location that would
be determined simply by qualitatively drawing the edge on the

Fig. 6. Quality of fit parameters for circle fit to pixels on left partic
point, which was varied over seven different values, xp1–xp5: �a� c
choices of particle-meniscus contact point, xp1–xp5; �b� standard dev
meniscus contact point, xp1–xp5; �c� correlation coefficient for seco
points; and �d� standard deviation for second-order polynomial fit to
raw gray-scale image.
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Determining Particle and Meniscus Geometry

Once the edge pixels have been found curve fitting can be used to
determine the size of the particles and the shape of the meniscus.
Again, based on the method of Betani et al., a range of pixels was
chosen and fitted to either a polynomial of varying order or a
circle. The type of equation fit to the pixels depended upon the
quantity sought.

The deflection of the cantilever particle was measured relative
to its stationary position by fitting the equation of a circle to the
edge pixels on the left and right of the glass bead. The left and
right were chosen since the sides are occupied by either the liquid
or the glue supports. To obtain good statistics for the particle
parameters, several ranges of pixels were used for curve fitting.
The parameters of the circle equations, which yield quality fits as
indicated by the correlation coefficient R2 and the standard devia-
tion �, are then averaged together. An example of the quality of fit

ig. 3�b�. Pixels used were left of guessed particle-meniscus contact
ion coefficient, R2, as function of number of pixels used at various
as function of number of pixels used at various choices of particle-

der polynomial fit to meniscus pixels for varying choice of contact
cus pixels for varying choice of contact points.
le in F
orrelat
iation
nd-or
menis
parameters and the circle equation parameters as the number of
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pixels used in the fit increases for the right particle shown in
Fig. 3 is shown in Fig. 4. When the number of pixels is small the
curvature of the bead is not captured accurately; thus the quality
of fit is poor, while at very large numbers of pixels the meniscus
pixels and those where the glue connects the particle to the cap-
illary tube or glass fiber begin to be used in the curve fitting again
giving poor fits. Notice that as the R2 value becomes large and
stable �Fig. 4�a�� the standard error is relatively low and stable
�Fig. 4�b�� and the circle equation parameters �i.e., the center
point and the radius� become stable �Figs. 4�c–e��. Thus, averag-
ing the value of the circle parameters over a range of pixels used
in the fit will give a reliable value for the circle parameters. This
procedure gives an accurate way to find the same point on each
particle repeatedly, i.e., the location of the center of the particle,
which can then be tracked from frame to frame by repeating the

Fig. 7. Comparison of theoretical and experimentally determined dim
�=45° and �=50°, particle size ratios: �a� 1:1 �R1=R2=164 �m�; �b
R2=255 �m�
curve fitting process.
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Determining Capillary Forces and Volume of Meniscus

Since the force sought is the force to separate the contacting
particles, knowing the deflection of the cantilever at the point
when the particles separate is necessary. The point of particle
separation can be determined by visually inspecting the gray-
scale images or by plotting the distance between particle centers
as a function of time �or video frame number� as shown in Fig. 5.
It can be seen that initially the distance between particle centers is
fairly constant with some statistical fluctuations until about
Frames 75–77 when the distance between the particles begins to
increase relatively rapidly. Thus Frame 75 plus or minus one
frame can be said to represent the point at which the particles
separate.

The volume of the liquid applied to the particles can be found

nless volume �Vl /R3�-filling angle ��� relationship for contact angle,
2 �R1=164 �m and R2=200 �m�; and �c� 1:1.56 �R1=200 �m and
ensio
� 1:1.2
most easily by again fitting an equation of a circle to the surface



of the liquid wetting the separated particles, since it is known that
the drop assumes a spherical shape under these conditions by
others �Rotenberg et al. 1983; Pepin et al. 2000a�. The volume
can then be calculated from the difference between the volumes
of the liquid and spherical particle caps.

Determining Contact Angle and Mean Curvature

The filling angle is measured as the angle from the horizontal
�or vertical� to the point of contact between the meniscus and the
particle. This point can be found by guessing the approximate
point of contact from the raw pixel data and fitting a circle to
the particle pixels on one side and a polynomial of varying order,
depending on the quality of fit, to the meniscus pixels on the
other. The intersection of the two curves gives the contact point
and the filling angle can be measured from there. Varying the

Fig. 8. Comparison of theoretical and experimentally determined di
angle, �=45°, and �=50°, particle size ratios: �a� 1:1 �R1=R2=
�R1=200 �m and R2=255 �m�
initial guess of the point of contact gives an additional way

JO
to assess whether a good value of the point of contact has
been found. Fig. 6 shows an example of the quality of fit pa-
rameters for the circle fit to the particle pixels �Figs. 6�a and b��
and for a second-order polynomial fit to the meniscus pixels
�Figs. 6�c and d��, for a varying choice of meniscus-particle con-
tact point, labeled contact point 1–5 in the figure. Notice that as
the contact point changes and the meniscus pixels begin to be
included in the circle fit to the particle, the quality of fit decreases,
while the quality of fit to the meniscus pixels becomes poor as the
particle pixels are included. The point of contact can then be
estimated as the last point where the R2 value is still relatively
high and the standard error is low for both the circle fit to the
particle and the polynomial fit to the meniscus �e.g., contact point
3 is a good choice in Fig. 6�. The contact angle between the liquid
and the solid can then be determined from the slope of the fit

nless mean curvature �HR�-filling angle ��� relationship for contact
m�; �b� 1:1.22 �R1=164 �m and R2=200 �m�; and �c� 1:1.56
mensio
164 �
curves at the intersection point. The value of the contact angle
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was determined to be about � /4, which is in the range of advanc-
ing and receding contact angles determined by others �see e.g.,
Pepin et al. 2000a�. However, particularly for small liquid con-
tents, obtaining good statistics for the contact angle was difficult
due to the lack of a wide range of pixels to be used in the curve
fitting and contact point pinning effects �see Fig. 9 and discussion
below�. Therefore, experimental results shown will be compared
to theoretical results where two values of contact angle, 45 and
50°, have been used in order to show that the experimental results
are bracketed by this range of contact angles.

To determine the mean curvature of the meniscus and thus the
matric suction �see Eq. �1�� further care must be taken. For axi-
symmetric menisci the Laplace equation for profiles can be writ-
ten as

2H =
�u

�la
=

1

r�1 + ṙ2�1/2 −
r̈

�1 + ṙ2�3/2 �5�

where · implies the spatial derivative d /dz. Since the mean
curvature H=constant for these surfaces, Eq. �5� must hold over
the entire profile and in particular at the end points. Thus, making
the substitution Y = �1+ ṙ2� into Eq. �5� and rearranging gives a
Bernouilli type differential equation �see e.g., De Bisschop and
Rigole 1982; Lian et al. 1993�

dY

dr
−

2Y

r
=

2�u

�la
Y3/2 �6�

which can be integrated to give

r

�1 + ṙ2�1/2 +
�u

2�la
r2 = C �7�

where C=integration constant to be determined from the bound-
ary conditions. At the point of contact between the left particle
�implied by the subscript ct� and meniscus �see Fig. 1�b��

z�rct� = R1�1 + cos �� �8�

Fig. 9. Comparison of theoretical, identical, two-particle meniscus
with experimental data taken from frame just prior to separation:
R=200 �m, contact angle �=� /4
r�zct� = R1 sin � �9�
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�dr

dz
�

zct

= cot�� + �� �10�

so that Eq. �7� can be solved for uneven-sized spheres by consid-
ering only the points of contact between the particles and the
meniscus to give

�u

2�la
=

rct sin�� + �� − rcb sin�� + ��
rct

2 − rcb
2 �11�

where rct�rcb�=r coordinate of the contact point between the me-
niscus and the left �or right� particle. For even-sized particles the
radius of the meniscus at the point of contact between the par-
ticles must be used. Now the matric suction can be calculated
based on the filling angles on the left and right particles and the
location of the contact points.

Experimental Results

Recall that posing the two-particle meniscus problem requires the
minimum energy of the system to be found �see Eq. �2��. In es-
sence this reduces to finding the minimum surface area of the
liquid-gas interface at constant volume. The Lagrange multiplier
�matric suction� can then be determined as well as the location of
the contact points of the meniscus on the particle. Thus, in the
way the problem is approached theoretically, there is only one
independent variable �i.e., here the liquid volume�. In the current
experimental procedure the liquid volume is controlled while the
end points, through the filling angle, �, and the matric suction
are left to find the values that would minimize the free energy of
the system. The assumption of variable end points implies that the
particles are smooth and that contact point “pinning,” where the
meniscus particle contact point is fixed due to local roughness,
does not occur. Since the particles used in the experiments were
rough, it is necessary at the outset to verify that contact point
pinning is not a significant factor. This can be done by comparing
the theoretical filling angle-volume relationship against those ob-
tained experimentally.

Volume versus Filling Angle

Fig. 7 shows the results of experiments with particles of size
ratios 1:1, 1:1.22, and 1:1.56, compared to the theoretical values.
The radii of the smaller particles in the experiments were 164 �m
�Figs. 7�a and b�� and 200 �m �Fig. 7�c�� while the contact angle
used was � /4. These values are the same for all the results shown
in this section. It can be seen in Fig. 7 that, in general, the
experimentally determined values follow the same qualitative pat-
tern as the theoretical values, and especially for size ratio 1:1.56
�Fig. 7�c�� are close to the theoretical values. The discrepancy in
the results of the size ratio 1:1 case �Fig. 7�a�� may be explained
by reference to the fact that the particles used were not exactly
identical as can be seen in Fig. 9 �see discussion below�.

Mean Curvature versus Filling Angle

A further check on the validity of the theory by the experiments
can be seen in Fig. 8, where the relationship between the mean
curvature and filling angle is shown. Again, the qualitative agree-
ment is good and the quantitative comparison appears better than
in the volume case. Discrepancies in the theoretical and experi-

mental values can be understood by reference to Fig. 9.



Fig. 9 shows a comparison between the raw pixel data for the
meniscus between two particles with size ratio 1:1 and the theo-
retically calculated meniscus shape. The configuration shown in
Fig. 9 corresponds to a filling angle of 0.455 rad and the pixel
data come from the frame just prior to particle separation. The
frame at which the edge pixel data are determined is important
because there can be relative movement of the particles, even
though they remain in contact. Thus, on the right of Fig. 9, the
meniscus is deformed due to the relative movement of the par-
ticles and the apparent pinning of the contact point at the asperity
on the left particle. On the left particle a receding contact angle
may be more appropriate while on the bottom particle of the right
side an advancing angle may be appropriate. Also, notice that the
meniscus on the left side is relatively unaffected. Moreover, note

Fig. 10. Comparison of theoretical and experimentally determined d
�=45°, and �=50°, particle size ratios: �a� 1:1 �R1=R2=164 �m�; �b
R2=255 �m�
the other nonidealities occur in the system. The particles are not
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identically sized or perfectly spherical, etc. In general, these non-
idealities can at least partially explain the differences between the
theoretical and experimental values.

Solid-Water Characteristic Curve

Now that the volume and mean curvature have been found they
can be combined to show what is called the SWCC, which is the
matric suction in the soil as a function of water content. The
SWCC for the theoretical two particle systems considered here
are shown in Fig. 10 along with the experimentally determined
data. The same trends can be noted as above. Also, note that the
liquid contents used fall in large part in the negative, or repulsive,
matric suction range for the size ratio 1:1.22 case. Referring back

ionless solid water characteristic curves �SWCC� for contact angle,
22 �R1=164 �m and R2=200 �m�; and �c� 1:1.56 �R1=200 �m and
imens
� 1:1.
to Fig. 8, it can be seen that these repulsive matric suctions occur
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below a filling angle of � /4. This means that in a simple cubic
packing of these particles, where particle-pair menisci are isolated
below filling angles of � /4, one would expect negative matric
suctions to be important.

Capillary Force Characteristic Curve

Finally, the comparison of the capillary force characteristic curves
for the particle size ratios can be seen in Fig. 11. It should be
noted that the force measured here is the force required to sepa-
rate the particles that are initially in contact. In general the force
as a function of particle separation can be determined, but one
must account for the viscosity of the liquid �Mathewson 1988�
and contact angle hysteresis �Pepin et al. 2000a; Rosetti et al.
2003�. The results shown in Fig. 11 indicate good qualitative
agreement between the measured and theoretical results. The ex-

Fig. 11. Comparison of theoretical and experimentally determined c
�=50°, particle size ratios: �a� 1:1 �R1=R2=164 �m�; �b� 1:1.
R2=255 �m�
perimental results are bracketed by contact angles of 45 and 50°.
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Conclusions

A novel micromechanical testing technique has been applied to
measure the force required to separate two particles of varying
size ratios with a liquid bridge between them. Computational
techniques for calculating the volume, mean curvature of the me-
niscus, and capillary force are established. The experimental re-
sults have been compared to theoretical results. The variable end-
point assumption used in the theory was assessed and shown to be
in good qualitative agreement with the experiments. In addition,
the SWCC for the two-particle systems was determined experi-
mentally. Repulsive �negative� matric suctions were shown to be
potentially significant. The CFCC was also experimentally deter-
mined for various particle size ratios. For the contact angle and
particle radii used, it can be seen that the theory predicts the

y force characteristic curves �CFCC� for contact angle, �=45°, and

1=164 �m and R2=200 �m�; and �c� 1:1.56 �R1=200 �m and

apillar
22 �R
magnitudes of the capillary force and water retention quite well.



Nonidealities such as advancing and receding contact angles, me-
niscus particle contact point pinning, etc. may partially explain
the observed discrepancies between theoretical prediction and ex-
perimental results.
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