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Abstract: The dependences of matric suction and capillary stress on the degree of saturation in monodisperse disk-shaped particles are
established for the full range of the degree of saturation. A thermodynamic free energy approach is employed to obtain both the soil–water
characteristic curve �SWCC� and the capillary stress characteristic curve �CSCC� for both wetting and drying processes. It is shown that
the thermodynamic energy stability concept can lead to the establishment of hysteresis in both the SWCC and CSCC without explicit
involvement of the contact angle and ink-bottle hysteresis. The air-entry pressure value and capillary condensation pressure value are
quantified and their functional dependencies on the average pore sizes are established. For particle sizes ranging between 0.001 and 1 mm,
the air-entry and capillary condensation pressures decrease from several hundred kPa to several kPa and capillary forces are found to
range between tens and hundreds of micronewtons.
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Introduction

Under partially saturated conditions a wide range of soil proper-
ties depend on the amount of water retained in the pore space.
One well-known example is the increased tensile strength of par-
tially saturated granular materials, such as sand, compared to their
saturated state �e.g., Hornbaker et al. 1997; Sture and Kim 2002�.
The same phenomena is also much related to the behavior of
compacted soils under various water contents. At low water con-
tent, the capillary forces, due to the presence of the numerous tiny
menisci between constituent particles, require a great deal of
energy be expended in order to rearrange the particles satisfacto-
rily. Increasing the water content reduces the energy required to
reach a desired dry density, until at some high water contents near
saturation, when the compressibility of the fluid becomes the con-
trolling factor. Hence it can be seen that water content, or the
degree of saturation, plays an important role in determining the
behavior of unsaturated soils particularly the state of stress and
matric suction.

Furthermore, the relationship between water content and the
principal thermodynamic variables such as matric suction is im-
portant because these variables will determine the degree to
which a soil under ambient environmental conditions will reach
its saturated state and the stress level a soil can sustain under

either internal or external loading. The thermodynamic equilib-
rium condition among the three distinct yet coexistence phases of
solid, liquid, and gas in unsaturated granular media is often de-
scribed by the Kelvin and Laplace equations as follows:

RT ln�RH� = ± 2�lvHvl = �ua − ul�vl �1�

where RH=relative humidity; �lv=surface tension between
the liquid and air; R=universal gas constant; T=absolute
temperature; H=mean curvature of the liquid–air interface; and
vl=molar volume of the liquid. The difference in the air and
liquid pressures, �= �ua−ul�, is known as the matric suction. The
equality for the left and center terms in Eq. �1� represents the
Kelvin equation while the equivalence of the last two terms is
known as the Laplace equation. Eq. �1� indicates that the relative
humidity in unsaturated porous media at local thermodynamic
equilibrium is related to the matric suction and the mean curva-
ture of the meniscus. From the mean curvature, the volume of the
liquid can be found under thermodynamic equilibrium conditions
�e.g., Orr et al. 1975�. Thus fluctuations in the thermodynamic
conditions, i.e., relative humidity or temperature, give rise to
changes in the water content of granular porous media.

For a given soil, it is important to quantify its water content in
response to environmental changes since the relationship between
water content and thermodynamic variables is a characteristic
function. Usually, the sorption characteristics of a given soil are
summarized by the characteristic functional relationship between
matric suction and soil–water content called the soil–water char-
acteristic curve �SWCC�. This curve plays a vital role in analyz-
ing the behavior of unsaturated soil. As implied in Eq. �1�, the
SWCC can be determined experimentally by controlling the ma-
tric suction or relative humidity and measuring the corresponding
equilibrium water content. One striking feature of the SWCC is
the hysteresis in the curve depending on whether one is causing
water to fill the pores �wetting or adsorption� or drain from them
�drying or desorption�. While the various macroscopic experimen-
tal methods to determine a soil’s SWCC are well-defined, micro-
scopic physical-based theoretical methods to date are limited.
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There have been a number of attempts to arrive at the SWCC
analytically for two-particle systems �e.g., Melrose 1966; Orr et
al. 1975; De Bisschop and Rigole 1982; Lian et al. 1993; Molen-
kamp and Nazemi 2003a; Lechman and Lu, unpublished�. These
results, derived from considering the minimum of the appropriate
free energy of the pore water, are applicable beyond two-particle
systems only when the water content is relatively low so that a
meniscus on a certain particle-pair is isolated from the others. As
the water content increases the individual menisci begin to over-
lap and interfere with each other at their contact points with the
particles. The state when the adjacent menisci start to overlap is
called “coalescence” in the literature. Here the two-particle ap-
proaches, which consider only the surface area of the liquid–
vapor interface at constant volume of the condensed liquid be-
tween the two particles, break down.

To obtain the SWCC for the complete water content range, the
matric suction-water content relationship within the coalescence
regime is required. To date, approximate or empirical models
have been mostly developed for the SWCC in the high water
content range and more complex particle packing geometries
�e.g., Tabuchi 1966a,b; 1971; Nakano 1976a,b; Molenkamp and
Nazemi 2003b�. These models can only capture general aspects of
the SWCC and some seem to overlook important physical phe-
nomena by ignoring the occurrence of the physical processes such
as the spontaneous filling of a pore with water at a specific value
of matric suction near full saturation �a state also called “capillary
condensation”� and the spontaneous pore emptying �a state also
termed “capillary vaporization” or “air-entry”�. Both capillary
condensation and capillary vaporization are important benchmark
values in the SWCC and stress analysis �e.g., Brooks and Corey
1964; Khalili and Khabbaz 1998�. Therefore it is important to
develop a better understanding of these phenomena by more ac-
curate theoretical approaches in order to capture the behavior of
unsaturated granular media.

Tuller et al. �1999� and Or and Tuller �1999� developed a
method based on the free energy approach employed by Phillip
�1977�; and Iwamatsu and Horii �1996�, who incorporated the
surface forces as well as the area of the air–liquid and liquid–solid
interfaces into the free energy of pore water. They then consid-
ered the capillary condensation within square-shaped pores con-
nected by slit-shaped interpore passageways as a basic model for
the pore space of soils. Given a distribution of sizes of the model
pore geometries, they were able to capture capillary condensation
and vaporization as well as the high degree of saturation regime
in the SWCC. However, the geometries used may not be repre-
sentative for real granular soils and are not suitable for analyzing
forces and stresses among granular particles.

In light of the aforementioned studies, a free energy method
accounting for disk-shaped particles in a square packing is devel-
oped herein. The analysis will proceed along the lines of density
functional theory �e.g., Dietrich and Schick 1986; Dietrich 1988;
Dobbs et al. 1992� where the variational problem to be solved is
the density profile of the pore fluid which minimizes the free
energy of the pore water. One would expect that near the particles
there is a liquid with the corresponding density while farther
away there is the gas or vapor with its density. The transition
between the two is considered to be “sharp,” or instantaneous.
This method will allow for a physical-process-based microscopic
approach that is capable of capturing hysteresis of both
the SWCC and capillary stress characteristic curve �CSCC�, and
thus will generalize the description of the granular solid–liquid
interaction.

It will be shown in this work that for a single pore formed by

a square arrangement of monodisperse �even sized� disk-shaped
particles interacting with a fluid via van der Waals �VdW� inter-
actions, the hysteretic nature of the SWCC and CSCC can be
captured without recourse to variations in the “advancing” and
“receding” contact angles or “ink-bottle” type geometries that
may develop in nonuniform pore distributions. Specifically, cap-
illary condensation and vaporization are related to the stability of
the minimum free energy state for the liquid meniscus.

Theoretical Framework

Consider the simple cubic packing of disk-shaped particles shown
in Fig. 1�a� filled with a single component fluid. The solid mol-
ecules and liquid molecules are assumed to interact with each
other through a van der Waals type interaction. The sorption �ad-
sorption for wetting and desportion for drying� is considered as an
isothermal process. The free energy change during sorption is
defined as ��=�−�0, where �0=chemical potential at liquid-
vapor �gas� coexistence, such that the gas is preferred and is re-
lated to the matric suction, in a manner similar to the Kelvin
equation above

�� = RT ln�RH� �2�

The liquid–vapor interface is considered to be sharp. Also, the
particles are considered to be a completely wet material, i.e., con-
tact angle equal to zero, so that solid-vapor surface energies can
be sufficiently ignored.

Free Energy Formulation

In a manner analogous to Iwamatsu and Horii �1996� one can
write the free energy �s per unit length of the completely wet
�i.e., zero contact angle� system shown in Fig. 1�a� in two-
dimensional cylindrical coordinates, l and � �where the origin is
at the center of particle 1 and �=0 through the center of particle
2�, as

�s = ��̃Al�l���� + �lvLll�l���� + �slLsl

+ �
np

�fslv�l���� + f lvll�l���� + fsls� �3�

where

��̃ = − ��l − �v��� �4�

and as in the derivation of the Kelvin equation, it can be assumed
that the vapor is an ideal gas and that �l��v �see Eqs. �1� and �2�
for relation to matric suction�. The subscripts s,l,v in the above
represent the solid, liquid, and vapor �gas�, respectively. For
instance, Al is the cross sectional area of the liquid phase
�lv=surface tension of the liquid–vapor interface and
Llv=length of the interface, while �l=density of the condensed
liquid and np=number of solid granular particles in the system.
The terms fslv, f lvl, and fsls represent the interaction energies per
unit length between the solid and vapor through the adsorbed
liquid layer �slv�, liquid layers across the vapor �lvl�, and the
solid particles across the condensed liquid �sls�, respectively.
These can be determined from the so-called “disjoining pressure,”
�, by integrating, for example, it over the area of vapor
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fslv = 8�	
�0

	/4 	
l���

lmax���

�slv�r����rdrd�
 �5�

where, lmax���=R / cos �; and R=radius of the particle. Note that
the symmetry of the pore has been taken into account so that
lmax��� is the line of symmetry between contacting particles. The
disjoining pressure, which can be viewed as the force per unit
area in three dimensions �surface force� between two macroscopic
bodies whose constituent particles interact in a specified manner,
can be found for a disk-shaped substrate by the familiar method
of integrating the van der Waals interaction between a single
vapor and substrate particle over all the substrate particles
�Israelachvili 1991�

�ijk�r���� =
48Aijk

	
	

z=r−R

z=r+R 	
x=0

x=�R2 − �z − r�2�1/2
dx

�x2 + z2�n/2 �6�

For nonretarded interactions n=6, and Aijk=Hamaker coefficient
for the interaction. Thus the interaction energies f ijk can be seen
to give the sum of the energy by all the VdW interactions between
the various phases. Ignoring the VdW interactions in Eq. �3�, one
has the free energy functional of the liquid–vapor interface; the
matric suction, �u �see Eq. �1��, with ��̃ playing the role of a
Lagrange multiplier. This approach has been employed exten-
sively for two particle systems �e.g., Orr et al. 1975; Lian et al.
1993; Molenkamp and Nazemi 2003a, b�. Including the VdW
terms will allow for the extension to phenomena involved in con-
densation �e.g., Dobbs et al. 1992; Dobbs and Yeomans 1992�,
especially for fine-grained soils where particle–particle and
particle–fluid interactions become significant �e.g., Tuller et al.
1999�.

Since the particles are completely wet, i.e., contact angle equal
to zero, one can treat the solid–liquid interface terms as constants
due to the thin film, always covering the entire particle surface.
So, when the variation of the free energy functional is taken to
find the minimum energy, these terms will not contribute. It can
be assumed that the f lvl term is small compared to the others since
the behavior of similar systems show only a weak dependence on
this term �Iwamatsu and Horii 1996� although this maybe not,
correct as the pore size gets smaller. For simplicity, the solid–
solid interactions through the liquid are considered constant in
that they are short ranged and thus located near the contact point
of the particles. Thus the implicit free energy functional, Eq. �3�,
can be written explicitly, ignoring constant and insignificant
terms, as

�s�l���� = 8�	
�0

	/4

�lv�l2 + l�
2�d�

+ ��̃�1

2	�0

	/4

l2d� +
D2

8
tan �0 −

	R2

8 � + �
np

fslv�l�

�7a�

� fslv�l� = fslv�l���� + fslv�l2���� + fslv�l3���� + fslv�l4����

�7b�

where l�=�l /��; l��=�2l /��2; and D=distance between the cen-
ters of particles 1 and 2. Also, l2, l3, and l4=distances from the
center of particle 2, etc., to the interface, l���

l2 = l2 + D2 − 2Dl cos � �8a�

l3 = l2 + 2D2 − 22Dl cos�	/4 − �� �8b�

l4 = l2 + D2 − 2Dl sin � �8c�

Eq. �7� is now in a form similar to the effective interfacial free
energy of Dobbs et al. �1992� �see also Dietrich �1988��. Mini-
mizing the functional in Eq. �7� leads to the nonlinear, ordinary,
Euler–Lagrange differential equation for the system. Taking the
first variation of Eq. �7� and setting it equal to zero will accom-
plish this. Hence according to the principles of the variational
calculus

Fig. 1. Illustration of solid, liquid, and gas interaction in an
elementary representative area of monodisperse disk-shaped par-
ticles: �a� definition of geometry and coordinate system, �b� thin film
solution for R=0.1 mm; and �c� thickfilm solution for R=0.1 mm
with the dimensionless matric suction ��R /
lv=5.0
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��s

��
= � �F

�l
−

d

d�
� �F

�l�
�
 = 0 �9�

where F=integrand of the free energy functional in Eq. �7�, the
integral being over the variable �. Carrying out the procedure
indicated in Eq. �9� and rearranging gives the differential equation
for the stationary values of the functional �s, where, as implied
by Eq. �5�, the identity

�f ijl

�l
= l − 8	

�0

	/4

�ijkd� �10�

is used. So the Euler–Lagrange equation for the system becomes

l�� − 2
l�
2

l
− l + ��slv�l,�� + ��l2�l,��� + �slv�l3�l,��� + �slv�l4�l,���

− ��̃�
�l2 + l�

2�3/2

l�lv
= 0 �11�

With boundary conditions

l� = �−
D

2 sin �
, � = �0

0, � = 	/4
� �12�

Eqs. �11� and �12� can be solved numerically. Note, however,
the solutions to the Euler–Lagrange equation are not necessarily
the minima of the functional; the solutions to Eqs. �11� and �12�
are analogous to the locations where a function has zero slope.
These locations may be local, or global, maxima or minima, or a
point of inflection. In general, the second variation of the func-
tional, as with the second derivative of a function, is the key to
sorting out these questions. In the current context we are dealing
with a thermodynamic free energy so the functional must be in a
minima, whether global or local, and in principle the “convexity”
or “concavity” of the functional implied by the second variation
will indicate which solutions are the possible thermodynamic
equilibrium solutions.

Dobbs et al. �1992� solve an equivalent two-sphere problem
while Iwamatsu and Horii �1996� analyze a similar system of two
flat plates. The approach outlined above follows closely that of
Dobbs et al.; although the former consider the free energy of the
entire system while the latter consider the effective interfacial free
energy. Both approaches are essentially equivalent when the
solid–liquid interfacial and solid–solid VdW interaction terms are
left out of the free energy of the system.

Determining the Soil–Water Characteristic Curve
and Capillary Stress Characteristic Curve of the
System

Eqs. �11� and �12� are solved numerically via a relaxation tech-
nique with an iterative algorithm to determine the correct water
content filling angle �0 �see Fig. 1�. The convergence criterion
used is that l��0�=D /2 cos �0. The convergence tolerance is 0.1%
of change in R between two iterations. The surface tension is set
for water at room temperature at 0.074 N/m, the particle radii is
set as 0.1 mm unless specified otherwise, and the Hamaker con-
stant used is 9.997�10−20 J, which is in the typical range of
silica–water interactions. The behaviors of this system are out-
lined in the following sections.

Nonuniqueness of Solutions to the Euler–Lagrange
Equation

First, two solutions were found to the Euler–Lagrange equation
corresponding to meniscus profiles where the variation of the
functional is zero. These are termed the thick and thin solutions
based on the value of �0 and the thickness of the film at 	 /4. Fig.
2 shows the film thickness at 	 /4 as a function of the equivalent
dimensionless matric suction, ��̃R /�lv �see Eqs. �1�, �2�, and �4�
noting that �l��g�. Notice that the two solutions converge at a
dimensionless matric suction of about 2.45 above that of the
thickness. The thick solution increases rapidly whereas the thin
solution stays relatively constant. Example plots of the thin and
thick solutions for the menisci are shown in Figs. 1�b and c�,
respectively, for a dimensionless matric suction, ��̃R /�lv=5. The
thin solution is a combination between a particle-pair meniscus
and thin film. The thick solution can be seen to be a nearly cir-
cular bubble centered in the pore. Given these two solutions and
the ranges over which they exist a SWCC including both solu-
tions can be plotted as in Fig. 3�a�.

Fig. 3�a� could be compared to the semiquantitative conceptual
results reported in the literature such as Fig. 6�a� in Molenkamp
and Nazemi �2003b�. Comparing the two, one will notice that for
the system considered here there is no discontinuity where the
thick and thin solutions meet. Most importantly, based on the thin
and thick solutions obtained here, the air entry value is not appar-
ent; the thick solution asymptotically approaches the full pore
condition �S=100% �. If one were to use Fig. 3�a� from the cur-
rent work to determine the air entry value, it would be the value
of the matric suction at which the full pore begins to drain �“cap-
illary vaporization”�. This value is generally much smaller than
the semiquantitative results. Furthermore, other considerations
must be taken into account to determine which solutions are al-
lowed or physically permissible when one begins from an empty
or full pore �wetting or drying�.

Minimum Free Energy Solution

In order to determine which solution is the global free energy
minimum, free energies of the solutions must be calculated. These
are shown in Fig. 4�a�, ignoring the constant solid–liquid interface
terms for illustration purposes. A third physically possible solu-
tion is also shown representing the free energy of the case where
the pore is completely filled with liquid; found by ��̃Afull. Again
it can be seen that the thick and thin solutions converge at a finite
value of the dimensionless matric suction. Also, the full solution
approaches the thick solution as the vapor bubble radius decreases
with increasing matric suction. The minimum energy principle
states that at equilibrium the actual solution is the one with the
lowest free energy; however, there may exist “metastable” states
of local energy minima. On this basis, at high matric suctions, it
can be seen that the thin solution is globally preferred since it has
the lowest overall free energy. At the lower end of the matric
suction scale, the free energy of the full solution is equal to and,
subsequently, is lower than the thin solution �Fig. 4�a��. In this
range capillary condensation may be expected to occur. The point
at which �s=�full is referred to in this work as the point of
coexistence �point c in Fig. 4�. At this point either the thin me-
niscus or full pore can exist, from the point of view of relative
free energies, perhaps at the same time in different regions along
the length of the pore �see, e.g., Kornev et al. �2002��. It should be
noted, however, that Kornev et al. examined the instability that
arises from the energy of undulations of the adsorbed film along
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the length of a single cylindrical pore transitioning into a con-
nected lens; whereas here this aspect has been ignored.

Thermodynamic Stability and Hysteresis

Stability of the Thick and Thin Solutions

Fig. 4�b� illustrates that the thin solution is always preferred to the
thick since the free energy level of the thin solution is usually
lower than the thick solution. However, this is not the full story.
One may ask whether a particular solution to the Euler–Lagrange
equation represents a maximum or minimum of the free energy,
or saddle point, i.e., whether a particular solution is stable or not.
As mentioned above, the former requires the second variation of a
functional to be positive for a local minimum; thus showing that
the solution is thermodynamically stable in that region. By and
large, this is a difficult mathematical procedure. However, with
the help of Fig. 3�b� one can assess the two solutions. Fig. 3�b�
indicates that as the matric suction decreases, the volume of the
liquid also decreases for the thick solution, whereas as the matric
suction increases, the volume of liquid increases. This is the op-
posite of what one would expect physically since decreasing the
matric suction makes liquid more favorable energetically. It can
be observed from Fig. 4 that the thick solution has a higher free
energy than the case when the pore is filled with liquid. This
indicates that the thick solution is physically impermissible and
may represent an energy maximum or saddle point for the system.
In either case, the thick solution would not be expected to be
physically possible. Moreover, it can be seen during the numeri-
cal solving of the Euler–Lagrange equation that the thick solution
is an unstable one since a little fluctuation of the position of the
liquid–gas interface will shift the thick solution to the thin solu-
tion.

Wetting Path

After determining the relative magnitude of the free energies and
the stability of the thick and thin solutions, two cases remain for
the possible configurations of the water contained in the pore
space: �1� a thin meniscus and �2� full of liquid. However, at
matric suctions below the point of instability of the thin solution,
that is, below where the thick and thin solutions meet �represented
by point d in Fig. 4�a��, only the full solution is physically per-
missible. This point is where the meniscus becomes unstable to
fluctuations and collapses such that the pore spontaneously fills
�capillary condensation�; although it can be observed from Fig.
4�a� that this point is at a slightly higher free energy than that of
the full pore. Still, it is possible to approach the point of capillary
condensation from the dry side �i.e., on the wetting curve� if there
is an energy barrier that is significant enough to reduce the prob-
ability of fluctuations in the meniscus that would lead to the full
solution being found earlier near the point of coexistence �see,
e.g., Broefhoff and DeBoer 1967, 1968a, b; Iwamatsu and Horii
1996�, that is, where the free energy of the full solution is equiva-
lent to that of the thin solution. This is illustrated schematically in
points a–d in Fig. 4�b�.

Drawn qualitatively in Fig. 4�b� is the free energy for a given
l�	 /4� relating to points a–d in Fig. 4�a�. Notice, for simplicity, it
has been assumed that the thick solution represents a maximum.
This may not be the case, but in any event, the thin solution
would have to pass through the thick solution before reaching the
full solution at least up to point d. Therefore the thick solution can
be the approximate energy barrier between the thin and full solu-
tions, again shown in Fig. 4�b� as a maximum although it may be
a saddle point. Now, as the matric suction is decreased �traveling
from point a to point d� it can be seen that the minimum free
energy of the full solution decreases to a global minimum while
the thin solution approaches the thick solution until they meet and

Fig. 2. Film thickness as a function of the dimensionless matric suction for the monodisperse disk-shaped particles with the radius
R=0.1 mm
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Fig. 3. Thin and thick film solutions for R=0.1 mm: �a� the degree of saturation as a function of the dimensionless matric suction and �b� volume
of pore liquid as a function of the dimensionless matric suction
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is separated from the full solution by at least the energy required
to go first to the thick solution then to the full. Note in particular
the point c in Fig. 4�b� and its corresponding point in Fig. 4�a�.
Here the free energy of the full and thin solutions are equivalent,
but once more they are separated by at least the barrier of the
thick solution which is relatively higher than the others. At the
final point, d, the thick and thin solutions merge. At this point, a
further decrease in the matric suction will lead to a large increase

in liquid volume as indicated by the slope of the matric suction-
volume curve shown in Fig. 3�b�. This is the point of rapid pore
filling also called the specific point of capillary condensation.
Hence the wetting curve follows the thin meniscus from points D,
C, B, and A and then spontaneously jumps to the full solution at
point A �see Fig. 4�a��.

Fig. 4. Free energy of the thick, thin, and full cases for R=0.1 mm: �a� free energy as a function of the dimensionless matric suction and �b�
selected energy states shown in �a� �point a: high dimensionless matric suction, point b: moderate dimensionless matric suction, point c:
coexistence, and point d: state of capillary condensation�. The physically permissible solution is along line ABCD shown in �a�.
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Drying Path

Starting from a full pore �i.e., the drying path� the pore begins to
empty when this state becomes unstable at the air-entry value
causing capillary vaporization. It is expected that the full solution
is preferred based on its lower free energy up to the point of
coexistence. Beyond this point, as the matric suction is increased,
the thin solution is more and more preferred globally, based on
relative free energies. In fact the free energy of the full solution
rapidly approaches the thick solution indicating that the free en-
ergy barrier between the full and thin solutions is getting smaller
until small fluctuations are enough to cause the pore to empty
leaving the thin meniscus.

The process of pore emptying �capillary vaporization� for a
single cylindrical pore was considered by Broefhoff and DeBoer
�1967, 1968a, b�. Initially, the vapor begins to enter the pore until
it fully penetrates and the pore opens leaving a thin meniscus.
This process is rapid enough in their system, however, so that the
point of capillary vaporization, or air-entry, can be approximated
by the point of coexistence �see, e.g., Broefhoff and DeBoer
1967, 1968a, b; Kornev et al. 2002�. That approximation is made
here and discussed further below. Now both the wetting and dry-
ing SWCC curves can be plotted together for analyzing the hys-
teresis as shown in Fig. 5 for particle radius equal to 0.1 mm. The
sharp vertical changes at the air entry and the capillary conden-
sation points are due to the monodisperse particles.

Quantitative Analysis

Assessment of an Approximation

Although the free energy formulation provides an accurate de-
scription of the configuration of the gas–liquid interface, the com-
putational procedures are quite involved and time-consuming.
Often, for analyzing multiparticle interactions and behavior, sim-
plifications and approximations are necessary. A useful one for

the shape of the meniscus is proposed here. The numerical results
of the previous section are to be expected given the simple argu-
ment put forth by Erle et al. �1971� that the shape of the meniscus
between parallel cylinders, considered only as a minimum surface
area at constant volume �ignoring surface forces�, is circular since
the energy to be minimized is proportional to the length of the
meniscus profile. It can be shown that the minimization problem
can be posed as looking for the shortest curve that encloses a
given area—the result being a circle. From the approach outlined
above the radius of the circle can be determined by rearranging
the Euler–Lagrange equation �11� to get

��̃ = �lv� l�� − l�
2

�l2 + l�
2�3/2 −

1

�l2 + l�
2�1/2� + �

np

�slv�l���� �13�

The first term on the right-hand side is equal to the liquid-vapor
surface tension times twice the mean curvature, H, in polar coor-
dinates. Thus, ignoring the surface force contribution, the radius
of a circular meniscus in two-dimensional space is

Rm = �2H�−1 �
�lv

��̃
�14�

Now, the two solutions noted above can be explained easily.
When Rm is small, there are two places where a circle or circle
segment with this radius can fit: �1� between particle pairs; and
�2� as a bubble, in the pore. The latter solution will be recognized
as what has been called the thick solution. The former is the thin
solution when combined with a thin film covering the remainder
of the particle surface in the pores. For assessment, Eq. �14� is
plotted in Fig. 2 to estimate the thickness of the thick film. In
order to account for the thin film one can note that for a film on
the outside of a single particle the interface potential becomes
�Gelfand and Lipowsky 1987�

Fig. 5. SWCC for R=0.1 mm showing both wetting and drying paths, and capillary condensation and air-entry pressures
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��̃ = −
�lv

R
+ � �15�

which gives the thin film expected from considering the wetting
on the outside of a single particle in two dimensions. Thus the
thickness of the film can be approximated by setting �
=�np

�slv�l�����4�2Aslv / t3 for the VdW interaction among the
four particles and the gas in Eq. �15�, and solving for t, the thick-
ness of the thin film �t= l−R�. Solving Eq. �15� for the film thick-
ness t combined with Eq. �14� gives an approximation, similar to
that proposed by Rascón and Parry �2001� for rectangular slit
pores.

In general, the approximation �i.e., Eqs. �14� and �15�� without
disjoining pressure terms� will be more accurate when the matric
suction is large and the Van der Waals interactions are weak. This
is so since the film thickness grows very little with decreasing
matric suction if the van der Waals forces are weak, delaying the
point of capillary condensation very little, and the meniscus shape
is known to be circular when surface forces are ignored. It should
be noted here that without a zero contact angle there is no solu-
tion for the film that coats the particle away from the particle pair
meniscus. For a finite contact angle the thin solution would sim-
ply be a meniscus between particles with a radius determined by
Eqs. �13� and �14� contacting the particles at the given contact
angle.

Quantification of Capillary Condensation
and Vaporization

If one uses the aforementioned approximation, the hysteresis in
the SWCC may still be found by the same stability considerations
as above. The instability of the thick solution can be explained by
noting that as the dimensionless matric suction is reduced the
radius of curvature is increased; therefore a decrease in the matric
suction �increase in vapor pressure� leads to an increase in the
volume of the gas, which is unphysical since as the pressure is

increased and gas particles are removed, the volume must de-
crease. However, as the matric suction is increased the thin solu-
tion approaches the thick solution by decreasing the volume of
the gas until the two are equivalent, at which point capillary con-
densation occurs; assuming that the energy barrier to the full pore
case is large enough.

Furthermore, if one ignores the thin film the water content at
capillary condensation changes by about 5% for particle radii
equal to 0.1 mm. If the thin film and the VdW interactions are
ignored the water content at the point of instability can be ap-
proximated by calculating the largest radius bubble that will just
fit in the pore. In this case the maximum degree of saturation can
be found to be about 37%. Also, it should be noted that the radius
of curvature of the liquid meniscus increases with decreasing ma-
tric suction, and does so smoothly and continuously until the me-
niscus becomes unstable. Then the pore will fill suddenly. It is
interesting to note in this context that, as Coughlin et al. �1982�
stated, for the case of a simple cubic packing �again for systems
without Van der Waals interactions� the point of meniscus coales-
cence is at a filling angle of 	 /4; however as the contact angle
increases the filling angle at which the vapor pressure reaches the
saturation pressure �i.e., matric suction around zero� decreases. In
fact, the matric suction can cross zero and become negative be-
fore menisci coalescence; potentially leading to repulsive capil-
lary forces �see Lechman and Lu, unpublished� before the onset
of capillary condensation. Whether this situation is physically
permissible for systems where the liquid is preferred to the gas
�i.e., ��0� remains to be seen.

In the system studied by Iwamatsu and Horii they suggest that
the hysteresis in the capillary condensation curve may be due a
second �vaporization� instability at the dimensionless matric suc-
tion greater than the value at coexistence. This view would in fact
be corroborated by the free energy diagrams shown in Fig 4�b�,
where the barrier to escape from the full state is high at coexist-
ence �point c�, and needs to be lowered for vaporization to occur

Fig. 6. Solid–water characteristic curve as a function of particle sizes for particle size ranging from R=1 mm to R=0.001 mm
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�closer to point b�. However, the calculation performed by Broef-
hoff and DeBoer �1967, 1968a, b� on an infinite cylindrical pore
indicate a mechanism for drying that involves the meniscus de-
veloped on one end propagation down the pore as a thin vapor
thread. The possibility of such a three-dimensionally varying pro-
file that presents a lower barrier to drying than any two-
dimensionally uniform profile is not included in our two-
dimensional calculation. Nonetheless, it is physically reasonable
that the Broefhoff mechanism for cylindrical pores might be ac-
tive for the pores considered here as well. Although this mecha-
nism was also shown to be continuous for systems including
VdW interactions, that is , the emptying of the full cylindrical
pore occurs over a small range of matric suctions above coexist-
ence until total emptying �except for a thin film� is reached, it can
be approximated by a discrete or instantaneous process. Thus the
point of coexistence can approximate the point of capillary vapor-
ization, or air-entry. Note that the reverse case, of three-
dimensionally varying profiles in condensation may occure as
well, but perhaps with a more substantial barrier compared to the
drying case.

Quantification of Dependence of the Solid–Water
Characteristic Curve on Pore Size

The pore size affects the SWCC for both the wetting and drying
cycles by shifting them as can be seen in Fig. 6. Notice that the
magnitude of the matric suctions has increased with decreasing
pore radius. For particles with radius of 1 mm �a typical sand
size�, the matric suction varies on the order of several kPa. As the
particles decrease to the size of R=0.001 mm �a typical clay size�,
the matric suction varies on the order of several thousand kPa.
These ranges of matric suction and the corresponding degree of
saturation are on the same orders of magnitude with the typical
real soils. As shown in Fig. 6, both the capillary condensation and

vaporization �air-entry� are increasingly affected by the contribu-
tion of the surface forces as the pore size decreases.

Quantification of Dependence of Capillary
Condensation and Air-Entry Pressure on Pore Size

As the size of the particles decreases along with pore radius, Rp,
one would expect the surface forces to have an increasing effect
on the shape of the meniscus and subsequently on the SWCC.
From Eqs. �14� and �15�, if the surface force contributions are
ignored, the point of rapid pore filling, capillary condensation,
can be approximated by

�lv

��̃
= Rm = R�2 − 1� �16�

where R�2−1� is the pore radius for the simple cubic packing.
Eq. �16� states that the point of capillary condensation occurs
when the thin film thickness corresponds to the size of the bubble
that will just fit into the pore space left over. Beyond this point
neither the meniscus nor the gas volume has room to grow. Eq.
�16� also gives a way of determining the relative effect of surface
forces as well as showing that the pore size and geometry are
related to the instability of the liquid meniscus. Furthermore, the
point of coexistence is also related to the effect of surface forces.

Both capillary condensation and air-entry pressures are plotted
in Fig. 7 as functions of the pore radius Rp. It can be observed
from Fig. 7 that for the larger pore radii Eq. �16� is a very good
approximation to the accurate results from the free energy formu-
lation since the accuracy decreases with decreasing pore radius.
For large particle sizes, the effect of surface forces is small. Note
that on the log-log scale the capillary condensation point changes
nearly linearly with pore radius. Thus the point of capillary con-
densation is delayed in the sense that it occurs at a higher degree

Fig. 7. Dependence of capillary condensation and air-entry pressure on pore radius, Rp, compared with the approximation by Eq. �16�
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of saturation for smaller pore radii, due to the increasing effect of
surface forces on the thickness of the thin film. From Fig. 7 it
appears that the relative difference between the capillary conden-
sation and air-entry pressures increases as the pore size increases.

Quantification of Dependence of the Capillary Stress
Characteristic Curve on Pore Size

Typically, the capillary force is calculated as the sum of the pres-
sure deficit in the condensed liquid acting over the wetted area
and the surface tension acting around the line of contact of the

Fig. 8. Capillary force and stress �CSCC� as a function of the degree of saturation for particles sizes of R=1 mm and R=0.001 mm
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meniscus and the particle. Nonetheless, this definition is not ap-
propriate when a thin film fully covers the particles. However, the
force between particles can still be determined. Eq. �7� can be
viewed as an effective interfacial potential �Dietrich 1988�; thus
the derivative of Eq. �7� with respect to interparticle spacing gives
the force �Evans et al. 1986; Dobbs et al. 1992; Iwamatsu and
Horii 1996�. This is because the work done to separate the par-
ticles is independent of the path of the separation, i.e., there is no
viscous or frictional term in Eq. �7�. Therefore the interparticle
force can be accurately calculated as Fint=�� /�D.

Capillary stress is obtained by normalizing the capillary force
over the diameter of a particle. Fig. 8�a� shows the capillary force
and stress as a function of the degree of saturation for both the
wetting path and drying path for the particles with 1 mm radius. It
can be observed that the capillary force varies in the range of
0–100 �N, whereas the corresponding capillary stress varies in
the range of 0–50 Pa. For such a system, hysteresis of stress is
most pronounced for the degree of saturation between 20 and
36%. At the capillary condensation point, the capillary stress
abruptly decreases from 26 �N to 0, whereas along the drying
path, the air-entry state occurs at the point when the capillary
stress suddenly elevates from 0 to 32 �N. One would expect a
hysteresis in the interparticle force since this force is a result of
the energy of the interface. When the meniscus disappears at the
capillary condensation point, so would the force due to the inter-
face.

The dependency of the capillary force and stress as well as the
hysteresis on the particle sizes is illustrated by computing the
capillary force and stress characteristic curves as a function of the
degree of saturation for a much smaller particle size �R equals
1 �m�. The results for the clay-size particles are shown in Fig.
8�b�. Comparing Figs. 8�a and b� shows that the capillary force
and stress increases as the particle size decreases. The capillary
force varies in the range of 0 to 1.6�10−3 N, and the correspond-
ing capillary stress varies from zero to hundreds of kPa. Com-
pared to the large particles, the hysteresis occurs at a higher de-
gree of saturation �58–70%� and at a relatively much smaller
stress level. At the capillary condensation point, capillary stress
decreases abruptly from 40 kPa to 0 at the 40% degree of satura-
tion. At the air-entry point, the degree of saturation suddenly de-
creases from 100 to 58% and the corresponding capillary stress
elevates from 0 to 80 kPa. It can be concluded that the smaller
the particle size is, the higher the capillary stress, and the higher
the degree of saturation at which hysteresis occurs. The magni-
tudes for the capillary force and stress are in the same range as for
the system with spherical particles �Lechman and Lu, unpub-
lished�.

Conclusions

The SWCC and CSCC functions for the simple cubic packing of
disk-shaped particles have been developed based on a general free
energy formulation. Thus the method outlined here is capable of
determining the mechanics of wet particles as well as the flow
characteristics within their pores. It has been shown for this sys-
tem that capillary condensation and vaporization are related to the
stability of the minimum free energy solutions for the state of the
liquid in the pore space. The difference in the stability of the thin
and full solutions when following the wetting or drying curve
leads to the hysteresis in the SWCC and CSCC. Thus the hyster-
etic nature of the SWCC and CSCC for this system is found to be

independent of the contact angles of the wetting and drying fronts
or differences between the geometry of pores.

The dependency functions of capillary condensation and air-
entry pressures are established. A simple yet accurate approximate
equation is also proposed for capillary condensation in pore ra-
dius greater than 0.01 mm. It is found that both the capillary
condensation and air-entry pressures follow nearly linear func-
tions on the log matric suction and log pore size plot. The capil-
lary condensation and air-entry pressures decreases as the pore
size decreases; for the pore size of 1 �m typically occurring in
clay size granular media, both the capillary condensation and air-
entry will occur at a matric suction on the order of several hun-
dred kPa, whereas for the pore size of 0.1 mm typically occurring
in fine sand size granular media, both the capillary condensation
and air-entry pressures are on the order of several kPa.

The theoretical SWCC for various particle sizes are estab-
lished and the suction range is qualitatively consistent with the
range observed in real soils; several to tens of kPa for typical
sandy soils, and tens of thousand of kPa for typical clayey soils.
The theoretical CSCC for various particle sizes are also estab-
lished, and the capillary stress range is in the same range as the
other theoretical studies for systems with spherical particles. It
should be noted that the results presented here are for constant
chemical potential �humidity�. Experimentally one can perform
test of these results at constant volume or constant humidity. A
similar approach to that outlined here can be extended to constant
liquid volume measurements. For constant humidity experiments,
if the water content equilibrates essentionally instantaneiously on
the time scale of the experiment, the results should be as indi-
cated. Otherwise, one may calculate the dirivative of the free
energy at constant liquid volume. Here we would nee to subtract
off the free energy corresponding to vaporizing the change in
liquid content.

It is learned from this study that accounting for a thin film
coating the particles away from the meniscus between particle
pairs delays the point of capillary condensation for small pore
radii. Although the thickness of the film does grow on approach-
ing the point of capillary condensation, it delays the onset of
instability only slightly for larger pore radii. So it can be said for
this system that the process of particle pair meniscus coalescence
and the onset of capillary condensation are controlled by the pore
geometry and size. One should be able to generalize the approach
outlined here to general packing of rings of particles as noted by
Phillip �1977�. For future study, one may include the contact
angle and interactions of the meniscus surfaces across the vapor
along the lines of Scovazzo and Todd �2001�. It is also important
to conduct experimental studies for disk-shaped particles in order
to validate the theoretical results presented in this paper.

Finally, for the system considered here, a simple and fairly
accurate approximation for the mean curvature has been proposed
based on that of Rascón and Parry �2001�. It remains to be seen
whether this approximation can be extended to more complex
geometries, such as the simple cubic packing of spheres.
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