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Solute Flux in Membrane Soil
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Abstract: A generalized advective–diffusive equation for describing electrolytic solute transport in fine-grained soil(clay) membranes
presented. Clarification is made between the current theory and the widely cited coupled-flow theory by Yeung and Mitchell. R
recently published experimental data are evaluated to demonstrate that the effective diffusion coefficient associated with Fick
is not an appropriate independent material property for solute transport considerations in membrane soil. Three independent
mentally attainable material properties are identified, specifically: osmotic efficiency, membrane diffusion coefficient, and
conductivity. Simple physical experiments by which these properties may be measured are described.
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Introduction

The ability of fine-grained soils to act as semipermeable m
branes and restrict the passage of dissolved solutes is well
mented. The mechanisms involved are responsible for a fam
coupled transport phenomena that are generally referred
“osmotic” or “membrane” phenomena, and specifically incl
electro-osmosis(flow of water in response to a gradient in el
trical potential), chemico-osmosis(flow of water in response to
gradient in chemical potential), and ultrafiltration(restricted dif-
fusive solute flux). The importance of these membrane phen
ena and the consequent impact on water and solute flow in n
and engineered earthen materials has been investigated in th
logic, soil science, and geotechnical engineering discipline
several decades.

Geotechnical engineers have explored formulations of
versible thermodynamics in effort to provide more general
advection–dispersion equations that take into account these
brane phenomena in soil. One formulation(Yeung 1990; Mitchel
1991; Yeung and Mitchell 1993) provides a comprehensive ba
for analyzing the coupled fluxes of pore fluid, electrical curr
and dissolved chemical species in response to hydraulic, e
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cal, and chemical gradients. Another formulation(Katchalsky and
Curran 1965; Olsen et al. 2000; Olsen 2003) is more limited in
that it only considers the mass fluxes of liquid and solute in
sponse to hydraulic and chemical gradients, but can be use
theoretical basis for a more generalized advection-dispe
equation.

This technical note examines the basic differences bet
these two formalisms in terms of the interrelationships empl
among the fundamental thermodynamic phenomenological
ficients and the corresponding material properties more fam
to most geo-professionals, specifically: hydraulic conducti
electro-osmotic conductivity, electrical conductivity, osmotic e
ciency, and effective diffusion coefficient. Three independent
experimentally attractive material properties are identified
which fluid and solute transport may be effectively quantifie
membrane soils.

Irreversible Thermodynamic Framework

Consider the simple membrane system illustrated in Fig. 1.
reservoirs containing solutions of different chemical potentia
separated by a membrane soil(e.g., compacted clay). Under the
formalism of irreversible thermodynamics, the fluxes of w
sJvd, electrical currentsJId, and diffusive solutesJs

dd can be ex
pressed in terms of the associated driving forces(gradients) and a
series of phenomenological coefficientssLijd representing the m
terial properties of the soil membrane

Jv = L11 ¹ s− Pd + L12 ¹ s− cd + L13 ¹ s− pd s1ad

JI = L21 ¹ s− Pd + L22 ¹ s− cd + L23 ¹ s− pd s1bd

Js
d

c
= L31 ¹ s− Pd + L32 ¹ s− cd + L33 ¹ s− pd s1cd

The phenomenological coefficients may be functions of

state variables pressureP, electrical potentialc, and solute con-

NVIRONMENTAL ENGINEERING © ASCE / DECEMBER 2004 / 1341



us-
e
er a
ure

ng to
ma-

ro

qs.
both
olute

eces-

d
rma-
tive

lished
ning
r.
g to

ctiv-
otic
ma-
otic
duc-

po-

vior

ive

n-
ef-

w of
solute
e

rane

rane soil
centrationc, but may not be functions of the driving forces ca
ing flux (i.e., the gradients ofP, c, and c). Dependency of th
phenomenological coefficients on the driving forces is eith
violation of the irreversible thermodynamic formalism or a fail
in the choice of a proper energy dissipation function.

The phenomenological coefficients are correlated accordi
Onsager’s reciprocal principle, which states that the coupling
trix is symmetricsLij =Ljid. Under the special condition of ze
net electric charge fluxs j I =0d therefore, we may write

¹s− cd = −
L21

L22
¹ s− Pd −

L23

L22
¹ s− pd s2ad

Jv = FL11 −
L12

2

L22
G ¹ s− Pd + FL13 −

L12L23

L22
G ¹ s− pd s2bd

Js
d

c
= FL13 −

L23L21

L22
G ¹ s− Pd + FL33 −

L23
2

L22
G ¹ s− pd s2cd

Eqs.(2b) and (2c) may be then simplified as follows:

Jv = LP ¹ s− Pd + LPD ¹ s− pd s3ad

Js
d

c
= LDP ¹ s− Pd + LD ¹ s− pd s3bd

where the coupling coefficientsLP, LDP, andLD are as follows:

LP = L11 −
L12

2

L22
s4ad

LDP = LPD = L13 −
L12L23

L22
s4bd

LD = L33 −
L23

2

L22
s4cd

One important implication of the formalism resulting in E
(3) and(4) is that three independent coupling coefficients are
necessary and sufficient for describing coupled water and s
flow in membrane soil with electrolyte solution(LP, LDP, andLD).
Each coefficient is required, yet no other coefficients are n

Fig. 1. Conceptual model of simultaneous electrolyte solute a
sary.
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Transformation of Coupling Coefficients to Physical
Parameters

The coupling coefficientsLP, LPD, andLD are not commonly use
or measured in geotechnical engineering. However, transfo
tion of these coefficients to familiar and experimentally attrac
material parameters can be conducted within the estab
framework of irreversible thermodynamics so that the gover
theories can be used to predict actual coupled flow behavio

Parameters used in the field of geotechnical engineerin
replace the coupled flow coefficients include hydraulic condu
ity, electro-osmotic conductivity, electrical conductivity, osm
efficiency, and effective diffusion coefficients. Three specific
terial properties are identified in the following: chemico-osm
efficiency, membrane diffusion coefficient, and hydraulic con
tivity.

Chemico-Osmotic Efficiency

Total solute flux includes both advective and diffusive com
nents and can be obtained by combining Eqs.(3a) and (3b) as
follows:

Js = cJv + Js
d = csLP + LDPd ¹ s− Pd + csLPD + LDd ¹ s− pd s5d

When a particular soil does not exhibit membrane beha
(e.g., sand), the coupling coefficientsLDP (andLPD) are equal to
zero and Eq.(5) reduces to the widely used advective–diffus
equation for solute transport

Js = cLP ¹ s− Pd + cLD ¹ s− pd s6d

where the coupling coefficientLP can be related to hydraulic co
ductivity k andLD can be related to the effective diffusion co
ficient D*.

Now consider a membrane system that permits the flo
water but completely prevents the passage of solute. The
flux predicted by Eq.(5) for this “ideal” membrane should b
zero, which leads to

LP = − LDP = − LPD = LD s7d

If a physical experiment is devised for an ideal memb
where no water flux is permitted, then Eq.(3a) becomes

Jv = 0 =LP ¹ s− Pd + LPD ¹ s− pd s8d

id flows for generalized advection–diffusion equation in memb
nd liqu
Substituting Eq.(7) into the above equation, we have
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U¹s− Pd
¹s− pd

U
Jv=0

= −
LPD

LP
= 1 s9d

Two situations could satisfy the condition described by
(9). Considering the conceptual systems shown as Fig. 2,
situations are:(1) that the applied osmotic pressure,p, results in
a rise of the water column in the left(i.e., high concentration)
chamber[Fig. 2(a)] or (2) an external pressure(e.g., piston pres
sure) is applied to maintain the water levels in both containe
the same position in order to counter the osmotic pressure g
ent [Fig. 2(b)].

On the other hand, if the soil is not an ideal membrane
rather is only able to partially block the passage of solute
elevated water pressure smaller in magnitude than in Fig.(a)
will be observed in the left chamber. The ratio in Eq.(9) in this

Fig. 2. Illustration of zero water volume flux experiment:(a) in ideal
semimembrane soil with zero pressure boundary and(b) in ideal
semimembrane soil with pressure boundary
case becomes less than unity, or

JOURNAL OF GEOTECHNICAL AND GEOE
U¹s− Pd
¹s− pd

U
Jv=0

= −
LPD

LP
, 1 s10d

And finally, at the limiting case when a soil has no memb
capability, there will be no change in the water level under
osmotic pressure gradient and Eq.(9) becomes

U¹s− Pd
¹s− pd

U
Jv=0

= −
LPD

LP
= 0 s11d

Thus, the ratio ofLPD to LP varies between 0 and 1 and p
vides an excellent measure for the efficiency of membrane b
ior. Staverman(1952) defined this quantity as the membrane
efficient or chemico-osmotic efficiency

v = −
LPD

LP
s12d

Membrane Diffusion Coefficient

A generalized advective-diffusive flux equation can be obta
following the approach by Katchalsky and Curran(1965). From
Eq. (3a), the pressure gradient can be expressed as

¹s− Pd =
Jv − LPD ¹ s− pd

LP
s13d

Substituting the above equation into Eq.(5), the advective
diffusive solute flux becomes

Js = csLP + LDPd ¹ s− Pd + csLPD + LDd ¹ s− pd

= cS1 +
LDP

LP
DJv + c

LDLP − LPDLDP

LP
¹ s− pd s14d

Inserting the osmotic efficiency[Eq. (12)] into Eq. (14), we have

Js = cs1 − vdJv + csLD − v2LPd ¹ s− pd s15d

And from Eq.(3a), the water flux is

Jv = LP ¹ s− Pd − vLP ¹ s− pd = LPf¹s− Pd − v ¹ s− pdg

s16d

The first term on the right-hand-side of Eq.(16) represents flu
due to the applied hydraulic gradient and the second term r
sents osmotically induced water flow.

A simple physical experiment may be devised by acti
maintaining a condition where the flux of water under an app
osmotic pressure gradient is zerosJv=0d. Under this conditio
(conceptualized in Fig. 3), the total solute flux is due to the a
plied osmotic pressure gradient¹s−pd and Eq.(15) reduces to

Js = csLD − v2LPd ¹ s− pd s17d

The terms preceding the osmotic pressure gradient in Eq(17)
can be combined into a single parameter describing the mem
diffusion coefficient under the condition of zero water volu
flux, which Katchalsky and Curran(1965) referred to asb

b = csLD − v2LPd s18d

Given the membrane diffusion coefficientb, we may now write
the general advective–diffusive solute flux as follows:
Js = cs1 − vdJv + b ¹ s− pd s19d
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Hydraulic Conductivity

The remaining coupling parameterLP can be transformed to h
draulic conductivityk by considering a physical experiment un
boundary conditions of zero osmotic pressure gradient and a
stant pressure gradient. Under these conditions, Eq.(16) become

U Jv

¹s− Pd
U

¹s−pd=0

= LP s20d

Comparison of Eq.(20) with Darcy’s law reveals the following

LP =
k

gwn
s21d

wherek=hydraulic conductivity of the soil membrane;gw=unit
weight of water, andn=porosity.

Summary of Transformed Coefficients

With Eq. (21), we complete the transformation of the coupl
coefficients to three experimentally attainable material pa
eters. Specifically, we have gone from

LP =
k

gwn

LD = b +
v2k

gwn
s22ad

LDP = −
vk

gwn

to

v = −
LDP

LP

b =
csLPLD − LDP

2d
LP

s22bd

k = gwnLP

and the coupled water and advective–diffusive solute flows ca
fully quantified by the set of parameters defined by Eq.(22b)

Fig. 3. Illustration of zero water volume flux experiment in me
brane soil for determination of membrane diffusion coefficient
osmotic efficiency
Js = cs1 − vdJv + b ¹ s− pd s23ad

1344 / JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGIN
Jv =
k

gwn
f¹s− Pd − v ¹ s− pdg s23bd

Comparison with Yeung and Mitchell’s Formalism

Substituting Eq.(23b) into Eq. (23a), applying the van’t Hof
approximationp=RTc, and rearranging terms, we obtain the t
solute flux under gradients of pressure and solute concentra

Js = cs1 − vd
k

gwn
¹ s− Pd + Fb − cs1 − vd

vkRT

gwn
G ¹ s− cd

s24d

In Yeung and Mitchell’s formalism(e.g., Yeung 1990; Yeun
and Mitchell 1993), the following equation is derived:

Js = cs1 − vd
k

gwn
¹ s− Pd + FD * −

cvkRT

gwn
G ¹ s− cd s25d

whereD* is termed the effective diffusion coefficient of solut
There are two differences in the bracketed coefficients pre

ing solute concentration gradient in Eqs.(24) and(25). First, D*
is defined and derived differently thanb. Second, there is a
additional factors1−vd in the second term of the coefficient p
ceding solute concentration gradient in Eq.(24). The effective
diffusion coefficientD* may not be considered equal tob, other-
wise Eq.(25) does not account for the extra factors1−vd.

In Yeung’s 1990 derivation,D* is transformed by direct com
parison of the phenomenological coefficientsLij with Fick’s law,
where D* is equal to L33RT/c. By drawing this direct analog
with Fick’s law, which explicitly deals with diffusive solute flu
the assumption that the soil does not exhibit membrane beh
must be imposed. Accordingly, Eq.(25) may not be suitable fo
advective–diffusive solute flux in membrane soils because th
fective diffusion coefficientD* is highly dependent on solu
concentrationc and the osmotic efficiencyv.

Eq. (24) may be more suitable for describing the solute flu
the membrane system shown in Fig. 1. If, for example, a tho
experiment is conducted under conditions of zero pressure
ent, Eq.(3b) becomes

UJs
d

c
U

¹s−Pd=0
= LD ¹ s− pd s26d

which by comparison with Fick’s law reveals

D * = cLDRT s27d

Substituting the above equation andLD in Eq. (22a) into Eq.(18),
we obtain

b = cRTsLD − v2LPd = D * −
cv2k

gwn
s28d

Substituting Eq.(28) into Eq. (24), we have

Js = cs1 − vd
k

gwn
¹ s− Pd + FD * − c

vkRT

gwn
G ¹ s− cd s29d

which is identical in form to Eq.(25). However, according to E
(4c), LD is not equal toL33 in general, but rather only ifL23=0.

SinceD* is widely considered a parameter that is not rela
to membrane properties, its direct usage for applications to m
brane soils is misleading. Consider, for example, a recent ex

mental study on coupled solute and water flow in geosynthetic

EERING © ASCE / DECEMBER 2004
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motic
Fig. 4. Characteristic functions of membrane properties of geosynthetic clay liner:(a) membrane diffusion coefficient or effective diffus
coefficient as functions of KCl concentration,(b) membrane diffusion coefficient or effective diffusion coefficient as functions of os
efficiency, and(c) osmotic efficiency as function of KCl concentration(data from Malusis and Shackelford 2002)
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clay liner (Malusis and Shackelford 2002). The experiments we
conducted under boundary conditions of zero water fluxsJv=0d
and a constant osmotic pressure gradientp. The material propert
b was directly calculated as the ratio of solute flux to the app
osmotic pressure according to Eq.(23a). The Fickian diffusion
coefficient D* was then calculated according to Eq.(28). The
parametersb and D* are plotted as functions of osmotic ef
ciencyv and solute(KCl) concentration at the higher concen
tion boundary in Figs. 4(a and b), respectively. Fig. 4(c) shows
osmotic efficiency as a function of solute concentration.

Several arguments can be made to support the notion th
membrane diffusion coefficientb, rather thanD*, should be use
for characterizing membrane soils. First,b is more experimen
tally attractive since it may be measured directly from exp
ments maintaining zero water flux and a constant osmotic
sure gradient. Second, the underlying idea of using Eq.(28) is to
be able to calculate the “true” salt diffusion described by Fi
law that may be used as a constant material property or a
ence point independent of membrane behavior. This is clearl
true as shown in Fig. 4.D*’s membrane dependency is eviden
both the difference withb [Fig. 4(a)] and its dependency on t
osmotic efficiency coefficientv [Fig. 4(b)].

Following the formalism presented in this technical note, t
is no need to portray 0b as a function of the osmotic efficien
coefficient. By virtue ofb being an independent material pro
erty, it needs only be considered a function of solute conce
tion. The interdependency betweenb and v is embedded in th
dependency of the osmotic efficiency coefficient on solute
centration as shown in Fig. 4(c), and the dependency of the me
brane diffusion coefficientb on solute concentration[Fig. 4(a)].

Conclusions

A general thermodynamic framework is presented for descr
coupled liquid and solute flow in membrane soil. By examin
irreversible thermodynamics and the current coupled flow t

ries, a general set of governing equations for liquid flow and

1346 / JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGIN
advective–diffusive solute flow in membrane soils is deri
This equation set is recommended for future use in geotech
engineering applications since it is consistent with the irrever
thermodynamics framework and is experimentally attrac
Three parameters are necessary and sufficient to fully de
simultaneous liquid and solute fluxes under the forces of pre
gradients and chemical concentration gradients: osmotic
ciencyv, the membrane diffusion coefficientb, and the hydrauli
conductivity k. Specific material properties such as the effec
diffusion coefficientD* for a soil assumed to be nonselective
solute may not be preferable to infer or to identify parame
during parameter transformation because direct determinati
D* for membrane soil is experimentally inconvenient,D* is in-
separable from membrane behavior, andD* is not an independen
material property.
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