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Hysteresis of Capillary Stress in Unsaturated Granular Soil
William J. Likos, M.ASCE,1 and Ning Lu, M.ASCE2

Abstract: Constitutive relationships among water content, matric suction, and capillary stress in unsaturated granular soils ar
using a theoretical approach based on the changing geometry of interparticle pore water menisci. A series of equations is d
describe the net force among particles attributable to the combined effects of negative pore water pressure and surface
spherical grains arranged in simple-cubic or tetrahedral packing order. The contact angle at the liquid–solid interface is cons
variable to evaluate hysteretic behavior in the soil–water characteristic curve, the effective stress parameterx, and capillary stres
Varying the contact angle from 0 to 40° to simulate drying and wetting processes, respectively, is shown to have an apprecia
on hysteresis in the constitutive behavior of the modeled soils. A boundary between regimes of positive and negative pore wat
is identified as a function of water content and contact angle. Results from the analysis are of practical importance in unders
behavior of unsaturated soils undergoing natural wetting and drying processes, such as infiltration, drainage, and evaporatio
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Introduction

Capillary stress refers to the net interparticle stress gene
within a matrix of unsaturated granular particles due to the c
bined effects of negative pore water pressure and surface te
The macroscopic consequence of capillary stress is a tenden
the particles to be pulled toward one another, similar in effec
sign convention to an overburden stress or surcharge loading
important role of capillarity in the shear strength, deformat
and permeability behavior of unsaturated soil has long been
ognized. In recent years, analyzing and accounting for capil
in the context of traditional geotechnical engineering probl
including slope stability, bearing capacity, and lateral earth p
sure, have become the subjects of much research in the r
growing field of unsaturated soil mechanics.

Hysteresis is a well-known phenomenon in many aspec
unsaturated soil behavior. Perhaps, the most outstanding ex
is the commonly observed hysteresis between drying and w
loops in the constitutive relationship between soil suction
water content~i.e., the soil–water characteristic curve!. Specifi-
cally, unsaturated soils undergoing drying processes, su
evaporation or drainage, tend to retain a greater amount of
than at the same magnitude of suction during wetting proce
such as infiltration or capillary rise. Thus, if capillary stres
directly dependent on the magnitude of suction, it follows
there is likely to be some amount of wetting–drying hysteres
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the relationship between capillary stress and water conte
practical engineering situations, where wetting and drying
cesses occur quite often under natural or imposed chang
environmental conditions, there is a strong motivation to un
stand this possible hysteretic behavior and the consequent i
on the strength and deformation behavior of unsaturated
systems.

This paper examines several aspects of hysteretic behav
sociated with interparticle pendular pore water menisci and
associated forces acting between and among unsaturated g
soil particles. Relationships among water content, matric suc
Bishop’s ~1959! effective stress parameterx, and capillary stres
are evaluated by developing a series of analytical equations
the flexibility to account for differences in the contact angle a
solid–water interface. Contact angle is varied from 0 to 40
simulate drying and wetting processes, respectively, and qu
the associated impact on each of these relationships. Simple
~SC! and tetrahedral~TH! grain packing geometries for idealiz
uniform spheres are selected as end member scenarios rep
tative of the wide range of fabric in typical soils.

Background Concepts

Capillarity in Unsaturated Soil

Early attempts at understanding capillarity and its role in the
gineering behavior of unsaturated soil recognized that when
is saturated, the pore water pressure is generally positive~com-
pressive! and the net effect of the water pressure is to reduc
effective stress. At the opposite extreme, when the soil is n
dry, it was recognized that the remaining water in the voids
sustain very high negative pressures, thus creating tensile
acting to increase the effective stress and pull the soil grain
gether. Effective stress in the range between these extreme
described in the form of Terzaghi’s classic effective stress e
tion modified to account for the additional contribution from
negative pore pressure, or matric suction~e.g., Bishop 1959

1961; Donald 1961; Blight 1967!.
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Bishop’s ~1959! often cited effective stress approach invol
a modified form of Terzaghi’s effective stress written as follo

s85~s2ua!1x~ua2uw! (1)

wheres85effective stress;s5total stress;ua5pore air pressure
uw5pore water pressure; andx5material variable referred to
the ‘‘effective stress parameter’’ that is generally believed to
between zero and unity depending on the degree of pore
saturation. The difference (s2ua) is referred to as the ‘‘net no
mal stress’’ and the difference (ua2uw) is ‘‘matric suction,’’ the
latter being a positive value if we consider a reference air pre
equal to zero~atmospheric! and the negative pore water press
typifying unsaturated soil. Whenx equals zero~corresponding t
perfectly dry conditions! and x equals unity~corresponding t
saturated conditions!, Eq. ~1! reduces to Terzaghi’s classic effe
tive stress equation for describing the behavior of saturated
(s85s2uw). For x between zero and unity, the second term
Eq. ~1!, x(ua2uw), describes the contribution of matric suct
to effective stress. Although the validity and practicality of Eq.~1!
has been debated for quite some time, it remains a useful m
scopic formulation for describing the important role of interp
ticle capillary forces on the physical behavior of unsaturated

Understanding capillary stress and its dependency on th
gree of saturation in unsaturated soil has historically been a
lenging task from both theoretical and experimental perspec
Previous theoretical investigations, which have for the most
been developed along a particle-scale micromechanical fr
work, have focused on the complimentary roles of negative
pressure and surface tension by analyzing the forces res
from ideally shaped pore water menisci~e.g., toroidal assump
tion! located between geometrically packed, spherical, or p
particles~e.g., Fisher 1926; Dallavalle 1943; Sparks 1963; Bl
1967; Cho and Santamarina 2001!. Additional theoretical mode
based on free energy minimization formulations under more
istic assumptions of complex nonideal meniscus geometrie
additional short-range interaction mechanisms have also be
cently explored~Orr et al. 1975; Dobbs and Yeomans 1992; L
et al. 1993; Molenkemp and Nazemi 2003!. Together, these typ
of models have provided significant insight into the role of c
illary forces in governing the particle scale interaction of un
urated granular particles. Perhaps more importantly, the m
have provided a rational conceptual link between the micro
physics that govern the state of stress in unsaturated soil an
numerous macroscopic formulations that have been propos
describe its engineering behavior@e.g., Eq.~1!#. Very few theo-
retical studies in the past, however, have investigated hyst
phenomena in the behavior of interparticle pore water me
and the consequent capillary stress.

Idealized Grain Geometries

The analysis of water content, pore pressure, and capillary
in unsaturated soil is greatly simplified by assuming that
grains are perfectly spherical and arranged according to
idealized packing geometry. Figs. 1~a and b! illustrate such geom
etries for monosized spheres coordinated under SC packin
TH close packing orders, respectively. Unit volumes for the
and TH packing orders have void ratios of 0.91 and 0.34, res
tively, corresponding to porosities of 47.6 and 26.0%. In the
lowing theoretical development, SC and TH packing geome

are considered to represent two end member scenarios in granula

JO
soil fabric. It is presumed that the range of water retention
capillary stress behavior of real granular soil falls somew
between these two idealized cases.

Capillary Force between Monosized Contacting
Particles

In two dimensions, any two contacting particles can be co
ered as an elemental volume. Referring to Fig. 2~a!, the common
radius of the particles isR, which for sand or silt grains ma
range anywhere between approximately 1 mm
131023 mm. Under the assumption of a toroidal meniscus
ometry and a rigid system, two additional spherical radii,r 1 and
r 2 , may be used to fully define the water meniscus, or ‘‘le

Fig. 1. Idealized grain geometries for uniform spheres in:~a!
simple-cubic packing order, and~b! tetrahedral close packing orde

Fig. 2. Water lens between two contacting spheres:~a! radii for
describing the lens geometry, and~b! free body diagram fo
evaluating interparticle forces and stresses
r
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that forms between the particles under unsaturated condi
The radiusr 1 , rotated about an axis perpendicular to the c
section shown, defines the concave curvature of the water m
cus. The radiusr 2 , rotated about an axis parallel to the cr
section, defines the convex curvature of the meniscus in the
dimension. The ‘‘filling’’ angleu connects the center of either s
particle to the center of the circle defined byr 1 . Increasing o
decreasing the filling angle allows changes in the size of the w
lens, and thus the water content of the soil–water system,
described.

The free body diagram for the system, shown in Fig. 2~b!, is
cut through the center of the water lens at the particle co
point to illustrate the interparticle forces and stresses acting o
unsaturated grains. Isotropic pore air pressureua will be upward,
resulting in a force on the air–solid interface equal to the foll
ing:

Fa5ua~pR22pr 2
2! (2)

At the midplane between the particles, the force due to su
tension along the air–water interface is vertical. The total f
due to surface tension is equal to the product of the men
circumference and the surface tension of the waterTs , which can
be written as follows:

Ft52Ts2pr 2 (3)

The projection of total force due to water pressureuw acting
on the water–solid interface in the vertical direction is

Fw5uwpr 2
2 (4)

The resultant capillary force between the particles is the su
the above three forces:

Fsum5uapR22uapr 2
21uwpr 2

22Ts2pr 2 (5)

If the air pressureua is the only contribution to the external forc
then the capillary force becomes

Fe5uapR22~ua2uw!pr 2
22Ts2pr 2 (6)

where the term (ua2uw)5matric suction. Forua set to a refer
ence value of zero and for negative pore water pressures, aFe

is a negative number, indicating that the macroscopic effe
capillarity in unsaturated soils is to compress the granular
matrix, contributing to what has been often referred to as an
parent cohesion’’ in otherwise cohesionless soils. The second
in the above equation represents the contribution of matric su
to the interparticle capillary force; the third term represents
contribution due to surface tension.

Hysteresis Mechanisms in Unsaturated Soils

The fundamental mechanisms responsible for hysteresis be
wetting and drying loops in unsaturated soil behavior are not
understood. The phenomenon has been generally attributed
merous mechanisms, including:~1! the effects of nonhomog
neous pore size distribution, often referred to as the ‘‘inkbo
effect, ~2! capillary condensation, which is related to adsor
water films on the surfaces of fine-grained particles,~3! entrapped
air, which refers to the formation of occluded air bubbles du
wetting, ~4! swelling and shrinkage, which may alter soil fab
differently during wetting and drying, and~5! contact angle hys
teresis, which is related to the difference between drying
wetting contact angles at the solid~i.e., soil particle! and liquid
~i.e., pore water! interface~e.g., Israelachvili 1992; Iwata et

1995!.
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The relative importance of the specific hysteresis mechan
remains unclear. However, in the context of coarse-grained
rials, such as sand and silt, surface adsorption mechanism
probably negligible. Hysteresis in this case is more likely at
utable to a combination of the inkbottle effect and contact a
hysteresis. Both mechanisms are scale dependent. For ex
one may consider the inkbottle effect as a relatively macros
mechanism acting within the pore space defined by theintrapar-
ticle arrangement of particles and particle groups. On the
hand, contact angle hysteresis is a relatively microscopic m
nism acting on theinterparticle scale of the individual particle
and particle contacts. Due to this disparity in scale, the inkb
effect is more likely to be important at higher degrees of sa
tion when the larger pore spaces begin to be filled with w
Similarly, contact angle hysteresis is more likely to be impor
only at very low water contents when the water is in the form
disconnected menisci between the particle contacts, i.e., the
dular regime. In the following theoretical development, con
angle hysteresis is considered as the primary hysteresis m
nism for granular materials at relatively low water content.

Contact Angle Hysteresis

The three-phase interface between solid particles, pore wate
pore air in unsaturated soils is described by an interfacial co
angle. This angle, designated herein asa, defines the angle me
sured inside the liquid phase from the solid surface to a
tangent to the liquid–air interface. Contact angles less than
indicate a wetting, or hydrophilic, solid–liquid interaction. C
tact angles greater than 90° indicate a nonwetting, or hydro
bic, solid–liquid interaction.

Fig. 3 shows a classic example of the contact angle conce
a drop of liquid on an inclined solid surface. As the drop rea
steady-state flow under the influence of gravity, a wetting f
characterized by the contact angleaw , develops at the advanci
front of the drop. Similarly, a drying front characterized by
contact anglead develops at the receding front of the drop.
shown conceptually in Fig. 3, and in many real solid–liquid–
interfaces, the wetting contact angle is generally larger tha
drying contact angle.

In unsaturated soil–water systems, the difference bet
wetting and drying contact angles can be significant. Experi
tal studies based on capillary rise or horizontal infiltration tes
for example, have shown that wetting contact angles in sand
be as high as 60 to 80°~e.g., Letey et al. 1962; Kumar and Ma
1990!. Drying contact angles, on the other hand, have been
mated from 0° to as much as 20 to 30° smaller than the we

Fig. 3. Water drop on a tilted surface illustrating hysteresis betw
wetting and drying~advancing and receding! contact angles
angles~e.g., Laroussi and DeBacker 1979!.
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Theoretical Development

Water Content between Two Particles with a Variable
Contact Angle

Fig. 4 shows a system geometry for describing the water co
between two contacting spherical particles with a variable co
angle. The water lens radiir 1 andr 2 can be written in terms of th
filling angle u, the common particle radiusR, and the contac
anglea as follows~see Appendix!:

r 15R
12cosu

cos~u1a!
(7)

r 25R tanu2r 1S 12
sina

cosu D (8)

When the contact angle is equal to zero, Eqs.~7! and~8! reduce to

Fig. 4. Geometrical constraints for defining the water lens betw
contacting spheres with consideration for a variable contact ang~a!
System radii and angles and~b! surface boundaries in tw
dimensions
the series of equations presented previously by Dallavalle~1943!.

JO
In two dimensions, the water lens is bounded by the t
hatched surfaces shown in Fig. 4~b!. The rectangleBFGH, which
is a cylinder in three dimensions with a radius ofR sinu and
height of R, bounds the water lens on the bottom. The pa
circle of radiusR defined byFBEOI bounds the water lens on t
top. The partial circle defined byIKJ bounds the water lens
the sides. Rotated in three dimensions, these surfaces b
volumes that can be used to define the total volume of the
lens. The volume of the cylinderBFGH for one unit particle is

Vc52pR3 sin2 u (9)

The volume of the partial circleFBEOI for one unit particle is

Vs52pR3 sin2 u cosu1
2p

3
R3~12cosu!2~21cosu! (10)

The volume of the partial circleIJK for one unit particle is

Vr52pF r 21r 12
2

3

r 1 cos3~u1a!

p

2
2~u1a!2sin~u1a!cos~u1a!G

3
1

2
r 1

2@p22~u1a!2sin 2~u1a!# (11)

Accordingly, the total volume of the water lens is as follows

Vl5~Vc2Vs2Vr !52pR3 sin2 u22pR3 sin2 u cosu

2
2p

3
R3~12cosu!2~21cosu!2Vr (12)

The gravimetric water content for each unit cell of particles in
packing requires three orthogonal water lenses, and can b
pressed as

wSC5
3Vl

VsphereGs
(13)

whereVsphere5volume of one soil particle~i.e., Vsphere54/3pR3)
and Gs5specific gravity of the soil solids. Accordingly, wa
content can be written in terms ofu anda as

wSC5
9

2Gs
sin2 u2

9

2Gs
sin2 u cosu

2
3

2Gs
~12cosu!2~21cosu!2

9Vr

4GspR3
(14)

In TH packing, the water content is simply twice that of
packing for the same filling angle:

wTH52wSC (15)

Eqs. ~14! and ~15! are plotted in Fig. 5~a! to demonstrate th
relationship between filling angleu and water content for conta
angle a equal to zero. A particle radius of 1 mm and spec
gravity equal to 2.65 are selected to represent relatively c
sand. Previous equations developed by Dallavalle~1943! and Cho
and Santamarina~2001!, both which assumea50°, are include
in Fig. 5~a! for comparison. Fora50°, the Dallavalle solution
identical to Eq.~14!. The limits of the pendular water regime, a
thus the validity of Eqs.~14! and ~15!, for zero contact angle
SC and TH packing are 0.063 g/g water content and 0.03
respectively~i.e., these are the water contents where indivi
water lenses from neighboring particles begin to touch

other!.
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Water contents are plotted in Fig. 5~b! for contact angles equ
to 0, 20, and 40°. The zero contact angle may be consid
representative of drying loop behavior, whereas the nonzero
tact angles represent wetting loops. The increase in contact
has a significant effect on the volume of the water lens and
resultant water content of the soil–water system. Larger co
angles result in higher water contents for a given filling anglu.

Pore Pressure Regimes

The interplay between contact anglea and filling angleu has an

Fig. 5. Relationship between filling angleu and gravimetric wate
contentw in simple-cubic and tetrahedral packing:~a! For a50° and
~b! for a50°, a520°, anda540°
important role in the boundary between regimes of positive and

650 / JOURNAL OF ENGINEERING MECHANICS © ASCE / JUNE 2004
negative pore pressure. Matric suction for contacting shp
under the toroidal approximation may be written:

~ua2uw!5TsS 1

r 1
2

1

r 2
D (16)

or, in terms of pore water pressure:

uw5ua2TsS 1

r 1
2

1

r 2
D (17)

Thus, forua equal to zero, Eq.~17! dictates that a decrease
the radiusr 1 results in more negative values of pore water p
sure, a reflection of its relationship to the concave curvature o
water lens. A decrease inr 2 , on the other hand, causes the p
water pressure to be less negative, a reflection of its relatio
to the convex curvature of the water lens. Ifr 1,r 2 , then pore
water pressure less than the air pressure develops in the len~i.e.,
a negative value for a reference air pressure equal to zero!. If r 1

.r 2 , a positive water pressure develops. Finally, ifr 15r 2 ,
which must occur at some value of water content, the press
the water lens, and thus the matric suction, are equal to
Considering Eqs.~7! and~8!, this occurs for contact anglea when
the following is true:

~12cosu!~2 cosu2sina!5sinu cos~u1a! (18)

Eq. ~18!, which is plotted in Fig. 6, identifies the bound
between a negative pore water pressure regime and a po
pore water pressure regime. For example, ifa50°, which may
represent a drying process, the zero suction condition occ
u553.13°. Fora560°, which may represent a wetting proce
we haveu520°. This indicates that positive pressures may
velop at much lower water contents for soils undergoing we
processes.

Theoretical Soil –Water Characteristic Curves

The preceding development can be used to examine the re

Fig. 6. Relationship between filling angleu and contact anglea
showing boundary between regimes of positive and neg
pore–water pressure
ship between matric suction and water content for spherical par-
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ticles in SC and TH packing order. Foru ranging from 0 to 45°
Eqs. ~14! and ~15! can be used to calculate water content in
and TH packing, respectively. Given a fixed particle diametR
and contact anglea, matric suction values corresponding to
calculated water content values can be determined from Eqs~7!,
~8!, and~16!.

Fig. 7 shows soil–water characteristic curves calculated in
manner for six values ofR, ranging from 0.1mm to 1.0 mm, an
a zero contact angle. Clearly, the larger the particle size, the
the magnitude of suction for the same value of water content
8~a! compares theoretical soil–water characteristic curves for
form spheres with actual characteristic curves for four sa

Fig. 7. Soil–water characteristic curves for various particle size
simple-cubic and tetrahedral packing order for~a! relatively
fine-grained materials and~b! relatively coarse-grained materials
specimens measured using a Tempe Cell axis translation appara

JO
tus. Fig. 8~b! shows grain size distribution curves for the sa
each indicating a predominant particle size between about 0.
and 0.1 mm. Although there is limited overlap between the m
eled water content range and the measured water content ra
appears that the theoretical curves tend to underestimate s
by about 1 to 2 orders of magnitude. The general shape o
experimental curves, however, appears to be reasonably
captured.

Analysis of Hysteresis

Hysteresis in the Soil –Water Characteristic Curve

Fig. 9 shows soil–water characteristic curves for soils mod
with various contact angles. Fig. 9~a! demonstrates curves for tw
particle radii in SC packing fora equal to 0, 20, and 40°. Fi
9~b! shows characteristic curves in TH packing order. It is ap
ent from both figures that the larger contact angles, which
represent a wetting process, result in less water retained b

Fig. 8. Theoretical and experimental comparison:~a! theoretical an
experimental soil–water characteristic curves, and~b! experimenta
grain size distribution curves~experimental data from Clayton 199!
-soils than at the same value of suction for lower contact angles,

URNAL OF ENGINEERING MECHANICS © ASCE / JUNE 2004 / 651
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which may represent a drying process. This trend is identic
that observed in characteristic curves for real soils.

Hysteresis in the Effective Stress Parameter x

The effective stress owing to capillarity can be evaluated b
viding the interparticle capillary force@Eq. ~6!# by the area ove
which it acts. Taking the cross-sectional area of one pa
(pR2) as a unit area, and employing Eq.~16! to describe surfac
tensionTs in terms of the radiir 1 andr 2 , we can rewrite Eq.~6!

Fig. 9. Effect of contact angle on hysteresis in the soil-w
characteristic curve for~a! simple-cubic packing and~b! tetrahedra
packing
in terms of the stress contribution due to capillaritysw as follows:

652 / JOURNAL OF ENGINEERING MECHANICS © ASCE / JUNE 2004
sw5ua2
r 2

2

R2
~ua2uw!2

2r 2
2r 1

R2~r 22r 1!
~ua2uw!

5ua2F r 2
2

R2
1

2r 2
2r 1

R2~r 22r 1!
G ~ua2uw!

5ua2
r 2

2

R2

r 21r 1

r 22r 1
~ua2uw! (19)

The effective stress under an external total stresss is

s85s2sw5s2ua1
r 2

2

R2

r 21r 1

r 22r 1
~ua2uw! (20)

which is in the same form as Bishop’s~1959! single-valued ef
fective stress equation for unsaturated soils, i.e., Eq.~1!. If we
equate Bishop’s equation to Eq.~20!, we obtain the following:

s2ua1x~ua2uw!5s2ua1
r 2

2

R2

r 21r 1

r 22r 1
~ua2uw! (21)

where

x5
r 2

2

R2

r 21r 1

r 22r 1
(22)

In conjunction with Eqs.~7! and ~8!, Eq. ~22! allows us to write
the effective stress parameterx as a function of the filling angleu
and contact anglea as follows:

x5F tanu2
12cosu

cos~u1a!

cosu2sina

cosu G2

3

tanu1
12cosu

cos~u1a!

sina

cosu

tanu2
12cosu

cos~u1a! S 22
sina

cosu D (23)

Eq. ~23! provides insightful information into the constituti
relationships among the effective stress parameterx, water con
tent, and contact angle. Fig. 10, for example, shows the rela
ship betweenx and water content for various contact angles in
@Fig. 10~a!# and TH@Fig. 10~b!# packing orders. The behavior
the effective stress parameter is independent of particle size
both SC and TH packing, larger contact angles result in la
values ofx for the same water content.

As shown on Fig. 10~a!, the effective stress parameterx can
exceed 1.0, which is contrary to many previous macroscopi
perimental studies~e.g., Donald 1956, 1961; Bishop et al. 19
Blight 1967! but similar to some previous theoretical anal
~e.g., Sparks 1963!. Physically,x greater than 1.0 implies th
capillary stress can exceed matric suction. Increasingly large
ues ofx can be interpreted to reflect the relatively important
of surface tension on the total capillary force@i.e., Eq. ~6!#. A
recent study by the authors employing a free energy formul
~e.g., Orr et al. 1975! to calculate the exact meniscus geom
shows ax(w) function similar to Fig. 10~a!, suggesting that th
observation ofx greater than 1.0 is not due to the simplifi
toroidal meniscus geometry approximation. At the present

experimental evidence ofx greater than 1.0 remains unproven.
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Hysteresis in Capillary Stress

Eq. ~19! describes the interparticle stress due to capillarity.
posing Eq.~16! and settingua to a reference value of zero leads
the net capillary stress as a function particle size and the
lens radiir 1 and r 2 :

sw52
r 2

2

R2 S r 21r 1

r 22r 1
D S r 22r 1

r 2r 1
DTs52

r 2
2

R2 S r 21r 1

r 2r 1
DTs (24)

The total capillary force between the two particles is

Fcap5swpR252
r 21r 1

r 1
pr 2Ts (25)

Fig. 11 shows the relationship between water content and

Fig. 10. Theoretical relationship between water content and Bish
effective stress parameterx for ~a! simple-cubic packing and~b! tet-
rahedral packing
illary stress@Eq. ~24!# for R51 mm @Fig. 11~a!# andR50.1 mm

JO
@Fig. 11~b!#. Capillary stress increases by an order of magni
with a decrease in particle size of the same order of magn
The greater tendency for large capillary forces to develop
tween relatively fine-grained soils may explain the much gre
tendency of fine-grained soils to shrink during drying. Con
angle is varied from 0 to 40° so that the effects of contact a
hysteresis may be evaluated. Increasing the contact angle
significant effect on the magnitude of capillary stress, i.e.,
larger the value ofa, the less the capillary stress. This observa
may have important practical implications. For example, soils
dergoing a wetting process~e.g., an unsaturated slope durin
precipitation event! may have a smaller contribution to effect
stress from capillarity, and thus less shear strength, than

Fig. 11. Relationships among water content, capillary stress,
contact angle in simple-cubic and tetrahedral packing for~a! R
51 mm and~b! R50.1 mm
same water content during a drying process.
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Summary and Conclusions

A theoretical analysis was conducted to model hysteretic beh
in constitutive relationships among water content, matric suc
Bishop’s effective stress parameterx, and capillary stress in u
saturated granular soil. A series of equations was develop
describe the net interparticle forces attributable to negative
water pressure and surface tension for monosized spherical
arranged in SC and TH packing order. The contact angle a
liquid–solid interface was considered a material variable in
theoretical development in order to evaluate its influence on
teresis between cycles of wetting and drying.

Soil–water characteristic curves modeled using the analy
solutions display qualitative behavior similar to real unsatur
soils. Varying the contact angle causes significant hyste
where relatively large contact angles~e.g., 40°!, selected to mode
wetting processes, result in significantly lower values of w
content for the same suctions obtained for relatively small co
angles~e.g., 0°!, selected to model drying processes. A boun
between regimes of positive and negative pore water press
identified as a function of water content and contact angle.
results suggest that positive pore pressures in unsaturate
may occur more readily for wetting processes. The contact a
has a significant impact on the behavior of Bishop’s effec
stress parameterx, thus influencing the contribution of mat
suction to effective stress. The analysis indicates thatx could be
greater than 1.0, which may be a reflection of the relative im
tance of surface tension as a component of the total cap
force between particles. A solution is developed for describin
magnitude of interparticle capillary stress as a function of w
content. Relatively large contact angles result in significa
lower capillary stresses, indicating that the contribution of ca
larity to interparticle stress for soils undergoing wetting proce
may be less than that for soils undergoing drying processes
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Appendix. Derivation of Water Lens Radii, r 1 and r 2

Considering the triangleBCE in Fig. 4~a!, the trigonometric
theory of sines leads to

r 1

sin~p/21u!
5

EC

sin~p/22u2a!
(26)

EC5
sin~p/22u2a!

sin~p/21u!
r 15

cos~u1a!

cosu
r 1

Considering the triangleAOC and Eq.~26!, we have

R

cosu
2R5EC5

cos~u1a!

cosu
r 1 (27)

Thus, we obtain Eq.~7!

r 15R
12cosu

cos~u1a!
(7)

Considering the theory of sines for the triangleECB in Fig. 4~a!,

we have
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r 1

sin~p/21u!
5

CB

sina
(28)

CB5
sina

cosu
r 1

Therefore,

DC5r 12CB5r 1S 12
sina

cosu D (29)

and since

r 25R tanu2DC (30)

we arrive at Eq.~8!:

r 25R tanu2r 1S 12
sina

cosu D (8)
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