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Abstract: The soil freezing curve (SFC) is a fundamental constitutive relationship between liquid water content and temperature under
subzero (0°C or 273.15 K) conditions. SFC governs mechanical and hydrologic behavior of soil in freezing and thawing environments. The
state-of-the-art SFC paradigms have been established empirically based on the capillary pressure-based Clapeyron equation. Two practical
challenges prevent the rigorous use of the capillary pressure-based Clapeyron equation for realistic prediction of the SFC: (1) unable to use the
governing pressure (intermolecular water pressure) for defining water phase change; and (2) unable to account for variations in latent heat of
fusion and water density. A new paradigm based on soil sorptive potential (SSP) to predict the SFC from the soil water retention curve is
developed, directly using the intermolecular water pressure distribution and pure water phase diagram in lieu of capillary pressure and
the Clapeyron equation. The latest theory of SSP is used to quantify intermolecular water pressure distribution. Experimental validation
demonstrates that the proposed paradigm yields excellent matches to the experimental SFC data for different soil types, and is a significant
improvement over the predictions by the capillary pressure-based Clapeyron equation paradigm. The proposed paradigm reveals that the
SFCs for various soils below 273.15 K (0°C) are mostly dominated by adsorptive water. Furthermore, the proposed paradigm can fully explain
the practically encountered phenomenon that the SFC for soils with high clay content depends on the initial water content, whereas it does
not for sandy soils. Practical significance of the new paradigm in geotechnical engineering problems is demonstrated through predicting
soil moisture profiles under freezing and thawing, and permafrost environments. DOI: 10.1061/(ASCE)GT.1943-5606.0002597. © 2021
American Society of Civil Engineers.

Author keywords: Soil freezing curve (SFC); Permafrost; Soil water retention curve; Soil sorptive potential (SSP); Pore water pressure;
Matric suction.

Introduction

In nature, soil water remains partially unfrozen below 273.15 K
(0°C) and above 251.17 K (−21.98°C), due to the soil–water
physicochemical interaction including four well-known components:
van der Waals, electrical double layer, osmotic, and hydrations (Lu
and Zhang 2019; Zhang and Lu 2020). Below 251.17 K (−21.98°C),
soil water will unfailingly exhibit either a solid or glassy state, dic-
tated by the phase diagram of water (Dunaeva et al. 2010). Because
different soils have different mineralogy, particle, and pore size dis-
tributions, their interaction with water leads to different freezing
points. As such, the relationship between unfrozen water content
and temperature is a constitutive function called the soil freezing
curve (SFC). The SFC plays a governing role in many of soil’s en-
gineering properties such as the variation of hydraulic conductivity,
elastic modulus, thermal conductivity, and shear strength in subzero
temperature (e.g., Benson and Othman 1993; Painter and Karra
2014), and thereby is a fundamental constitutive relation underpin-
ning many geotechnical engineering problems in cold regions, and

risk assessment of geotechnical infrastructures in facing of global
climate change. For example, SFC has been implemented to assess
transportation geotechnical infrastructure durability subject to
freeze–thaw cycles (e.g., de Grandpré et al. 2012; Ren and Vanapalli
2018), and slope failure induced by temperature fluctuations
(e.g., Korshunov et al. 2016).

Extensive research efforts have been made to establish physi-
cal models for SFC (e.g., Koopmans and Miller 1966; Miller
1980; Kurylyk and Watanabe 2013; Zhang et al. 2018). Yet the
existing approaches to establishing SFC are either empirical
(e.g., Taylor and Luthin 1978) or mainly built on the Clapeyron
equation (Koopmans and Miller 1966; Miller 1980; Liu and Yu
2013; Zhou et al. 2018) (see Appendix I). The existing paradigms
in developing SFC are subject to several limitations: (1) incom-
plete definition of pore water pressure, (2) uncertainty in subjec-
tively classifying soils into either adsorption or capillarity
dominated types, and (3) inability in capturing varying latent heat
and water density. These limitations will be elaborated in the next
section. As a result, two practical challenges prevent the rigorous
use of existing paradigms in predicting SFC: unable to use the
governing pressure (intermolecular water pressure) for defining
water phase change and unable to account for variations in latent
heat of fusion and water density. Resolving the two practical chal-
lenges underpins a general SFC model for engineering practice
yet is hindered by the use of the classical definition of matric po-
tential as pore water pressure. Herein, to overcome the two inher-
ent challenges in the common paradigms for SFC, a new paradigm
is proposed based on the intermolecular pressures (i.e., the local
water pressure at the intermolecular scale) of pore water or pore
ice. The existing paradigm for SFC will be critically assessed to
identify its limitations. A physical link based on soil sorptive
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potential (SSP) is established between intermolecular water pres-
sure and matric potential, leading to a new conceptual SFC model.
Thereafter, the SSP-based paradigm is developed and quantita-
tively assessed with experimental data.

Limitations in the Existing Paradigms

The theoretical basis underpinning almost all the physically-based
SFC models is the analogy of soil freezing processes to soil drying
processes. As such, the soil water retention curve (SWRC) models
could be handily used to develop SFC models. In general, a
physically-based SFC model is in terms of three physical links:
(1) establishing the physical link between matric potential and
the pore ice/water pressure at the freezing front; (2) estimating ma-
tric potential as a function of water content via SWRC models; and
(3) determining the freezing temperature of the pore water at the
freezing front via a certain form of the Clapeyron equation. Sub-
stituting the first two physical links into the third one yields an
SFC model.

Pioneered by Koopmans and Miller (1966), the first physical
link is commonly expressed as (e.g., Koopmans and Miller 1966;
Miller 1980; Kurylyk and Watanabe 2013; Liu and Yu 2013)

pi − pufw ¼ 1

λ
ðpa − pwÞ ¼ − 1

λ
ψm ð1Þ

where pi and pufw are the ice pressure and unfrozen water pressure,
respectively, in frozen soils; pa and pw are the air pressure and
water pressure, respectively, in unsaturated soils; λ is a coefficient
depending on soil types, equal to 1.0 for SLS (solid–liquid–solid)
soils and equal to 2.2 for solid–solid (SS) soils (Koopmans and
Miller 1966); and ψm is matric potential, and is defined as the free
energy (transferrable energy) difference per unit volume of water
between the soil water state and free water state (Lu and Zhang
2019). The definition of matric potential is on the soil–water–air
representative elementary volume (REV) shown in Fig. 1. The
SLS soils and SS soils are conceptualized by Koopmans and Miller
(1966) to facilitate the development of Eq. (1). A soil will be clas-
sified as an SLS soil when its soil–water interaction is only adsorp-
tion. In contrast, an SS soil interacts with water only via capillarity.
The second physical link is usually represented by some classical
SWRC models [e.g., van Genuchten (VG) model (van Genuchten
1980)], or some advanced SWRC models [e.g., Durner’s model
(Durner 1994)]. The third physical link is frequently represented
by different forms of the Clapeyron equation.

Albeit widely adopted, these three physical links are subject to
uncertainties or physically unjustified assumptions. In the first

physical link [Eq. (1)], one tacit assumption is that matric potential
equals to capillary pressure (pw–pa). This assumption indicates that
under given matric potential the pore water pressure within the soil–
water–air REV will be uniform and negative (i.e., lower than am-
bient air pressure), suggesting that pore water is under tension
and thereby exhibits a lower density than free water. However, the
soil water density has been observed to be higher than free water
(e.g., Zhang and Lu 2018a), and physical evidence indicates that
the water pressure varies greatly at locations close to the solid–
water interface (e.g., Mitchell 1960). If neglecting soil water den-
sity variation, it could be overestimated of matric potential by as
much as 68%, of volumetric water content by up to 40%, and of
specific surface area (SSA) by 42% (Zhang and Lu 2018b), thereby
posing difficulties in characterizing engineering behavior of swell-
ing soils (e.g., Villar and Lloret 2004; Richards and Bouazza 2007;
Jacinto et al. 2012). In addition, the value of coefficient λ is subject
to a great uncertainty because the fact that classifying a soil to be
either a capillary or adsorptive type is subjective and not physically
justified.

It has been long recognized that both adsorption and capillarity
contribute to soil water retention (SWR) (e.g., McQueen and Miller
1974; Lu and Likos 2004). The adsorptive water is prominent for
soils with high SSA [e.g., up to 0.243 g=g for Wyoming montmo-
rillonite (Lu 2016)]. Nevertheless, to date, only a handful of models
are able to explicitly account for both adsorption and capillarity
(Revil and Lu 2013; Lu 2016). Yet none of these models has been
used in developing SFC models due to their inability in capturing
water pressure induced by adsorption. Among the existing SFC
models, the second physical link is represented by the SWRC mod-
els that are based on capillary pressure.

In the third physical link, the latent heat and water density are
two necessary input parameters for the Clapeyron equation. In spite
of the research effort by Spaans and Baker (1996) in considering
latent heat variation, both the latent heat of fusion and water density
have also been usually treated as constants in the existing models,
while in fact they can vary significantly with temperature; the latent
heat can vary up to around 2 times (e.g., Bertolini et al. 1985;
Spaans and Baker 1996; Cantrell et al. 2011), and the soil water
density can increase up to 1.8 times (e.g., Zhang and Lu 2018b).
Consequently, the Clapeyron equation deviates significantly from
the phase transition boundary in the pure water phase diagram,
yielding up to 86% smaller pressure under certain temperature,
as illustrated in Fig. 2 (see Appendix I for a description of the
Clapeyron equation).

Fig. 1. Conceptual illustration of REVs for matric potential, intermo-
lecular water pressure, and SSP.

Fig. 2. Illustration of errors in direct use of the Clapeyron equation
with constant latent heat and water density through comparisons of
the Clapeyron equation (see Appendix I) and the phase transition line
in the pure water phase diagram. (Data from Dunaeva et al. 2010.)
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The aforementioned uncertainties and assumptions lead to
several unresolved problems of both theoretical and practical im-
portance. It is unclear on how to develop a physically sound SFC
for unsaturated soils (e.g., Spaans and Baker 1996; Kurylyk and
Watanabe 2013). The existing SFC models (Koopmans and Miller
1966; Miller 1980; Kurylyk andWatanabe 2013) commonly treated
the soil water as either adsorptive water or capillary water despite
the fact that the adsorptive water always coexists with the capillary
water (e.g., Or and Tuller 1999; Lu 2016; Zhang and Liu 2018). To
date, no SFC model is available to unify both adsorptive and capil-
lary water retention mechanisms. Furthermore, it is unresolved how
and whether the SFC depends on initial water content (Iwata et al.
1995; Kurylyk and Watanabe 2013). In nature, most of land surface
is covered by unsaturated soils rather than saturated soils. There-
fore, it is of practical importance to assess and quantify the role of
initial water content in SFC.

These limitations will be circumvented in the proposed para-
digm. Specifically, the physical link between matric potential and
intermolecular water/ice pressure will be established by the SSP
theory (Lu and Zhang 2019; Zhang and Lu 2020), which is able
to delineate the adsorptive and capillary water pressure in soil.
The physical link between matric potential and water content will
be represented by a generalized SWRC model, which can explicitly
separate a soil’s adsorptive water and capillary water. The physical
link between intermolecular water/ice pressure and freezing tem-
perature will be represented by the phase diagram of pure water,
avoiding the uncertainty in accounting variation in the latent heat
and water density.

Linking Intermolecular Water Pressure to Matric
Potential

Fundamentally, the phase transition behavior of water is fully gov-
erned by the thermodynamic state variables of pressure and temper-
ature defined at the REVof the intermolecular scale, which could be
much smaller than the soil–water–air REV for matric potential that
is controlled by the largest particle size, as shown in Fig. 1. Physi-
cally, it determines the phase condition of water or the freezing
temperature of soil water. Recently, SSP was proposed and verified
(Lu and Zhang 2019; Zhang and Lu 2020) to quantify the intermo-
lecular water pressure variation in soils.

SSP is defined as the free energy change in a unit volume of soil
water induced by the interaction of water molecules with external
components of the system such as particle surface hydroxyls, ex-
changeable cations, and the solid substrate (Lu and Zhang 2019;
Zhang and Lu 2020). The SSP consists of four well-known com-
ponents: van der Waals, electrical, osmotic, and hydration. For
sandy soils, the van der Waals component is the dominant one and
retains thin film water coating soil particles. For silty and clayey
soils, the SSP synthesizes the electromagnetic potentials of van der
Waals, electrical double layer, and cation and surface hydration in
the soil–water system. The SSP (ψsorp) is recognized as the physical
source for both matric potential and intermolecular water pressure
and thereby provides a rigorous physical link between matric po-
tential [ψmðwÞ] and intermolecular water pressure (pw) (Lu and
Zhang 2019; Zhang and Lu 2019)

pwðx;wÞ ¼ ψmðwÞ − ψsorpðxÞ þ pa ð2Þ
where pa is the ambient air pressure (kPa); w is the gravimetric
water content (g water/g dry soil); x is the statistical average dis-
tance to the adjacent particle surface (Lu and Zhang 2019); and
ψmðwÞ is a function of water content (w) (i.e., the SWRC or water
isotherm) (see Appendix II for a description for equations for

SWRC). The SWRC can be expressed explicitly by both adsorptive
and capillary SWR mechanisms (Lu 2016).

The intermolecular water pressure induced by the SSP can vary
dramatically with the distance (x) and can be as high as 506 MPa
near the particle surface, as illustrated in Fig. 3. As such, the inter-
molecular water pressure is highly compressive near the particle sur-
face rather than being negative (below air pressure). The statistical
distance x can be scaled to gravimetric water content (w) (upscaled
water content in Fig. 3) with the specific surface area (SSA) and
averaged soil water density ρavew ðwÞ by using a scaling equation:
x ¼ wρavew ðwÞ=SSA. For example, for montmorillonite, a distance
of 2 nm corresponds to w ¼ 1.14 g=g. This suggests that, in mont-
morillonite with SSA ¼ 567 m2=g, for water content <1.14 g=g
or in x ≤ 2 nm, the pore water pressure can be higher than
572 kPa (Fig. 3). Thus, it can be inferred that the intermolecular
water pressure is remarkably high in clayey soils with large SSA.

Conceptual Soil Freezing Curve Model

The freezing process is frequently considered analogous to the dry-
ing process because both displace soil water with another substance,
that is, ice during freezing and air during drying (e.g., Koopmans and
Miller 1966; Miller 1980; Zhang and Liu 2018). This analogy has
been the physical basis for developing many SFC models from the
SWRC. Here, the authors use this analogy to conceptualize the SFC.

Adsorption stems from the direct attraction between water and
soil, and capillarity involves the interaction among soil, air, and
water. These two SWR mechanisms are underpinned by the inter-
molecular forces of distinct energetic levels (Zhang and Lu 2018b):
the former by the SSP with lower or more negative energy levels,
and the latter by the surface tension of water with a relatively higher
or less negative energy level. The energy levels of these intermo-
lecular forces prescribe a unique SWR sequence with a sharp tran-
sition from adsorption to capillarity with increasing water content.
Accordingly, the SWRC can be physically divided into three re-
gimes: I–tightly adsorptive, II–adsorptive film, and III–capillary
(Lu 2016) [as shown in Figs. 4(a and b)]. Regimes I and III are
solely contributed respectively by adsorption and capillarity,
whereas Regime II is the transition zone.

Conventionally, the Clapeyron equation is used to link freezing
temperature in the SFC to matric potential in the SWRC model, but
the existing SFC models deviate on which mathematical form of

Fig. 3. Semi-quantitative illustration of intermolecular water pressure
and upscaled water content as a function of distance x from the particle
surface with different chemical concentrations in the pore water. (See
Appendix III for material parameters.)
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the Clapeyron equation should be adopted. In these SFC models,
the freezing temperature is unfailingly expressed as an increasing
function of matric potential, suggesting a unique relation between
temperature and matric potential. Then, it can be inferred from the
SWR sequence that the SFC also exhibits a sharp transition from
capillarity to adsorption with decreasing temperature (Zhang et al.
2018; Zhang and Liu 2018).

A general paradigm for SFCs can be conceptualized as a com-
bination of two distinct branches with adsorptive and capillary
freezing limbs as illustrated in Fig. 4(c). Upon decreasing temper-
ature, the capillary water will freeze first because it exhibits rela-
tively high chemical potential. Therefore, in the high-temperature
range (> ∼272.0 K or −1.15°C), the SFC is mainly controlled by
the freezing of capillary water, shown in Fig. 4(c). At a certain
temperature (∼272.0 K or −1.15°C), the freezing of capillary water
is almost complete, and the adsorptive water with its relatively high
pressure induced by the SSP begins to freeze. Consequently, in the
low-temperature range (< ∼272.0 K or −1.15°C), the SFC is domi-
nated by the adsorptive freezing curve, shown in Fig. 4(c).

A General Paradigm for Soil Freezing Curves

A new paradigm to predict the SFC from the SWRC is proposed
and developed herein in two steps. First, the intermolecular water/
ice pressure is determined as a function of water content with the
aid of SSP and SWRC or water isotherm. Then, the freezing tem-
perature is calculated as a function of the intermolecular water/ice
pressure using a pure water phase transition line equation.

Intermolecular Water/Ice Pressure in Frozen Soils

The writers use the pressure equilibrium across the water–ice inter-
faces to define the intermolecular water/ice pressure in frozen soils.
There are mainly two types of water–ice interfaces in frozen soils,
shown in Figs. 5(a and b). In the zones far from the particle surface,
the water–ice interface is beyond the influence zone of SSP. Such
water–ice interface is governed by capillarity and is stretched by
the water–ice interfacial tension to be concave into the liquid water
phase (Liu et al. 2003; Zhang et al. 2018), as shown in Fig. 5(a).

Fig. 4. Conceptual illustration of (a) soil water retention regimes; (b) generalized SWRC (adapted from Lu 2016); and (c) general paradigm for SFC.
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Fig. 5. Conceptual pressure profiles across the ice–water interface for (a) capillary regime; and (b) tightly adsorptive regime.
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In the zones close to the particle surface, the water–ice interface is
governed by adsorptive forces. To maintain chemical potential equi-
librium, the water–ice interface develops with the same magnitude of
adsorptive forces, that is, SSP. Considering the SSP is an increasing
function of the statistical distance (Lu and Zhang 2019), the water–
ice interface exhibits the same statistical distance to the particle sur-
face (i.e., flat interface) as illustrated in Fig. 5(b).

The concave water–ice interface produces a pressure disconti-
nuity across the interface, suggesting an increase in the ice pressure
at the freezing front (Zhang et al. 2018), shown in Fig. 5(a). Under
the increased pressure, the thermodynamic stability of ice de-
creases, depressing the freezing/melting temperature of water/ice.
Considering the analogy between interfaces of water–ice and
water–air, the ice pressure at the freezing front for capillary water
(pif;cap) can be written as a function of matric potential

pif;capðx;wÞ ¼ −ψmðwÞ þ pa ð3Þ

In the tightly adsorptive regime, the water–ice interface is
flat and indicates no pressure discontinuity across the interface.
Consequently, the adsorptive ice pressure at the freezing front is
equal to the adjacent intermolecular water pressure, as illustrated
in Fig. 5(b). The adsorptive ice pressure highly depends on the lo-
cation of the water–air interface at the initial water content (winitial)
[i.e., the total water content before freezing (> 273.15 K)].

If the initial water content winitial is higher than maximum ad-
sorptive water content wamax, the water–air interface is beyond the
statistical distance x corresponding to wamax (i.e., the location of
outermost adsorptive water). In this case, the intermolecular pres-
sure of the outermost adsorptive water can be determined as iden-
tical to the adjacent capillary ice pressure. The intermolecular water
pressure inside the outermost adsorptive water can be determined
via Eq. (1). Therefore, in this case, the ice pressure at the freezing
front for adsorptive water (pif;ads) can be calculated as

pif;ads½wðxÞ� ¼ pif;capðwamaxÞ − ψsorp½wðxÞ� if winitial ≥ wamax

ð4Þ

If winitial is lower than wamax, the water–air interface is within the
statistical distance x corresponding to wamax. In this case, the outer-
most adsorptive water is marked as the water–air interface. As such,
the intermolecular pressure of the outermost adsorptive water is
equal to the ambient air pressure, as demonstrated by Zhang
and Lu (Zhang and Lu 2020). Considering Eq. (1), in this case,
the ice pressure at the freezing front for adsorptive water can be
written

pif;ads½wðxÞ� ¼ ψmðwinitialÞ þ pa − ψsorp½wðxÞ� if winitial < wamax

ð5Þ

Summarizing Eqs. (4) and (5), the ice pressure at the freezing
front for adsorptive water can be determined as

pif;ads½wðxÞ� ¼
�pif;capðwamaxÞ − ψsorp½wðxÞ� if winitial ≥ wamax

ψmðwinitialÞ þ pa − ψsorp½wðxÞ� if winitial < wamax

ð6Þ

Determination of Freezing or Fusion Point

The phase transition temperature is well defined as a function of
pressure by the phase transition lines in the pure water phase dia-
gram (e.g., Dunaeva et al. 2010). As to the phase transition line
between ice and liquid water, the freezing/melting temperature
can be calculated from the pressure as (Dunaeva et al. 2010)

TfðpifÞ ¼ aþ bð0.0001 × pifÞ þ c lnð0.0001 × pifÞ
þ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.0001 × pif

p
ð7Þ

where Tf is the freezing temperature in degrees kelvin; pif is the ice
pressure in kPa, and it is equal to pif;cap for capillary water [Eq. (3)]
and equal to pif;ads for adsorptive water [Eq. (6)]; and parameters a,
b, c, and e are empirical coefficients: a ¼ 273.0159, b ¼ −0.0132,
c ¼ −0.1577, and e ¼ 0.1516 (values from Dunaeva et al. 2010).
These empirical coefficients were determined by fitting to the
experimental data of phase transition of pure water. The valid sit-
uations are temperature from 251.165 to 273.15 K (−21.985 to
0°C); pressure from 0 to 208,566 kPa.

Experimental Validation

Data Set for SWRCs and SFCs

To assess the variability of predicted general SFCs, a wide range of
soils are selected and are categorized into four groups: kaolinite,
bentonite, silty soil, and sandy soil (summarized in Table 1). Since
it is difficult to find soil with both its SWRC and SFC, two soils
under the same category are selected. Specifically, Wyoming mont-
morillonite (Likos and Lu 2003) and Umiat bentonite (Yoshikawa
and Overduin 2005) are under the bentonite group because they
have the same SSA of 800 m2=g (Anderson and Tice 1972), Geor-
gia kaolinite (Likos and Lu 2003) and Georgia kaolinite (Anderson
and Tice 1972) are under the kaolinite group, Arizona silty soil #4
(Jensen et al. 2015) and Fairbanks silt (Yoshikawa and Overduin
2005) are under the silty soil group, and Shonai dune sand (Mehta
et al. 1994) and West Lebanon gravel <100 μm (fractions with
particle diameters smaller than 100 μm) (Anderson and Tice 1972)
are under the sandy soil group.

Table 1. Soil groups and names, origin, data content, and references for the soil data set

Soil group Soil Origin Data content Methods and references

Kaolinite Georgia kaolinite KGa-1b, Georgia, US SWRC VS, Likos and Lu (2003)
Georgia kaolinite SFC IC, Anderson and Tice (1972)

Bentonite Wyoming montmorillonite Wyoming, US SWRC VS, Likos and Lu (2003)
Umiat bentonite Alaska, US SFC FDR, TDT, and NMR, Yoshikawa and Overduin (2005)

Silty soil Arizona silty soil #4 Arizona, US SWRC VS, Jensen et al. (2015)
Fairbanks silt Alaska, US SFC FDR, TDT, and NMR, Yoshikawa and Overduin (2005)

Sandy soil Shonai dune sand Japan SWRC HWSM, PPA, and TP, Mehta et al. (1994)
West Lebanon gravel New Hampshire, US SFC IC, Anderson and Tice (1972)

Note: VS = vapor sorption; IC = isothermal calorimeter; FDR = frequency domain reflectometry; TDT = time domain transmissometry; NMR = nuclear
magnetic resonance; HWSM = hanging water suction method; PPA = pressure plate apparatus; and TP = thermocouple psychrometer.
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In general, excellent matches are achieved between experimental
data and fitted Lu’s SWRC model (see Appendix II for equations of
Lu’s SWRC model), and Lu’s SWRC model explicitly separated the
retained water content into capillary and adsorptive water contents,
as illustrated in Figs. 6(a–d) (Lu 2016). The performance of Lu’s
SWRC model for a wide array of soils is elaborated in Lu (2016).
The fitted curves are obtained via a least-square algorithm (Lu 2016).
Based on the thermodynamic equilibrium at the water–air interface,
it is recognized as the equivalence between the SSP and the adsorp-
tive branch of the SWRC. As such, the SSP can be determined from
SWRC model parameters as described in Zhang and Lu (2020).
Fig. 7 illustrates the determined SSP curves for the selected soils
with SWRC data content. The SSP is shown as a function of water
content scaled from the statistical distance by using the scaled equa-
tion in Zhang and Lu (2020). In Fig. 7, the SSP generally nonlinearly
decay with the increasing water content. The influence zone (water
content range) of SSP significantly varies with the soil types. For
examples, the influence zone of the SSP can be as high as w ¼
0.32 g=g forWyomingmontmorillonite and as low asw ¼ 0.03 g=g
for Shonai dune sand. The SSP of Shonai dune sand is weak because
sandy soil has small specific surface area, and is only involved with
the weakest SSP component: van der Waals attraction.

Comparison

The SWRC model parameters are the only input parameters needed
in the proposed SFC paradigm. As such, the SFC can be predicted
by substituting the fitted SWRC parameters into Eqs. (3), (6), and
(7). The fitted SWRC model parameters are summarized in

Appendix II in SI units. The measured and predicted SFCs for
the kaolinite soil group are compared in Fig. 8(a). The predicted
SFC is based on the SWRC data from (Likos and Lu 2003).
Although the SWRC and SFC are measured by different research-
ers, both Georgia kaolinite are KGa-1b Kaolin source clays from
The Clay Minerals Society. As shown in Fig. 8(a), the predicted

Fig. 6. Generalized SWRCs for (a) Georgia kaolinite (data from Likos and Lu 2003); (b) Wyoming montmorillonite (data from Likos and Lu 2003);
(c) Arizona silty soil #4 (data from Jensen et al. 2015); and (d) Shonai dune sand (data from Mehta et al. 1994).

Fig. 7. Computed SSP as a function of scaled water content for
selected soils.

© ASCE 04021086-6 J. Geotech. Geoenviron. Eng.

J. Geotech. Geoenviron. Eng., 2021, 147(9): 04021086



SFC closely matches the experimental data, supporting the validity
of the proposed SFC model and its determination paradigm.

The predicted and measured SFCs for the bentonite soil group
are compared in Fig. 8(b). Researchers (Anderson and Tice 1972)
observed that Umiat bentonite exhibit the same SSA and similar
SFC with Wyoming montmorillonite. Therefore, it can be expected
that the SFC of Wyoming montmorillonite should be similar to that
of Umiat bentonite if the proposed SFC paradigm is valid. The pre-
dicted SFC for Wyoming montmorillonite closely matches with the
measured SFC for Umiat bentonite, further supporting the validity
of the proposed SFC model and its determination paradigm.

The measured SFCs of silty and sandy soil groups are selected
to evaluate the applicability of the proposed SFC model to sandy
and silty soils, as shown in Figs. 8(c and d). Since it is difficult to
find soil with both its SWRC and SFC, two soils under the same
category are selected. The SFCs are predicted with the SWRCs of
the same soil types for comparisons. The predicted SFC of Arizona
silty soil #4 closely matches the measured SFC of Fairbanks silt, as
exhibited in Fig. 8(c). In addition, the predicted SFC of West Leb-
anon gravel <100μm shows good agreement with the predicted
SFCs of the Shonai dune sand, as shown in Fig. 8(d). Therefore,
it can be concluded that the proposed SFC is also applicable to silty
and sandy soils. Further validation of the proposed SFC model
requires the accurate measurement of both SWRC and SFC data
for a wide array of soils.

The VG-Clapeyron model is a widely used method (e.g., Liu
and Yu 2013) (see Appendix II for the VG-Clapeyron model). Con-
sidering the wide adoption of the VG model, the VG-Clapeyron
model is selected to compare with the proposed SFC model. The
VG SWRC parameters can be estimated by fitting the VG model
with SWRC data, summarized in Appendix II. Substituting the fitted
VG SWRC parameters into the VG-Clapeyron model yields the

predicted SFC, as shown in Figs. 8(a–d). It considers negative matric
potential appeared in the VG SWRC model as the pressure in the
Clapeyron equation to predict the SFC (e.g., Liu and Yu 2013)
(see Appendix I). Generally, the VG-Clapeyron model tends to sig-
nificantly overestimate the unfrozen water content. This overestima-
tion is likely attributable to the adoption of the Clapeyron equation
with constant latent heat and soil water density. In Fig. 8(d), the sharp
decrease (vertical dashed lines) in the VG-Clapeyron model coin-
cides the so-called residual water content in the VG SWRC model,
and thereafter the unfrozen water content remains a constant equal to
the residual water content. This illustrates that the VG-Clapeyron
model is unable to incorporate the freezing of adsorptive water.

Implications of SSP-Based Soil Freezing Curves

Dependence of SFC on Soil Types

The SFCs for the four representative soils predicted by the pro-
posed paradigm from their SWRCs are shown in Figs. 9(a–d).
It shows that the proposed SFC model applies to a wide array
of soils no matter whether the soil is dominated by adsorption
or not. As temperatures decrease, the capillary water transforms
first into ice, and the adsorptive water can persist in the liquid phase
with decreasing temperatures. The temperature point at which the
freezing of capillary water completes is: 272.9 K (−0.25°C) for
Wyoming montmorillonite, 272.0 K (−1.15°C) for Georgia kaolin-
ite, 272.9 K (−0.25°C) for Arizona silty soil #4, and 273.0 K
(−0.15°C) for Shonai dune sand. The sandy soils generally do
not exhibit small size pores due to their relatively large size particles.
Therefore, the sandy soils cannot produce very negative capillary
pressure, and the retained capillary water freezes at relatively high
temperature compared to the capillary water in finer-grained soil.
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Fig. 8. Comparisons among predicted SFC, the VG-Clapeyron model, and experimental data [from Anderson and Tice (1972) and Yoshikawa and
Overduin (2005)] for soils with same mineral types: (a) bentonite group; and (b) kaolinite group, and for soils with same soil types: (c) silty soil group;
and (d) sandy soil group.
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The capillary water in Georgia kaolinite, in contrast, can persist in
liquid phase down to 272.0 K (−1.15°C) because its very fine
particles yield small pores that can produce very low capillary
pressures (Lu 2016). Below 273.12 K (−0.03°C), the freezing of
adsorptive water governs the SFCs of all the selected soils. There-
fore, it can be concluded that the SFCs are mainly governed by the
adsorptive water or the SSP, especially for temperature below
273.15 K (0°C).

To further assess the variability of the predicted SFC paradigm,
two parameters, maximum adsorptive water content (wamax) and a
pore-size distribution parameter (n, a parameter related to the
capillary pore-size distribution) that controls the shape of SWRC
in capillary regime, are selected for a sensitivity analysis. The
maximum adsorptive water content essentially controls the ad-
sorptive branch of SWRC. The unfrozen water content will sig-
nificantly increase with increasing maximum adsorptive water

content, further highlighting the dominant role of adsorption in
the SFC, as shown in Fig. 10(a). In contrast, the variation of
pore-size distribution parameter n only imposes a marginal impact
on the predicted SFC, rendering the subservient role of capillarity
in the SFC.

Dependence of SFC on Initial Water Content

Experimental observations indicate that the unfrozen water content
increases with increasing initial water content for soils with high
clay content (Yong 1965; Tice 1978; Suzuki 2004; Wu et al. 2015).
But this observed trend is not noticeable in sandy soil (Watanabe
and Wake 2009). Despite abundant experimental observations, to
date, no unified theory is available to explain this dependence of
SFC on the initial water content. In the current theory, Eq. (5) states
that the SFC depends on not only the SWRC model parameters but

Fig. 9. Predicted SFCs for: (a) Wyoming montmorillonite; (b) Georgia kaolinite; (c) Arizona silty soil #4; and (d) Shonai dune sand.

Fig. 10. (a) Effects of variation of maximum adsorptive water content (wsat) on predicted SFCs for Wyoming montmorillonite; and (b) dependence of
predicted SFCs for Wyoming montmorillonite on initial water content (winitial).
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also the initial water content. It is predicted that a decrease in initial
water content will reduce the unfrozen water content, showing
accordance with existing experimental observations (Yong 1965;
Tice 1978; Suzuki 2004; Wu et al. 2015), as illustrated in
Fig. 10(b). In addition, the proposed SFC paradigm attributes the
dependence on the initial water content to the freezing of adsorptive
water. It would be logically drawn from the current paradigm that
soils with low clay content (low specific surface area) may not well
demonstrate the dependence on the initial water content in the SFC,
as observed by some researchers (Watanabe and Wake 2009). As
such, the proposed SFC model qualitatively suggests that the con-
troversy could be due to whether a soil exhibits sufficient SSA.

Boundary between Capillarity and Adsorption

The predicted SFCs unfailingly show a temperature boundary
marking the transition from capillary freezing curve to adsorptive
freezing curve. This freezing temperature boundary varies from
272.0 K (−1.15°C) to 273.1 K (−0.05°C) for the selected soils,
as shown in Figs. 9(a–d). In addition, the magnitude of capillary
pressure is restricted by a threshold of cavitation pressure. Exper-
imental data (Lu 2016) demonstrates that the cavitation pressure in
soil is very unlikely to exceed −16 MPa (corresponding to 272.0 K
(−1.15°C) in SFC). Hence, the unfrozen water content at 272.0 K
(−1.15°C) can be treated as the lower bound of the maximum ad-
sorptive water content for soils. Under this unique temperature
point, the unfrozen water content will be fully dominated by
adsorptive water. That is, the hydraulic conductivity of soil
below −1.15°C will be governed by film flow of adsorptive water
(e.g., Lebeau and Konrad 2010). This unique temperature point
may provide a promising experimental way to determine the lower
bound of the maximum adsorptive water content by measuring the
unfrozen water content in soil at 272.0 K.

In addition, recent work (Lu 2016) shows that the maximum
adsorptive water content for common soils does not exceed 30%
of the saturated water content. Therefore, the measured SFCs can
be evaluated by the criterion that the unfrozen water content at
272.0 K should be lower than 30% of the saturated water content.
If the experimental data does not comply with this criterion, the
algorithm underlying experimental techniques or experimental
setup may not be valid.

Practical Significance of the New Paradigm under
Field Conditions

In cold regions, frozen soil’s engineering behavior is inevitably in-
volved in many geotechnical infrastructures. In recent years, global
climate change poses new uncertainties or threats to the safety of
natural slopes or engineered infrastructures, continuously challeng-
ing these infrastructure’s resilience. Therefore, both traditional cold
region geotechnical engineering and emerging geotechnical infra-
structure’s resilience urge a better understanding of soil’s engineering
properties under subzero temperature. The prerequisite underlying
these engineering problems is to determine how much of water
remains unfrozen under varying temperature (e.g., de Grandpré
et al. 2012; Painter and Karra 2014; Korshunov et al. 2016; Ren
and Vanapalli 2018). To fulfill this prerequisite, deliberate modeling
of ground thawing and freezing processes under varying tempera-
tures is required. The accuracy of such modeling process relies on
the accuracy of the SFC models. Here, the writers selected two
typical ground temperature profiles, as shown in Figs. 11(a–d), to
illustrate how SFC models impact the unfrozen water content.

Two in situ temperature profiles were selected for the fields of
seasonally frozen clayey soil (Lundin 1990) and permafrost silty

soil (Hinkel et al. 2001), as shown in Figs. 11(a and b). The ground
temperature varies with both depth and seasons, specifically drop-
ping up to 25 K from summer to winter. To be representative, the
SFC models of Wyoming montmorillonite and Arizona silty soil #4
were selected for the clayey soil and silty soil in the two fields,
respectively. The saturation of unfrozen water profiles for the
two fields were predicted by using the proposed SFC model and the
VG-Clapeyron model for comparisons, as illustrated in Figs. 11(c
and d). For the clay layer, the VG-Clapeyron model tends to vastly
overestimate the unfrozen water content up to 3 times of that by the
proposed SFC model, and therefore will likely yield much higher
hydraulic conductivity, lower elastic modulus, and lower shear
strength. For the silt layer, this overestimation is even higher,
and up to 19 times. These comparisons show that SFC is a gov-
erning constitutive relationship for earthen infrastructures involv-
ing subzero temperature. It is expected that the proposed SFC
paradigm will significantly improve the predictability, offering an
opportunity to better predict soil’s engineering behavior under
freezing and thawing environments.

Conclusions

A new paradigm is developed for predicting SFCs by directly using
intermolecular water pressure distribution and the pure water phase
diagram, overcoming the inherent drawbacks of the commonly de-
veloped capillary pressure-based Clapeyron equation for modeling
SFC. The intermolecular water pressure that governs soil–water
phase transfer is highly dependent on SSP distribution around soil
particles and can be quantified by experimental water isotherm data
and a generalized SWR model. Experimental validation using the
measured SFCs for a range of soil types demonstrates that the pro-
posed paradigm can accurately predict the SFCs of all types of
soils.

By using the new paradigm, it is shown that unfrozen soil water
below 273.15 K (0°C) is mostly dominated by adsorptive water, and
the adsorptive water is under elevated pore pressure, leading to a
clean physical explanation on why soil water resists freezing under
low temperature. The proposed paradigm can fully explain the
practically encountered, long-standing unresolved phenomenon
that the SFC for soils with high clay content depends on the initial
water content, whereas it does not for sandy soils. It is because that
initial water content only impacts the freezing of adsorptive water
but not for capillary water, and high clay content indicates a high
adsorptive water content.

Practical significance of the new paradigm in geotechnical
engineering problems is demonstrated through predicting soil mois-
ture profiles under freezing and thawing, and permafrost environ-
ments. It is shown that the proposed paradigm can significantly
improve the predictability of SFCs in earthen infrastructures under
seasonally frozen and permafrost environments.

Appendix I. Clapeyron Equation

Most of the existing SFC models select different forms of the
Clapeyron equation to determine the freezing temperature of water
in soil (Konrad and Morgenstern 1980; Kurylyk and Watanabe
2013; Liu and Yu 2013; Watanabe and Flury 2008). One commonly
used form of the Clapeyron equation can be written (e.g., Liu and
Yu 2013; Zhang and Liu 2018)

Tf ¼ Tf0 exp

�
pi − pufw

−ρwLa

�
ð8Þ
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where Tf0 is the freezing point of free water [i.e., 273.15 K
(0 °C)]; pi and pufw are the ice pressure and unfrozen water pres-
sure, respectively, in frozen soils; ρw is the density of water; and La
is the latent heat of water fusion.

The existing SFC models usually treat water density and latent
heat as constant values. However, experimental evidence shows that
both the water density and the latent heat are sensitive to pressure and
temperature (e.g., Bertolini et al. 1985; Cantrell et al. 2011; Zhang
and Lu 2018a, b), although no accurate mathematical functions have
been established for these variations. The phase transition line equa-
tion [Eq. (7)] has been validated against numerous experimental data
(Dunaeva et al. 2010), and thus can be used to evaluate the accuracy
of the Clapeyron equation with constant water density and latent
heat. It is shown in Fig. 2 that the Clapeyron equation with constant
parameters significantly underestimates the freezing temperature,
especially in the high-pressure range.

Appendix II. SWRC Models

The LU SWRC model can be mathematically expressed as (Lu
2016)

wtðψmÞ ¼ waðψmÞ þ wcðψmÞ ð9Þ

waðψmÞ ¼ wa;max

�
1 −

�
exp

�
ψm − ψmin

ψm

��
m
�

ð10Þ

wcðψmÞ ¼
1

2

�
1 − erf

� ffiffiffi
2

p ψm − ψcav

ψcav

��

× ½wsat − waðψmÞ�½1þ ðαψmÞn�1=n−1 ð11Þ

where wt is the total water content; wa is the adsorptive water con-
tent; wc is the capillary water content; wa;max is the maximum ad-
sorptive water content (g/g); ψmin is the minimum or most negative
matric potential (kPa or kJ=m3);m is the adsorptive strength; ψcav is
the mean cavitation matric potential (kPa or kJ=m3); wsat is the
saturated water content (g/g); n is a parameter related to the
capillary pore-size distribution; and 1=α is a parameter related
to the air-entry matric potential (kPa).

The VGmodel for SWRC is expressed as (van Genuchten 1980)

ψm ¼ 1

α

�
1 −

�
w − wr

wsat − wr

�−1=m�1=n
ð12Þ

where wr is the residual water content [g/g].
Assuming pi − pufw ¼ ð1=λÞðpa − pwÞ ¼ −ð1=λÞψm and λ ¼

1.0 for clayey soils, the VG-Clapeyron model can be expressed as

Tf ¼ Tf0 exp

�
1

−ρwLa

1

α

�
1 −

�
w − wr

wsat − wr

�−1=m�1=n�
ð13Þ

Table 2 summarizes the LU and VG SWRC model parameters
of the selected soils with SWRC data content (i.e., Georgia kaolin-
ite, Wyoming montmorillonite, Arizona silty soil #4, and Shonai
dune sand). These parameters were obtained by fitting LU and

(a) (b)

(c) (d)

Fig. 11. Typical in situ temperature profiles of (a) seasonally frozen clay layer (data from Lundin 1990); and (b) permafrost silt layer (data from
Hinkel et al. 2001). Comparisons of unfrozen water content profiles predicted by the proposed paradigm and VG-Clapeyron model in (c) clay layer;
and (d) silt layer.
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VG SWRC models to experimental data. Both LU and VG SWRC
models can well fit the experimental data (R2 > 0.98) (Lu 2016).

Appendix III. Material Parameters

The curves in Fig. 3 are produced by following the theory proposed
by Lu and Zhang (2019). The material parameters used in produc-
ing Fig. 3 are summarized here. Thickness of particle t ¼ 60 nm;
Hamaker constant AH ¼ 2.5 × 10−20 J (Lu et al. 2008); Surface po-
tential Vedl0 ¼ 250 mV (Lu et al. 2008); ion concentration c0 ¼
0.001 mol=m3 for low salt, and c0 ¼ 1.0 mol=m3 for high salt; hy-
dration potential near the particle surface ψhyd0¼−3.2× 105 kJ=m3

(Butt and Kappl 2009); decay length λh ¼ 0.6 nm (Butt and Kappl
2009); and SSA ¼ 567 m2=g for montmorillonite and SSA ¼
28 m2=g for kaolinite (Khorshidi et al. 2017). Total potential is
considered as ψt ¼ 0.0. For other values of total potential, the cor-
responding intermolecular pressure profile can be calculated as a
sum of the intermolecular pressure profile with ψt ¼ 0.0 and the
value of total potential.
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