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Abstract. By including the constant flow of heat and fluid in the horizontal direction, we 
develop an analytical solution for the vertical temperature distribution within the 
semiconfining layer of a typical aquifer system. The solution is an extension of the 
previous one-dimensional theory by Bredehoeft and Papadopulos [1965]. It provides a 
quantitative tool for analyzing the uncertainty of the horizontal heat and fluid flow. The 
analytical results demonstrate that horizontal flow of heat and fluid, if at values much 
smaller than those of the vertical, has a negligible effect on the vertical temperature 
distribution but becomes significant when it is comparable to the vertical. 

Introduction 

Since the theoretical work of Bredehoefi and Papadopulos 
[1965], temperature profiles measured in the subsurface have 
frequently been used for interpretation of vertical groundwater 
movement. In their work, by solving the one-dimensional heat 
conduction-convection equation, vertical temperature distribu- 
tion within the semiconfining layer is expressed analytically as 
a function of the vertical coordinate and the leakage rate. The 
importance of the work has been shown in numerous places. 
For example, Sorey [1971] demonstrated that the theory can 
detect groundwater movement with an upward velocity of 10 -6 
cm s -1. Mansure and Reiter [1979] showed that groundwater 
movement of 0.47 x 10 -6 cm S -1 over a 77-m interval can 

reduce the observed geothermal gradient and heat flow by a 
factor of 2. Bodvarsson et al. [1982] studied temperature anom- 
aly in faults caused by the vertical groundwater movement to 
estimate potential recharge rates from faults to hydrothermal 
systems. Ziagos and Blackwell [1986] established a transient 
model in order to investigate effects of horizontal fluid flow in 
aquifers and showed that field temperature profiles from the 
Cascade Range in Oregon can be predicted satisfactorily by 
the model. 

Horizontal flow of heat and fluid in a semiconfining layer 
can affect the vertical temperature distribution. Although ef- 
fects of the horizontal flow of heat and fluid may be significant, 
particularly near the areas of recharge and discharge of an 
aquifer system, effects of such flow generally have been ig- 
nored. The influence of horizontal flow on the vertical tem- 

perature distribution is the subject of this paper. 
Figure 1 shows where and how horizontal fluid and heat flow 

could be important. For a typical basin (Figure la), several 
mechanisms can cause horizontal heat and fluid flow in the 

semiconfining layer: topographic relief, material heterogeneity, 
and stratum inclination. Because most strata are nonhorizontal 

and because surface topographic relief usually exists across the 
aquifer, equipotential lines usually are not vertical (see Figure 
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lb) and isotherms are not horizontal (Figure lc). Hence fluid 
and heat flow in the semiconfining layer, in general, are neither 
purely horizontal nor purely vertical. 

The governing equation of unsteady heat conduction- 
convection in isotropic, homogeneous, and saturated porous 
media may be written as [after Bredehoeft and Papadopulos, 
1965] 

cp aT ,2 T _ c0p0 [,. (vT)] = (1) K K Ot 

where T is temperature, Co and c are the specific heats of the 
fluid and the rock-fluid complex respectively; Po and p are the 
densities of the fluid and rock-fluid complex, respectively; K is 
the thermal conductivity of the rock-fluid complex, v is the 
groundwater velocity vector, and t is time. 

For the system shown in Figure 1, Bredehoefi and Papadopu- 
los [1965] assumed that the flow of heat and fluid is one- 
dimensional (vertical) and steady. Here we relax the assump- 
tions of purely vertical heat transport by including constant 
flow of heat and fluid in the horizontal direction. Physically, 
the constant heat and fluid flow treatment is based on the 

assumptions that the horizontal fluid velocities are uniformly 
distributed, and that the temperature varies linearly along the 
horizontal direction in the vicinity of the measured points 
(Figure 2). Therefore (1) can be simplified as 

d2T 13 d T a 
dz 2 L dz L Y= 0 (2) 

where •/is the temperature gradient in the horizontal direction; 
taken positive (or negative) when the heat flux is leftward (or 
rightward), The quantities a(= CoPovaL/K) and /3(= CoPovaL/K) 
are dimensionless parameters, and L is the vertical distance 
between two measured points. The parameter a is positive (or 
negative) when the fluid flux Vx is rightward (or leftward), and 
the parameter/3 is positive (or negative) when the fluid flux vz 
is downward (or upward). 

Comparing (2) with equation (1) of Bredehoefi and Pap- 
adopulos [1965] shows that an additional source (or sink) term 
accounts for the constant horizontal flow of heat and fluid. The 
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Figure 1. A conceptual illustration of heat and fluid flow in a typical leaky aquifer system: (a) aquifer system, 
(b) equipotentials, and (c) isotherms. 

boundary conditions are treated the same way as in the previ- 
ous study; i.e., 

T(z=O)=To T(z=L)=TL (3) 

The solution of the boundary value problem defined by 
(2)-(3) is 

Well A Ground surface 

I I Water table 

eTo+AT 

Tv, Semiconfining 
•"1 layer 

AX Vx 
' •1 AT/ax = y 

Artesian aquifer 

Figure 2. A conceptual illustration of heat and fluid flow in 
the semiconfining layer near well A in Figure la. 

T - To _ exp [/3(z/L) ] - 1 3' a [ exp [/3(z/L) ] - 1 TL- To exp (/3) - 1 + X • exp (/3) - 1 

•1 :f(/3, •)+ 3#(/3, •) (4) 
where • is the average vertical temperature gradient over the 
semiconfining layer (= (Tz• - To)/L), which is positive (or 
negative) when the heat flux is upward (or downward). The 
quantity • (= a•///3X) is a dimensionless parameter, depending 
on the horizontal and vertical fluid velocities and temperature 
gradients. In the absence of horizontal heat or fluid flow (a or 
3' is zero), the analytical solution (4) reduces to that of Brede- 
hoeft and Papadopulos [1965]. 

Analysis 
For convenience, we preserve the same functional notations 

as those of Bredehoeft and Papadopulos [1965]. The function f 
is identical to that of Bredehoeft and Papadopulos. The di- 
mensionless parameter • explicitly accounts for the effect of 
both the horizontal and vertical flow of heat and fluid. The 

function # is the difference between the function f and its 
solution in the absence of convection. The second term of (4) 
also shows that the horizontal and vertical velocities have a 

coupled effect on the temperature distribution. 
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Figure 3. Temperature variation caused by the horizontal 
flow of heat and fluid for moderate vertical groundwater move- 
ment (• = 5 or -5). 
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To improve the sensitivity of the analysis, Stallman [1967] 
proposed to analyze the temperature distribution by subtract- 
ing the temperature variation from the solution for the case of 
pure conduction. Following this idea, (4) can be rewritten as 

r- T0 z exp [l•(z/L)] - 1 z 
TL-T0 L exp(/•)- 1 L 

y a l exp [l•(z/L)]- I z J + X • exp (/•) - 1 L 

=(1 + 8)(f- •) (5) 
The importance of the horizontal flow of heat and fluid can 

be assessed clearly from the factor (1 + 8), as it multiplies the 
temperature variation caused by the convective heat and fluid 
flow in the vertical direction. For example, for a ratio of the 
dimensionless parameters a/l• (or Vx/Vz) of 0.1, which would 
occur if the horizontal velocity is equal to one tenth of the 
vertical groundwater movement and horizontal thermal gradi- 
ent 7 is one tenth of the vertical gradient X, 7/3, -- 0.1; then the 
dimensionless parameter 8 is 0.01. Therefore the relative error 
introduced by neglecting horizontal flow is 1%. Such a situa- 
tion might be encountered at location B as illustrated in Figure 
la. However, if we take a/l• as 0.3 and 7/2t as 0.3, moderate 
Values of the ratio of horizontal to vertical heat and fluid flow, 
the relative error is 9%. Such a situation might Occur near the 
recharge area such as location A in Figure la. The sensitivity of 
the vertical temperature distribution to the 8 parameter is 
illustrated in Figure 3. We conclude that if the horizontal heat 
and fluid flow are less than 10% of the vertical, the error 
caused by using Bredehoeft and Papadopulos's one-dimen- 
sional solution is negligible. The error becomes considerable, 
however, when the horizontal heat and fluid flow become com- 

parable to the vertical. This is particularly true when /• in- 
creases, say, greater than 5.0; i.e., the error becomes detectable 
as the vertical groundwater flow becomes more rapid. 

Several qualitative observations can be made. Increases in 
the absolute value of 8 will cause increases in the deviation 

from the one-dimensional conduction solution (solid lines). A 
positive value of 8 will result in a temperature distribution 

below the basic state for a downward groundwater flow, but 
above the basic state for an upward groundwater flow (also see 
Figure 4c), while a negative 8 will cause the opposite effect (see 
Figure 4a). An interesting feature of this solution is that the 
vertical temperature can exceed the maximum and minimum 
of the basic state; that is, a normalized temperature value 
below 0 or above 1 can occur. For the one-dimensional prob- 
lem of Bredehoeft and Papadopulos [1965] the vertical temper- 
ature distribution is bounded by the values at the two ends. For 
fluid flow and heat transfer in two-dimensional space, our 
analytical solution shows that the maximum (or minimum) can 
occur within the physical domain, depending on the magnitude 
and direction of the heat and groundwater flow. The amount 
by which the maximum (or minimum) exceeds the boundary 
values increases as the magnitudes of the horizontal and ver- 
tical heat and fluid flows increase, as is shown in Figures 4a 
through 4c. This result is consistent with the general theory of 
the boundary value problems. For a system with a sink/source, 
the maximum or minimum could occur within the domain. 

To use measured temperature data to evaluate groundwater 
movement, we follow the procedure similar to those described 
by Bredehoeft and Papadopulos and create type curves from 
equation (4) as shown in Figures 4a to 4c. For a given temper- 
ature profile we can fit the type curves to determine the pa- 
rameters/• and 8. Then using the definitions of the parameters 
/• and 8, the vertical and horizontal groundwater velocities can 
be determined. On the other hand, if/• is known, the measured 
temperature profile can be used to fit the type curves to inter- 
polate the parameter 8, and the horizontal fluid velocity can be 
detected. It should be noted that certain different combina- 

tions of/• and 8 would provide curves that are very similar, 
causing the type curve match approach to be nonunique. In 
such cases, more accurate and robust search procedures of the 
vertical and horizontal velocities, such as the least squares 
method, would be more plausible. 

Summary 
In arriving at the analytical solution (4), we assumed that the 

temperature varies linearly in the horizontal direction and that 
the horizontal component of groundwater flow is uniform. We 
also assumed that the conduction state is dominated by the 
vertical geothermal gradient. If the horizontal heat and fluid 
flow components are not constants, these assumptions are not 
valid, and the thermal diffusion term in the horizontal direction 
in (1) may not be dropped. Nonetheless, on the basis of the 
conceptualization illustrated in Figure 1, the assumptions can 
probably be safely applied to most semiconfining-layer aquifer 
systems. 

By including constant flows of heat and fluid in the horizon- 
tal direction, we develop an analytical solution for the vertical 
temperature distribution in the semiconfining layer of a typical 
aquifer system, allowing a quantitative evaluation of the im- 
portance of the horizontal flow. The solution is an extension of 
the previous one-dimensional solution by Bredehoeft and Paœ- 
adopulos [1965]. The temperature profile will differ from the 
one-dimensional solution because of the existence of the hor- 

izontal heat and groundwater flow. However, the shape of the 
temperature profile is still controlled by the vertical flow: it is 
convex upward or downward depending upon the direction of 
the vertical groundwater flow. 

The solution reveals theoretically that the maximum (or 
minimum) temperature can occur within the semiconfining 
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layer, depending on the values of a newly defined dimension- 
less parameter & Some field data have shown such patterns of 
temperature distribution and have been interpreted to imply 
strong horizontal convective flow [e.g., Ziagos et al., 1986; Sass 
et al., 1988]. 

The analytical results demonstrate that the horizontal flows 
of heat and fluid have a negligible effect on the vertical tem- 
perature distribution if rates are much lower than those of the 
vertical (less than 10% of the vertical, or 8 < 0.01). But the 
effect becomes apparent near the recharge or discharge area, 
where the horizontal heat and fluid flow may be comparable to 
the vertical (greater than 30%, or 8 > 0.1). The effects are 
largest when the vertical leakage rate is high. 
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Notation 

c specific heat of rock-fluid complex, cal g-1 oC-1 ' 
Co specific heat of fluid, cal g-1 o C- 1. 
f normalized temperature solution by Bredehoefi and 

Papadopulos [1965], dimensionless. 
# modified temperature term defined in solution (4), 

dimensionless. 

L vertical distance between To and Tz•, cm. 
t time, s. 
T temperature, øC. 

To measured temperature at the uppermost point of a 
semiconfining layer, øC. 

Tz• measured temperature at the lowermost point of a 
semiconfining layer, øC. 

v fluid velocity vector with components Vx, Vy, vz, in 
the x, y, z, directions, cm s-1. 

x, z Cartesian coordinates, cm. 

Peclet number, positive (or negative) for positive (or 
negative) fluid velocity Vx. 
Peclet number, positive (or negative) for positive (or 
negative) fluid velocity vy. 
horizontal thermal gradient, øC cm -1. 
dimensionless parameter, defined as 
thermal conductivity of rock-fluid complex, 
cal cm -1 $--1 or-1 ' 

average vertical thermal gradient, defined as 
(T L - To)/L, øC cm -1. 
density of rock-fluid complex, g cm -3. 
density of fluid, g cm -3. 
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