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A semianalytical method of path line computation for transient 
finite-difference groundwater flow models 

Ning Lu • 
Disposal Safety, Incorporated, Washington, D.C. 

Abstract. This paper presents a new method of semianalytical particle tracking 
analysis under transient conditions. To permit accurate particle tracking in transient 
flows, the particle velocity is interpolated linearly in both space and time coordinates 
within each finite difference cell and time step. By using the total derivative and this 
interpolation scheme, the particle velocity is derived and integrated analytically to 
obtain the particle's trajectory within each cell and time step. Errors are much smaller 
than in numerical integration schemes. Numerical experiments show that the transient 
semianalytical solutions are efficient and accurate. 

Introduction 

In a typical groundwater flow and mass transport modeling 
effort, the fluid flow equation is solved first by a numerical 
technique such as finite differences or finite elements. The 
solution describes the fluid flow in a specified space and time 
domain, given prescribed initial and boundary conditions. 
To understand how mass or contaminants move within that 

domain, various numerical methods such as the method of 
characteristics [Konikow and Bredehoeft, 1978] and the 
random walk method [Prickerr et al., 1981] can be used to 
solve the advection-dispersion equation or, more simply, a 
particle tracking analysis can be conducted. Particle tracking 
has been widely used in the numerical modeling of ground- 
water flow to trace out flow path lines and to track contam- 
inant paths. The basic idea is to follow the movement of 
infinitely small imaginary particles placed in the flow field 
using either analytical or numerical methods. This paper 
presents a new development for the semianalytical particle 
tracking analysis under transient conditions. 

In the analytical approach, particle tracking is accom- 
plished by solving for the stream function to compute 
streamlines and travel times of contaminants [Javandel et 
al., !984; Bear and Verruijt, 1987]. The analytical method 
gives an exact solution and is most accurate because there is 
no computational error involved. Unfortunately, most ana- 
lytical path line solutions are limited to one- and two- 
dimensional steady state flows with simple geometry and 
hydrologic conditions. 

Numerical particle tracking provides a powerful tool to 
analyze problems involving complex geometry or time vari- 
ation. Due to inherent numerical errors, particle path lines 
are generally sensitive to the numerical approach used. 

The simplest approach to numerical particle tracking is to 
advance the particle along straight steps, with the length and 
direction of each step determined from the velocity at its 
starting point. However, this explicit approach tends to be 

1Now at U.S. Geological Survey/Foothill Engineering Consult- 
ants, Lakewood, Colorado. 

Copyright 1994 by the American Geophysical Union. 
Paper number 94WR01219. 
0043-1397/94/94WR-01219505.00 

inefficient and inaccurate. It suffers particularly from errors 
associated with explicit numerical integration and neglect of 
the variation of particle velocity during a time step. 

A technique which uses more of the information in a flow 
model solution can more accurately compute both particle 
trajectory and travel time. More accurate numerical ap- 
proaches involve two parts. First, the spatial and temporal 
distribution of the velocity field within a computational cell 
is approximated by interpolating between computational 
nodes (or points). Second, the particle velocity is integrated 
over time either numerically or analytically to obtain the 
trajectory and travel time. 

Two interpolation schemes for the particle velocity have 
been used extensively: simple linear interpolation [Nelson, 
1978; Pollock, 1988; Zheng, 1989] and bilinear interpolation 
[Konikow and Bredehoeft, 1978; Prickerr et al., 1981]; these 
schemes can be considered as first-order Taylor series 
expansions in one and two dimensions, respectively. An 
interpolation scheme that combines both simple linear and 
bilinear interpolation was proposed by Goode [1990] to 
improve accuracy for nonuniform flow in heterogeneous 
aquifers with abrupt changes in transmissivity. 

To compute particle path lines, four integration methods 
are commonly used: semianalytical [Pollock, !988; Schafer- 
Perini and Wilson, 1991], Euler, Runge-Kutta [Zheng, 1989], 
and Taylor series expansion [Kincaid, 1988]. The last three 
methods require finite tracking steps, which may induce 
errors associated with numerical integration and require 
multiple computational steps. The semianalytical method 
[Pollock, 1988; Schafer-Perini and Wilson, !991] avoids 
errors associated with numerical integration by obtaining the 
particle trajectory analytically. No numerical integration is 
needed to compute path lines. This method is implemented 
in the MODPATH code [Pollock, 1989]. The current version 
of MODPATH is limited to steady state problems, although 
the method itself is capable of being applied to transient flow 
conditions. 

Most particle tracking models give satisfactory results for 
steady state analysis. A few of these models can also be used 
for transient analysis, using the assumption that the head 
field (or flow field) does not change significantly during any 
simulation time step so that the particle velocity can be 
treated stepwise as the transient analysis proceeds. This 
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Figure 1. Schematic illustration of a particle's trajectory in 
a three-dimensional spatial and temporal space. 

suffers from some limitations. Because a particle's path line 
is obtained by the integration of the particle's velocity over 
all time steps, small errors due to the stepwise velocity 
assumption may accumulate and amplify over many steps. 
This can lead to a large error in the particle's final location 
and travel time. Using finer time steps in the flow field 
simulation may improve accuracy, but the time step cannot 
always be made arbitrarily short. The time step can be 
constrained by computational and storage limitations and the 
numerical method used in the flow model. Finally, real 
problems may be very unsteady in nature. Even when the 
time step in the flow model can be reduced, it cannot be 
predetermined, and the trial and error process may be time 
consuming. 

A method is developed below to account for the velocity 
change during a time step, leading to a semianalytical 
solution for a particle's path line in unsteady flow. The basic 
idea is to modify the simple linear interpolation scheme to 
account for temporal changes in velocity. Conceptually, a 
two-dimensional cell for a transient problem is treated as a 
three-dimensional cell with time as the third dimension. It is 
assumed that each velocity component within a cell can be 
calculated by linear interpolation in its own direction and 
time. This technique avoids cross product terms between the 
spatial and temporal coordinates, which appear in the bilin- 
ear interpolation scheme and can only be integrated numer- 
ically. The superposition assumption leads to an analytical 
expression for particle path lines within a cell. 

Particle Tracking for Steady Flow 
For a detailed treatment of particle tracking theory, the 

reader is referred to the paper by Goode [1990] and the book 
by Anderson and Woessner [1992]. A summary is presented 

here for convenience and discussion. For simplicity, we limit 
our discussion to two-dimensional groundwater flow in a 
confined aquifer with a constant permeability and thickness. 
All formulae can easily be extended to three-dimensional 
problems. The governing equation [Freeze and Cherry, 1979] 
is 

02h 02h Ss Oh 
'OX2 q- 07-' r Ot (1) 

where h is the hydraulic head with dimensions of [L], S• is 
the specific storage [L-•], and K is the hydraulic conduc. 
tivity [L/T]. For steady state flow, the right-hand side of (!) 
is set to zero, and (1) becomes the well-known Laplace 
equation. With the appropriate boundary and initial con•. 
tions, (1) can be solved either numerically or analytically. 

In developing a particle tracking model, choosing an 
appropriate velocity interpolation function is a key step. 
Two particle velocity interpolation schemes are commonly 
used' simple linear and bilinear interpolations. Because the 
current study employs the simple linear interpolation con- 
cept, it is summarized as follows. 

Linear Interpolation 

In simple linear interpolation (Figures 1 and 2), the parti- 
cle's velocity components at any location within the cornpu- 
tational cell are linearly interpolated as functions of coordi- 
nates only in their own coordinate directions: 

2 

t ._ Ax(X_Xl ) +Vxl = •xiVxi 
i--'l 

(2a) 

2 

t = Ay(y Yl) q- ! 1 Vy -- Vy 1 = • ½yjVyj 
j=l 
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2 

Figure 2. Schematic illustration of the linear interpolation 
scheme for the cell face velocity components in the x 
direction. ABCD represents steady state velocity values, 
ABEF represents hypothetical real velocity values, and 
ABGH represents the velocity values by the proposed linear 
spatial and temporal interpolation scheme. 
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1 and Vy•2 are the cell face velocity 1 •yll, •x2, where V x l , 

components at time tl, and Ax and Ay are the velocity 
gradient constants at time t l, as illustrated in Figures 1 and 
2. They are 

1 1 
•dx2 - •dxl 

x 2 - x 1 
(3a) 

1 1 
•dy 2 - •dy 1 

Ay = 
Y2-Yl 

(3b) 

In the above equations, superscripts refer to the time level, 
and subscripts refer to the direction and cell faces (i, j, I = 
1, 2; i • l, j • l). The cell face velocity components are 
known quantities calculated from the discharges at the cell 
interfaces given by the flow solution. The velocity compo- 

t is illustrated as line AB in Figure 2. The quantities nent V x 
t and t ½xi and ½yj are called shape functions for Vx Vy, 

respectively, and are defined as 

X • X 1 
½xi = (4a) 

x i -- x I 

Y -Yl 
qJ yj -' (4b) 

yj- yt 

Because this scheme assumes a steady state flow field 
during the time step, information at time t = t• or t = t 2 is 
enough for the particle velocity calculation. Equation (2) can 
be used directly to evaluate the particle velocity. For in- 
stance, within a cell the particle velocity components in the 
x direction are continuous and a linear function of x only; 
changes in the y direction and the time space occur only at 
cell interfaces and at the end of the time step (A particle's 
velocity V xp is not continuous across the Y l and the t 2 faces 
unless the velocity is uniform in space.). Equation (2) has 
been widely used (see for example, Pollock [1988] and Zheng 
[1989]). An analytical expression for a particle's trajectory 
within a cell is found by Pollock [1988] as 

1 

xp(t) = Xl + •xx [Vxe(tl) exp (AxAt) - Vx•] (Sa) 

1 

yp(t) = Y l + •yy [vye(tl) exp (AyAt) - V•l] (Sb) 

where At = t -- t • --< Ate, and Ate is the smaller of Atx and 
Aty calculated as 

1 
1 Vx2 

Atx = •xx In ..-5- 7Y xp 
1 /• ! 1 1 (6a) 7•xp •x2 > 0, 7•xp 5 l= 7•x2 

1 
1 Vxl 

Atx = • In -i- 
Ax Vxp 

1 /Xx 1 1 _•= 1 Vxl Vxp < O, Vxp Vxl (6b) 

1 
1 Vy 2 

•ty = •yy In ..-5- 7Y yp 
1 (6c) 1 /X ' 1 >0 ' 1 •= Vy 2 •dyp 73y 2 •yp 

Aty =- In -5- 
Ay Vyp 

1 /x ' 1 <0 ' 1 5,(= 1 vy• Vy v vy v vy• (6d) 

A particle's exit location is calculated analytically by insert- 
ing Ate into (5). 

The travel times and locations provided by (5) and (6) are 
singular when one or both velocity components are constant 
within the cell. In such cases (5) and (6) are bypassed, and 
the particle's locations are simply calculated as 

x•(t) = xl + vxl•(t- tl) (7a) 

yv(t) = Y l + vy•p( t - t l) (7b) 
and travel time across a cell as the smaller of 

1 

Atx = (x2 - xv)/v•v v•v > 0 (Sa) 
1 

Atx = (xl - xv)/vxlv vxv < 0 (8b) 

• > 0 (8c) fi, ty = (Y2 -- Y!•)/vylp Z•yp 

• I <0 (8d) Aty = (Yl -- yp)/Vyp Vyp 

It can be shown [Pollock, 1988] that simple linear interpo- 
lation satisfies the steady state groundwater flow equation (1) 
solved by flow models with the fight-hand side set to zero 
within a spatial cell. Unfortunately, (2) yields a discontinu- 
ous velocity field in time if the velocity is considered as a 
function of time, as illustrated in Figure 2. Goode [1990] 
showed that (2) also yields a discontinuous velocity field in 
space, even for steady flow problems. 

A particle's path line can also be obtained from (2) by 
general numerical integration methods such as the fourth- 
order Runge-Kutta integration method [Nelson, 1978; 
Zheng, 1989] where finite integration steps are required to 
advance a particle's movement within a cell. 

Particle Tracking for Unsteady Flow 

Particle tracking in unsteady flows is far from mature. 
However, it has been drawn great attention recently [Scha- 
fer-Perni and Wilson, 1991; Goode, 1992]. Velocity changes 
during a time step had not been stressed in earlier work. 
Most models are either designed for steady flow or imple- 
mented with a stepwise velocity assumption. With a step- 
wise velocity approach, velocity changes during a time step 
are entirely ignored. Results from a stepwise assumption are 
difficult to justify because there are few analytical solutions 
or accurate field experiments for comparison. 

By extending the steady state semianalytical approach of 
Pollock [1988], a transient semianalytical solution is devel- 
oped here. In this approach, a new interpolation scheme is 
first proposed to take into account velocity changes during a 
time step. By applying the concept of the material deriva- 
tive, the rate of change of the particle velocity is derived and 
then is integrated analytically to obtain the particle path line. 
A detailed account of these steps follows. 

Recent work [Goode, 1992] shows that in unsteady flow 
simulation, ignoring temporal changes in fluid storage is 
physically incoasistent and can result in inaccurate solutions 
to the transport equation. However, since the focus of the 
present study is on the temporal changes in velocities in the 
development of particle tracking techniques, fluid storage 
term in the flow equation (1) will be assumed constant, 
Future work can investigate this effect. 
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Particle Velocity 

The concept of simple linear interpolation such as used in 
Pollock's [1988] semianalytical approach may be expanded 
to the time domain. An additional term, which represents the 
variation of the velocity field as a function of time, is added 
to the velocity component expressions. The velocity for a 
particle moving in a given cell at time t(t• _< t -< t 2) can be 
written as 

t = Ax(x _ x ) + 1 A.tr(t tl Vx • Vxi + - ) (9a) 
t 1 

Vy = Ay(y - Yl) + Vyl + A•(t - tl) (9b) 

where A x and Ay are defined as constants that correspond to 
the components of the velocity gradient within the cell at 
time t = t 1, and Ax t and A• are constants that correspond to 
the rate of change of the velocity components during the 
time interval. The quantities A x t and A• may be written as 

2 _ 1 _ Vx12)/[2(t2 tl)] (10a) Ix t = (v•l + Vx2 Vxl - 

t = 2 2 1 _ vy!2)/[2(t2 tl)] (lOb) Ay (vy! + Vy 2 - Vy! - 
2 where v•21, Vy21, Vx22, and Vy 2 are the cell face velocity 

components at time t2, as illustrated in Figure 1. We call the 
proposed interpolation (equation (9)) the linear spatial and 
temporal interpolation scheme. It should be pointed out that 
the time levels t l and t2 are known in advance from the 
temporal discretization of flow modeling. 

Note that in (9), when t = ti, the particle resides on the 
bottom plane (see Figure 1), and each velocity component is 
simply a function of the face velocity in its own coordinate 
direction. At t = t2, the particle arrives at the top plane and 
the velocity is adjusted to its final value. For the steady state 
problem, the rates of change of the face velocities are zero 
and (9) reduces to simple linear interpolation in the spatial 
coordinates (equation (2)). 

A physical interpretation of the linear spatial and temporal 
interpolation scheme is shown in Figure 2. The components 
of the velocity field in the x direction in a cell are treated as 
linear functions of x and t. When the rate of change of the 
velocity components is small (here we use the quantity A x t) 
or zero (steady state flow), the velocity is represented by the 
plane ABCD which is parallel to the t axis but not the x axis. 
Equation (9) also accounts for variation in the time coordi- 
nate which will be significant when the quantity A xt/Ax is 
large. The value of Ax t is the slope of lines GB, IJ, and HA. 
The values of the proposed velocity lie on plane ABGH, 
which is expected to approximate the real velocity field 
(hypothetical curved surface ABEF) better than the steady 
state representation (plane ABCD). This assumption allows 
us to avoid cross-product terms of variables x and t. 

Cell Face Velocity 

When a particle exits a cell before time t2, the velocities 
on the face it exits are needed for the next step tracking. The 
cell face velocities at any time t (tI < t _< t2) are obtained 
by a simple linear interpolation in time using (9), inserting 
bothx = x I andx = x2;y = Y l andy = y2, 

t 1 t 1 t(t- ti) (11a) Vxl = vxl + Axt(t- tl) Vx2 = Vx2 + A x 

t • A•(t '- I 1 Vy2 = Vy2 + '- ) (lib) vy I = vy! + ) t 1 A•(t t 1 

The linear interpolation of cell face velocity components is 
illustrated in Figure 2. Cell face velocity components v• and 2 Vx•2 change to some new values V x• and v•22 over the time 
period t 2 - t 1 . Any cell face velocity component at a given 
time within the time interval is linearly interpolated (lines 
AH and BG, respectively). 

Particle Path Line 

Now we examine a particle's kinematic motion over time 
and within two-dimensional physical space (or three. 
dimensional spatial and temporal space). The temporal rate 
of change of the particle's x component of velocity, or total 
derivative, as the particle moves through the cell is [Bear, 
1972] 

:l.t 
where (Ox/Ot)p and (Oy/Ot)p are the time rates of change of 
the x location and the y location, respectively, of the 
particle. Now by definition, we have 

Vxp = Vyp = (13) 

The first two terms on the right-hand side of (12) are the 
convective derivatives corresponding to the change in ve- 
locity components caused by the convection of the particle 
under consideration from one location to a second location 
with a different value of v x. The third term is the local 
derivative, which gives (in unsteady flow) the temporal 
variations at a fixed point in space. 

Differentiating (9) with respect to x, y, and t yields 

OVx Ovx Ovx 
• = Ax(t•) .... 0 ..... A• t = const (14) 
Ox Oy Ot 

Inserting (13) and (14) into (12) gives 

dt ]p = Axvx" + A xt 
Similarly, 

(15) 

dt 
Rearranging (!5) gives 

t 

= Ayvyp + Ay (16) 

d(Axvxv + Ax t) 
Axvx v + Ax t =A x dt (17) 

Equation (17) can be integrated and evaluated between 
times tl and t (t 2 > t > tl) to give 

Axvxp(t) + Ax t 
Axvxe(ti) + A• t = exp (AxAt) (18) 

where At = t- t•. 
Because the velocity component Vxv(ti) is a known func- 

tion of the particle's initial coordinates at time t l, the 
velocity component Vxe(t ) can be obtained from (9), and the 
location of the particle at time t can be determined by letting 
x equal xp(t) in (9) and substituting into (18), 
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1 

x,(t)- .,'. + I 1 7• xp AxJ exp (AxAt) Ax 

-[%11 + AxtAt] 1 
1 

: X l + •xx [vxlp exp (AxAt) - Vxll] 

+ A-'-j exp (AxAt) At (19) Ax 

The first two terms on the fight-hand side of (19) represent 
the steady state part as shown in (3), and the third term 
represents the unsteady part. 

An analogous equation can be obtained for the y direction: 

yp(t) = Y l + •yy vylp + exp (AyAt) Ay 

i+A 

1 

: y, + •yy [vy•p exp (AyAt) - vyll] 
+Ay 1 1 AZ exp (AyAt) Ay At (20) 

Equations (19) and (20) give the semianalytical path lines 
under transient conditions. 

t 

For steady state flow, A x t and A y are zero by definition, 
and (19) and (20) reduce to (5) of Pollock [1988]. In addition 
to the steady state condition, (7) and (8) must be used when 
all the Ax and Ay terms vanish. 

Particle Travel Time and Exit Location 

in transient flow analysis, the duration of each time step 
usually is known before path line computations begin. A 
particle located in one cell at the beginning of the time step 
will end up in either the same cell or in another cell. These 
cases can be distinguished most easily by viewing the 
trajectory in three-dimensional (x, y, and t) cells, as illus- 
trated in Figure 3. If the travel time to the t = t2 plane is less 
than the travel times to the four cell face planes x = x• and 
x 2 and y = Y l and Y2, the particle will stay in the same 
spatial cell. 

Thus we need to compute the travel time to each of these 
planes. First, we study the case when the initial particle 
velocity in the x direction is greater than zero. In this study 
we further assume that none of the velocities changes its 
direction during the time interval. To see whether a particle 
exits the x face (see Figure 3, point y) or remains in the cell 
(point a), (9) and (18) are used. To determine the time 
required for the particle to reach point % we substitute (9) 
into (18): 

' (Axt/Ax) + A xtAtx (vlp + (A?Ax)) exp (AxAtx) = V x2 + 
1 /• 1 A 2 /5 2 • • • (2!) Vxl Vx2 Vx! Vx2 > 0 Vxl •x2 

Then, for the case when the initial particle velocity in the x 
direction is less than zero, the particle will be expected to 
exit at the cell face x = x•; this leads to 

(Vxlp + (Axt/Ax)) exp (AxAtx) = Vx•i + (A.•./A x) + A.trAtx 
• A • 2 ,2 Vx 1 Vx 2/• Vx 1 /A• 7• x2 < 0 (22) 

Equation (21) or (22) cannot be solved explicitly, and At x 
must be found numerically. Now for steady state flow, (21) 
recovers the result obtained by Pollock [1988], which is 
depicted in Figure 4 as the intersection of the horizontal 
straight line and the exponential function. Figure 4 illus- 

t>0 and 1 1 < •,x12 • 0 Ax trates the situation of Vx• < vxp , , 
vJl + A•t/Ax > 0. This situation is encountered in the •st 
numerical example. For transient flow, At.• is obtained at the 
intersection of the straight line and the exponential function 
shown in Figure 4. Since the left-hand side of (21) is not 
highly nonlinear for moderate values of AxAtx and both the 
left-hand side and fight-hand side are monotonic functions of 
At x, the solution of Atx is expected to converge quickly. We 
used Newton's method [Conte and de Boor, 1980] and 
typic•ly obtMned a convergent solution within five item- 
tions. If (21) does not yield a solution (root) for Atx, the 
pa•icle will not exit the cell in the x direction and may exit 
in the y direction or the temporal face at time t = t 2. 

The same approach is used to find out the travel time Aty 
required to reach point fl. If Atx is the smMlest among At.•, 
Aty, and t 2 - t 1, the p•icle will leave the cell across face 
x2 at time t l + At• and enter cell (I, J + 1) (point 7 in 
Figure 3). If Aty is the smMlest, the pa•icle will leave the 
cell across face y • (if vy < 0) at time t 1 + Aty and enter cell 
(i - 1, J) (point •). If t 2 - t 1 is the smaHest, or there does 
not exist a solution for Atx (equation (21)) or Aty, the 
pa•icle will rem•n within the same spatial cell and exit the 
three-dimensional space-time cell through the time face 
defined by t = t 2 (point a). Another possibility is that Atx 
and Aty are equal and less than t 2 -- t 1, in which case the 
p•icle would leave through the comer of cell (I, J) and 
enter cell (I - 1, J + 1). The exit time, denoted as Ate, is 
inse•ed in (19) and (20) to detemine the current position of 
the particle: 

1 [ 1 +•]exp(AxAte) 
• }At (23a) -- • -- Vxl -- A e 

Ax 

Y; = Y l + •yy vyl•o + exp (AvAte) 
Ay • 
Ay Vyl - A;Ate (23b) 

When the particle enters another cell, the calculation is 
repeated where the new cell face velocity is updated and 
calculated by (11), cell by cell, until the end of the flow 
model time step (t 2) is reached. This sequence of calcula- 
tions is repeated, step by step, until either the particle 
reaches a discharge point or the end of the transient flow 
analysis. 
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distance traveled in x direction during (t2-h) 
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7•cell (I, J) 
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(I, J+l 
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distance traveled in x direction during •t x 

Figure 3. Schematic 'dlustration of the possible paths for a particle through a three-dimensional 
spatial-temporal cell. 

Numerical Experiments 
Several numerical experiments w6•e performed to test the 

theory. Three examples are reported here: 1 one-dimensional 
problem, and 2 two-dimensional problems. 

One-Dimensional Particle Tracking 

The first example compares travel times CalcUlated by the 
semianalytical approach and other numerical approaches 
with the exact solution. For comparison, all methods use the 
same number of computational s•]ps. Except for the calcu- 
lation of the exact solution, all pa•icle tracking methods use 
the same computational algorithm as illustrated in Figure 5 
and the same velocity field provided by the analytical 
solution. As is shown in Figure 6, a semi-infinite aquifer 10 m 
thick, infinite in the positive x direction, and bounded by a 
trench at x = 0 extehds infinitely in the y direction. Assume 
that the transmissivity is 20 cm2/s and the storage coefficient 
is 0.002. Since the aquifer is 10 m thick, the hydraulic 
conductivity is K = T/b = 2.0 x 10 -2 cm/s, and the 

specific storage is Ss = S/b = 2.0 x 10 -6 cm -1. The 
aquifer's porosity is 0 = 0.5. 

The example simulates a drainage trench with the aquifer 
initially saturated and the head Uniformly 10 m. At time t = 
0, the head in the trench is lowered to 0 m and kept there for 
a long time. The aquifer approaches a steady state asymp- 
totically. Now if we put a trace some distance away from the 
trench at a very short time after the beginning Of the 
pumping, we would like to see how long is required for the 
particle to move to the trench. For the problem described 
above, the derivative term with respect to y is dropped in the 
governing equation and the initial and boundary conditions 

h=H=10m t=0 (24a) 

h=0 m t>0 x=0 (24b) 

With (24), the governing equation (!) can be solved 
analytically [Carslaw and Jaeger, !984, p. 59]' 
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(transient) 
41 , , ,, 

(steady •tate) 

,, 

Time 

Figure 4. Calculation of the particle exit time in the x direction (showing here Vxll <• Vffl '• Vx21 < 0, Ax t 
> O, Ax > 0, and Vx• + Axt/Ax > 0). 

h = H err 2((K/Ss t 1/2 (25) 
where eft( ) is the error function. 

Taking the derivative of the head h with respect to x, the 
hydraulic gradient at any point can be obtained as 

on HK (Ss x2)(26) Ox ((,rK/Ss)t) 1/2 exp 4Kt 
By applying Darcy's law, the specific discharge or the 

velocity at any point at a given time t is 

t K oh KH ( Ss 2) = - -- -- = exp - x Vx 0 Ox ((,rK/Ss)t) 1/20 •'• 

--- dx/dtlvarticl • (27) 
To generate a velocity field that is used by all methods, we 

discretize the analytical solution (27) in spatial and temporal 
coordinates prior to conducting particle tracking. A uniform 
spacing in spatial coordinate is used. The 5-m distance 
between the trench and the particle initial location is divided 
into 10 segments with a spacing equal to 0.5 m. Considering 
the highly nonlinear dependence of the velocity field on time 
in the early stage, a nonuniform temporal spacing is em- 
ployed with smaller time intervals right after the beginning of 
the pumping and increasing time intervals as the time 
elapses. These time levels are set at the following 15 in- 
stants. 0.00035, 0.001, 0.01, 0.05, 0.2, 0.7, 1.2, 2.0, 3.0, 5.0, 
9.0, 13.0, 17.0, 21.0, and 30.0 days. 

To avoid the numerical problem of the velocity being 
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Chlaslate parade 

velocity 
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Figure 5. Flowchart of the computational algorithm for 
transient particle tracking. 
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Figure 6. Plane view of the flow domain used in the 
one-dimensional simulations. 

infinite (singularity point) at t = 0 (see (27)), a small time 
delay is used for the particle emplacement. Case a is 

' designed for a particle released at 1 min (0.00069 day) and 
case b at 1000 min. 

Method 1: Exact solution. Since (27) can not be easily 
integrated analytically to obtain travel time, we use the Euler 
integration with a large number of steps to obtain an accurate 
value for the exact solution of travel time. The total travel 

time for a particle traveling from x = L to x = 0 can be 
calculated as 

t L -- 

_ - ß e (S,x2/4gt) 0 L/N 
n=N KH x=(L/N)n,t=t n 

(28) 

where L is uniformly divided into N segments, and t n is the 
particle travel time at x = (L/N)(n). It can be shown 
[Scheid, 1968] that when N is very large, the total travel time 
calculated by the Euler method will converge to the exact 
solution. Based on the numerical experiments, we choose 
the calculated travel time at N = 1000 as an accurate value 

for the exact solution. The calculated exact particle trajec- 
tories are plotted in Figure 7 as the solid lines. For a particle 
emplaced at time equal to 1 rain, the travel time is 14.35 days 
(Figure 7a), and for a particle eraplaced at 1000 rain, the 
travel time is 21.15 days (Figure 7b). 

Method 2: Steady semianalytical. A flow chart (Figure 5) 
is presented to illustrate the particle tracking algorithm. The 
particle's velocity, trajectory, and travel time are calculated 
using (2)-(8). Results are shown in Figure 7 as dashed lines 
with stars. A travel time equal to 9.28 days is obtained for 
the particle released at 1 min (Figure 7a), and a travel time of 

17.43 days is obtained for the particle released at 1000 
(Figure 7b). 

Method 3: Transient semianalytical. We use the same 
particle tracking algorithm illustrated in Figure 5. The parti. 
cle's velocity, trajectory, and travel time are calculated 
using (9)-(11) and (19)-(23). Results are shown in Figure 7 as 
short dashed lines with squares. A travel time equal to 13.28 
days is obtained for the particle released at 1 min (Figure 7a), 
and a travel time of 20.77 days is obtained for the particle 
released at 1000 min (Figure 7b). 

Method 4: Euler integration. We still use the same patti. 
cle tracking algorithm illustrated in Figure 5. The particle's 
trajectory and travel time are calculated using direct integra. 
tion over the velocity from the generated velocity field. 
Results axe shown in Figure 7 as solid lines with asterisks. A 
travel time equal to 10.12 days is obtained for the particle 
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• T•t ••• (!g •) 

I i , I I I I I i i I I I ! I I ! i I "1 
0 100 200 300 400 •00 600 
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Figure 7. Comparison of particle travel times with those 
by other methods when the particle is emplaced at (a) time 
equal to 1 min and (b) time equal to 1000 min for We 
one-dimensional simulations. Particle is initially placed at 5 
m away from the trench. 
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released at 1 rain (Figure 7a), and a travel time of 17.48 days 
is obtained for the particle released at 1000 min (Figure 7b). 

As is shown in Figure 7, for both 22-step (case a) and 
19-step (case b) computations, the transient semianalytical 
method gives the best results (about 7.5% error in case a and 
2% in case b) among the numerical methods, and they are 
very close to the analytical solutions. Figure 7 also shows 
that the steady state semianalytical method provides similar 
travel times (about 35% error in case a and 18% in case b) 
with the Euler integration (about 30% error in case a and 
18% in case b). Both the steady semianalytical and the Euler 
methods yield significant errors on particle travel times. The 
fact that errors are larger in case a than in case b is mainly 
due to two reasons' more rapid change at earlier time and 
uniform space discretization. 

To compare the computational efficiency, we conduct a 
CPU test. The first example requires very few CPU time. 
Therefore to generate a comparable CPU time, we increase 
the number of"DO LOOP" in the program. Table 1 presents 
the CPU time comparison for both case a and case b. The 
example is run on a 386DX-40 MHz PC. One loop represents 
a complete case calculation. It can be drawn from these 
numerical experiments that all methods yield comparable 
CPU times with the transient semianalytical method about 
10-20% slower than the other methods. To evaluate how 

much is the trade-off between accuracy and efficiency, we 
increase the number of integration steps for the Euler 
method to improve its accuracy. For a 100-step Euler 
integration, we obtain about the same particle travel time 
with the 22-step transient semianalytical calculation (case a). 
Similar result is obtained for case b. Therefore we conclude 

that the proposed method is about 3 times more efficient than 
the Euler method. 

in summary, the transient semianalytical solution obtains 
results about 15-28% better than the steady state semiana- 
lytical solution and 15-22% better than the Euler integration 
in the above example. The reason is that the transient 
semianalytical method accounts for deceleration during the 
time steps. In this example, velocity magnitude decreases as 
time elapses. Note that errors between the numerical calcu- 
lations and the exact solution is caused by the finite space 
discretization. As an extreme case, numerical experiments 
with 1000 steps for all the numerical methods show that all 
the solutions converge and are identical to the exact solu- 
tions (solid curves) shown in Figure 7. 

Two-Dimensional Particle Tracking 

The second and third examples test the accuracy and 
efficiency of the semianalytical method in solving two- 
dimensional transient particle tracking problems. In general, 

Table !. CPU Time Comparison for One-Dimensional 
Particle Tracking 

CPU for CPU for 
Case a, s Case b, s 

Particle Tracking 1,000 10,000 1,000 10,000 
Method Loops Loops Loops Loops 

Transient semianalytical 22 214 19 179 
Steady semianalytical 19 177 17 164 
Euler integration 19 !76 16 147 

stream 

pumping well 

- lorn -• 

Figure 8. Plane view of the simulation domain used in the 
two-dimensional simulations. 

it is hard to find the analytical solutions for two-dimensional 
unsteady conditions for comparison; therefore we compare 
results with those computed by PATH3D [see Zheng et al., 
1992]. Currently, PATH3D uses fourth-order Runge-Kutta 
numerical integration and assumes the particle velocities 
change stepwise in the transient analysis. 

A plane view of the flow domain for these examples is 
shown in Figure 8. The aquifer is confined with a uniform 10 
m thick. The flow field is bounded by a fully penetrating 
stream on the right side and is assumed to be infinite in the 
left half space and top and bottom space. Initially, the 
potentiometric surface of the aquifer is horizontal and at the 
same level as the stream stage. A pumping well represented 
by a square cell (1 m x 1 m) is 10 m from the center of the 
stream channel. Two cases are simulated, one with a trans- 
missivity T = 3.33 cm2/s and the other with T = 0.333 
cm2/s. After the well starts pumping at a rate of 0.1 m3/min, 
the first case assumes that the particles are initially placed at 
the edge of the stream, and the second case assumes that the 
particles initially placed midway between the well and the 
stream. The other hydraulic parameters used in both simu- 
lations are assumed to be identical (the storage coefficient is 
0.0002 and the porosity is 0.4.). The first case tests a weakly 
transient situation because the particles are placed far away 
from the well, while the second case tests a moderately 
transient situation because the particles are placed closer to 
the well and the aquifer's transmissivity is 10 times greater 
than that in the first case. 

The head field is governed by (1) and is solved numerically 
(by MODFLOW [McDonald and Harbaugh, 1988]) by set- 
ting the no-flow boundaries at the left, upper, and lower 
sides 70 m away from the pumping well so that the flow field 
can be approximately treated as infinite in the half domain. 
The stream was modeled as a constant head boundary of 20 
m during the simulation. The finite difference cell size is 1 m 
x 1 m. The first time step At l is set equal to 350 rain, and 
subsequent time steps are determined by multiplying the 
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Figure 9. Flow paths in a weakly transient flow field as 
calculated by the transient semianalytical and the Runge- 
Kutta methods. Numbers 1-5 indicate the initial particle 
locations. Dashed blocks are the computational cells. 

previous time step by a factor of 1.10. The transient flow 
modeling is terminated at a time of 20,000 min, which is long 
enough for the particle tracking analysis. 

Figures 9 and !0 show results from both the transient 
semianalytical and the fourth-order Runge-Kutta methods 
for the two cases described above. Travel times and com- 

putational steps are compared in Tables 2 and 3. To show the 
accuracy of the particle's travel time calculation, particle 
three's travel time is evaluated accurately as follows. The 
head distribution along the x direction can be solved analyt- 
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Figure 10. Flow paths in a moderately transient flow field 
as calculated by the transient semianalytical and the Runge- 
Kutta methods. Numbers 1-5 indicate the initial particle 
locations. Solid blocks are the computational cells. 

Table 2. Comparison of Particle Travel Times and 
Computational Steps for a Weakly Transient Case 

, 

Computational Effort, Particle Travel 
steps Times, rain 

Particle Runge- Semi- Runge- Semi- 
Number Kutta analytical Euler Kutta analytical Euler 

1, 5 151 32 --' 13,728 13,731 ... 
2, 4 123 27 '" 9,595 9,611 ... 
3 105 22 2788 8,163 8,172 8364 

ically by using the Theis solution [Freeze and Cherry, !97'9] 
and by simulating the stream using an image well. The 
particle's velocity can then be evaluated on the basis of the 
derivative of the head distribution with respect to the x 
coordinate [Zheng et al., 1992]' 

dx K Oh K Qw [.aW(u]) au] aW(u2) ou2] Vxp dt 0 ax 0 4•rT au 1 ax au2 •j 

K Qw 2 2 ] .... e-u• e -u2 ' (29) 
0 4•rT x 20-x 

x2S (20 -x)2S 
/•1 ="' /•2 = 

4 Tt 4 Tt 

where W(u •) is the well function of the pumping well, and 
W(ua) is the well function of the image well. Equation (29) 
was evaluated using the first-order Euler's method with a 
time step equal to 3 min to obtain the accurate travel time of 
particle 3. 

Particle path lines agree very well between the two meth- 
ods in both cases. Results of travel times (Table 2) show that 
for the weakly transient case, the transient semianalytical 
calculation is about 2.3% different from the Enler's calcula- 

tion and is very close to the fourth-order Runge-Kutta 
calculation (2.4% error). For the moderately transient case 
(Table 3), the transient semianalytical calculation remains 
about 2.3% different from the Euler method's calculation, 
and the fourth-order Runge-Kutta integration gives about 
4.6% difference with the Euler method's calculation. The 

larger error under the moderately transient situation pre- 
dicted by the fourth-order Runge-Kutta method may be 
caused by the stepwise approximation in the particle velo½- 
ity's calculation, with errors become larger as particles 
travel longer distances (see travel times for particles 1 and 
2). In the weakly transient case, the difference in errors is 
much less pronounced because the stepwise assumption is a 
good approximation for the particle velocity's calculation. In 

Table 3. Comparison of Particle Travel Times and 
Computational Steps for a Moderately Transient Case 

Computational Effort, Particle Travel 
steps Times, min 

Particle Runge- Semi- Runge- Semi- 
Number Kutta analytical Euler Kutta analytical Euler 

1, 5 114 20 --. 6858 7145 '" 
2, 4 96 15 --. 3771 3835 '" 
3 78 11 1003 2548 2608 2670 
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both cases much fewer computational steps are needed by 
the transient semiariaiytical solution than by the Runge- 
gutta method. In the semianalytical method, no numerical 
integration is required and the number of computational 
steps is controlled by the size of the grid and the flow 
modeling time steps. 

it should be pointed out that because the particle tracking 
experiments conducted here involve only a few particles and 
there are 6ther computational aspects that could also affect 
the computational efficiency, conclusion on the efficiency of 
the proposed method is limited. Future work can be directed 
to consider large-scale problems of numerous particles, 
multidimensional, and complicate flow systems to systemat- 
ically test the efficiency of the proposed transient particle 
tracking method. 

Conclusions 

The steady state or stepwise velocity approach to particle 
tracking in transient flow fields suffers from significant errors 
due to the numerical integration and time discretization. An 
approach that incorporates velocity changes during a time 
step will improve both accuracy and efficiency, particularly 
when a semianalytical approach is employed. The transient 
semianalytical path line solution can perform accurate par- 
ticle tracking for most unsteady flow problems. It overcomes 
the inherent flaw caused by the stepwise assumption in the 
velocity calculation in previous models. Numerical experi- 
ments show that this method gives bette• agreements with 
the exact solution to one-dimensional transient cases than 
the other numerical methods. In two-dimensional transient 
cases, results show that the particle path lines are very close 
to those computed by the fourth-order Runge-Kutta method, 
and the calculated travel times are shown to be better than 
those by the fourth-order Runge-Kutta method by compar- 
ing with the accurate travel time calculation. The method is 
also very efficient because no numerical integration is re- 
quired. 

The linear spatial and temporal interpolation scheme for 
the velocity components and the analytical path line solution 
could be applied to most particle tracking and solute trans- 
port models. Although the method has been designed for 
finite difference models, with some modifications it could 
also be used with other numerical techniques such as the 
technique developed recently by Cordes and Kinzelbach 
[1992] for quadrilateral finite elements. 

Acknowledgments. This work was conducted mostly while the 
author was at Disposal Safety Incorporated and was supported by 
Sandia National Laboratories under the auspices of the U.S. De- 
partment of Energy, Office of Civilian Radioactive Waste Manage- 
ment, Yucca Mountain Project, under contract DE-AC04- 
76DP00789. I am indebted to Benjamin Ross for his technical advice 
and discussions. I thank Chunmiao Zheng for generously providing 
data in this study and beneficial discussions. A particularly thorough 
review by one of the anonymous reviewers has improved the quality 
of the paper significantly. 

References 

Anderson, M., and W. Woessner, Applied Groundwater Modeling, 
Simulation of Flow and Advective Transport, pp. 295-315, Aca- 
demic, San Diego, Calif., 1992. 

Bear, J., Dynamics of Fluids in Porous Media, 764 pp., Elsevier, 
New York, 1972. 

Bear, J., and A. Verruijt, Modeling Groundwater Flow and Pollu- 
tion, 408 pp., D. Reidel, Norwell, Mass., 1987. 

Carslaw, H. S., and J. C. Jaeger, Conduction of Heat in Solids, 2nd 
ed., 510 pp., Oxford University Press, New York, 1984. 

Conte, S. D., and C. de Boor, Elementary Numerical Analysis, An 
Algorithmic Approach, McGraw-Hill, New York, 1980. 

Cordes, C., and Kinzelbach, Continuous groundwater velocity 
fields and path lines in linear, bilinear, and trilinear finite ele- 
ments, Water Resour. Res., 28, 2903-2911, 1992. 

Freeze, R. A., and J. A. Cherry, Groundwater, 604 pp., Prentice- 
Hall, Englewood Cliffs, N.J., 1979. 

Goode, D. J., Particle velocity interpolation in block-centered finite 
difference groundwater flow models, Water Resour. Res., 26(5), 
925-940, 1990. 

Goode, D. J., Modeling transport in transient ground-water flow: An 
unacknowledged approximation, Ground Water, 30, 257-261, 
1992. 

Javandel, I., L. C. Doughty, and C. F. Tsang, Groundwater 
Transport: Handbook of Mathematical Models, Water Resour. 
Monogr. $er., vol. 10, 228 pp., AGU, Washington, D.C., 1984. 

Kincaid, C. T., FASTCHEM TM package, v. 3: User's guide to the 
ETUBE pathline and streamtube database code, Rep. EPRI 
EA-5870-CCM, Electr. Power Res. Inst., Palo Alto, Calif., 1988. 

Konikow, L. F., and J. D. Bredehoeft, Computer model of two- 
dimensional solute transport and dispersion in ground water, in 
Techniques of Water-Resources Investigations of the United 
States Geological Survey, book 7, chap. 2, U.S. Government 
Printing Office, Washington, D.C., 1988. 

McDonald, M. G., and A. W. Harbaugh, A modular three- 
dimensional finite-difference ground-water flow model, in Tech- 
niques of Water-Resources Investigations of the United States 
Geological Survey, book 6, chap. A1, U.S. Government Printing 
Office, Washington, D.C., 1988. 

Nelson, R. W., Evaluating the environmental consequences of 
groundwater contamination, Water Resour. Res., 14(3), 409-450, 
1978. 

Pollock, D. W., Semianalytical computation of path lines for finite- 
difference models, Ground Water, 26(6), 743-750, !988. 

Pollock, D. W., Documentation of computer programs to compute 
and display pathlines using results from the U.S. Geological 
Survey modular three-dimensional finite-difference groundwater 
flow model, U.S. Geol. Surv. Open File Rep., 89-381, 188 pp., 
1989. 

Prickett, T. A., T. G. Naymik, and C. G. Lonnquist, A "random- 
walk" solute transport model for selected groundwater quality 
evaluations, Bull. Ill. State Water Surv., 65, 104 pp., 1981. 

Schafer-Perini, A. L., and J. L. Wilson, Efficient and accurate front 
tracking for two-dimensional groundwater flow models, Water 
Resour. Res., 27, 1471-!485, 1991. 

Scheid, F., Numerical Analysis, McGraw-Hill, New York, 1968. 
Zheng, C., PATH3D•a ground-water path and travel-time simula- 

tor, in User's Manual, S.S. Papadopulos and Associates, Be- 
thesda, Md., 1989. 

Zheng, C., K. R. Bradbury, and M.P. Anderson, A computer model 
for calculation of groundwater paths and travel times in transient 
three-dimensional flows, report, Wisc. Geol. and Nat. Hist. 
Surv., Madison, !992. 

N. Lu, U.S. Geological Survey/FEC, Box 25046, Mail Stop 421, 
Denver Federal Center, Lakewood, CO 80225. 

(Received June 30, 1992; revised April 25, 1994; 
accepted May 2, 199.4.) 


