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1. Colloid transport 

 
Colloid fate and transport models are commonly based on some form of the advection-

dispersion equation, but modified to account for colloid filtration. In the absence of colloid 
inactivation and degradation, the colloid transport equation is then given by 
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where Cc is the colloid concentration in the aqueous phase (nL-3), Sc is the solid phase colloid 
concentration (nM-1), θ is the volumetric water content (L3L-3), D is the dispersion coefficient for 
colloids (L2T-1), and q is the volumetric water flux density (LT-1). The colloid mass transfer term 
between the aqueous and solid phases is traditionally given as: 
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in which kac and kdc are first-order colloid attachment and detachment coefficients (T-1), 
respectively, and ψs is a dimensionless colloid retention function (-).  

To simulate reductions in the attachment coefficient due to filling of favorable sorption sites, 
ψs is sometimes assumed to decrease with increasing colloid mass retention. Langmuirian 
dynamics equation has been proposed for ψs to describe this blocking phenomenon:  
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in which Sc

max is the maximum solid phase colloid concentration (nM-1).  
Notice that Eq. (2) lumps the effects of a variety of physical and chemical processes into a 

single attachment coefficient parameter. Bradford et al. (2002, 2003) hypothesized that the 
influence of straining and attachment mechanisms on colloid retention should be separated into 
two distinct components: attachment and detachment per se, and straining (being the entrapment 
of colloids in pore throats that are too small to allow passage). Bradford et al. (2003) proposed 
the following depth-dependent straining coefficient of the form 
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where d50 is the median grain size of the porous media (L), β is a fitting parameter (-), and z is 
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distance from the porous medium inlet (L). Data from Bradford (2002, 2003) for different colloid 
diameters (dp) and porous media median grain sizes showed an optimal value of 0.43 for β.   
 

 
2. Colloid-facilitated solute transport  

 
Colloid-facilitated transport requires knowledge of colloid transport, dissolved contaminant 

transport, and colloid-facilitated contaminant transport. Transport and/or mass balance equations 
must therefore be formulated for the total contaminant, for contaminant sorbed kinetically or 
instantaneously to the solid phase, and for contaminant sorbed to mobile colloids, to colloids 
attached to the soil solid phase, and to colloids accumulating at the air-water interface. As an 
illustration of the complexities involved, we review here the equations for colloid-facilitated 
transport that we recently incorporated in the HYDRUS software packages. 

 
Mass balance equation for the total contaminant.  The combined dissolved and colloid-
facilitated contaminant transport equation (in one dimension) is given by: 
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where θ is the volumetric water content (L3L-3), C is the dissolved contaminant concentration in 
the aqueous phase (ML-3), Se and Sk are contaminant concentrations sorbed instantaneously and 
kinetically, respectively, to the solid phase (MM-1); Smc and Sic are contaminant concentrations 
sorbed to mobile and immobile colloids (Mn-1), respectively; JT is the total flux of the dissolved 
contaminant (ML-3T-1), D is the dispersion coefficient for contaminants in solution (L2T-1), q is 
the volumetric water flux density for the contaminant (LT-1), and R represents various chemical 
and biological reactions, such as degradation and production (ML-3T-1), discussed below. Note 
that the left side sums the mass of contaminant associated with the different phases (contaminant 
in the liquid phase, contaminant sorbed instantaneously and kinetically to the solid phase, and 
contaminant sorbed to mobile and immobile colloids), while the right side considers various 
spatial mass fluxes (dispersion and advective transport of the dissolved contaminant, and 
dispersion and advective transport of contaminant sorbed to mobile colloids). 

  
Mass balance equation for contaminant sorbed to the solid phase.  Equation (13) invokes the 
concept of two-site sorption for modeling nonequilibrium adsorption-desorption reactions. The 
two-site sorption concept assumes that total sorption, S, can be divided into two fractions: 
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with sorption Se (MM-1) on one fraction of the sites (type-1 sites) assumed to be instantaneous, and 
sorption Sk (MM-1) on the remaining sites (type-2 sites) being time-dependent according to 
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where f is the fraction of sorption sites (type-1 sites) at equilibrium with the solution, Kd is the 
distribution coefficient (L3M-1), and Rs represents various chemical and biological reactions of 
the kinetically sorbed contaminant (ML-3T-1).  

 
Mass balance equation for contaminant sorbed to mobile colloids.  The mass balance equation 
for contaminant sorbed to mobile colloids can be written as 
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where kamc is the adsorption rate to mobile colloids (T-1), kdmc is the desorption rate from mobile 
colloids (T-1), and Rmc represents various chemical and biological reactions for contaminant 
sorbed to mobile colloids (ML-3T-1). The parameter ψm adjusts the sorption rate to the number of 
mobile colloids present, i.e., 
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where Cc

ref is the reference concentration of colloids for which the sorption rate kamc is valid 
(ML-3). In equation (15), the first two terms on the right side represent dispersion and advective 
transport, respectively, of contaminant sorbed to mobile colloids; the third and fourth terms 
account for sorption and desorption of contaminants to/from mobile colloids, respectively; the 
fifth and sixth terms account for the attachment (including straining) and detachment of mobile 
colloids containing sorbed contaminants, respectively; while the seventh term represents 
degradation or other reactions involving contaminant sorbed to mobile colloids. 
 
Mass balance equation for contaminant sorbed to immobile colloids.  The mass balance 
equation for contaminant sorbed to immobile colloids can be written as follows 
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where kaic is the adsorption rate to immobile colloids (T-1), kdic is the desorption rate from 
immobile colloids (T-1), and Ric represents various reactions for contaminant sorbed to immobile 
colloids (ML-3T-1). The parameter ψi adjusts the sorption rate to the number of immobile colloids 
present: 
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where Sc

ref is the reference concentration of immobile colloids for which the sorption rate kaic is 
valid (ML-3). In equation (17) the first two terms on the right side represent adsorption and 
desorption of contaminant to/from immobile colloids, respectively; the third and fourth terms 
describe the attachment (including straining) and detachment of immobile colloids with sorbed 
contaminant, respectively; and finally the fifth term represents reactions of contaminant sorbed to 



 4

immobile colloids. 
 

Reaction term.  The reaction term R in (12) may be used to account for a variety of chemical and 
biological reactions and transformations, including degradation and production, not already 
explicitly incorporated in the main total contaminant mass transport equation. Consistent with 
current capabilities of the HYDRUS software packages to simulate sequential first-order decay 
chains, R may include provisions for two first-order degradation reactions: one which is 
independent of other solutes and one which provides the coupling between solutes involved in 
sequential first-order decay reactions. As discussed earlier in Section 2, problems of solute 
transport involving sequential first-order decay reactions frequently occur in soil and 
groundwater systems. The reaction term R in (12) for colloid-facilitated transport scenarios is 
now given by: 

  
 - - ( ) - ( )b e k c mc c icw s cR C S S C S S Sθ ρ θ ρμ μ μ= + +  (12) 

 
where μw, μs , and μc are first-order rate constants (T-1) for solutes in the liquid, solid, and colloid 
phases (T-1), respectively;. The reaction terms Rs, Rm, and Rim for reactions in the kinetically sorbed 
phase, on mobile colloids, and colloids associated with the solid phase, respectively, are as follows: 
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The above mathematical development shows that a complete description of colloid-facilitated 

transport requires a total of six coupled partial differential equations involving six unknown 
variables (Cc, Sc, C, Sk, Smc, Sic).  

 
3. Example application for colloid-facilitated transport 

 
Typical features of colloid and colloid-facilitated transport are demonstrated here for a 

hypothetical column experiment. The column was assumed to have a length, L, of 10 cm, while the 
experiment lasted 600 minutes. Water flowed through the column at full saturation (the saturated 
water content was equal to 0.50) at a flux density, q, of 0.1 cm min-1. Both colloids and the 
contaminant were assumed to be applied at unit (relative) concentrations at the top of the column 
during a time period of 60 min. The soil bulk density, ρ, was set equal to 1.5 g cm-3, while the 
dispersivity, λ, for both the colloids and the contaminant was assumed to be 0.1 cm. The colloid 
attachment and detachment coefficients, ka and kd, were taken to be 0.01 and 0.005 min-1, 
respectively. Solute sorption to soil was considered instantaneous with the distribution coefficient, 
Kd, equal to 2 L kg-1. Solute adsorption was assumed to be the same for both the mobile and 
immobile colloids, but with different rate coefficients of kamc= kaic=0.1 min-1 and kdmc= kdic=0.02 
min-1, respectively, and with Cc

ref= Sc
ref=1. For these conditions, one pore volume, T, is equal to 50 

minutes [t = TL/v = TLθs/q = 1 * (10 cm) * 0.5 / (0.1 cm/min) = 50 min], while the retardation factor 
for the contaminant equals 7 (R = 1 + ρKd/θs = 1 + 1.5*2/0.5 = 7). 

Figure 1 shows colloid and total solute concentrations at depths of 5 and 10 cm. The main 
concentration fronts for both colloids and solute arrived, as expected, at 1 and 7 pore volumes 
(i.e., after 50 and 350 minutes), respectively. However, a significant amount of solute arrived 
much earlier than at 7 pore volumes. This earlier arrival is due to the accelerated movement of 
solute sorbed to mobile colloids.  
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Figure 2 presents colloid and solute fluxes at the bottom of the column. Notice that the solute 
flux (Fig. 2b) has two concentration peaks. The first peak corresponds to contaminant arriving 
sorbed to colloids, which have a retardation factor, R, equal to 1 (no sorption or anion exclusion), 
while the second peak corresponds to solute arriving dissolved in water (R=7, t=350 min). Also 
notice that the initial contaminant fluxes (Fig. 2b) are smaller relative than the colloid fluxes, 
which show a plateau of certain duration. This is because contaminant sorption onto the colloids 
was assumed to be a kinetic process which requires a certain time period for sorption to be 
complete. The contaminant flux for this reason keeps increasing until it suddenly drops at the end 
of the colloid pulse. Hence, the largest contaminant fluxes during the first peak occured just 
before the end of the colloid pulse (Fig. 2b). Colloids keep arriving at the bottom of the column 
after the main colloid pulse due to kinetic colloid detachment from the solid phase (Fig. 2a). By 
comparison, considerable solute fluxes are present between the two solute peaks as a result of 
solute both sorbed to colloids and, increasingly, dissolved in water. The dissolved solute fluxes 
at the end of the column were initially also due to enhanced transport by the colloids in 
especially the upper part of the columns, and subsequent desorption into the liquid phase (Fig. 
2b). As expected, the bulk of the contaminant arrived at approximately 350 minutes, consistent 
with a solute retardation factor, R, of 7. 
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Figure 1. Colloid (a) and contaminant (b) concentrations at a depth of 5 and 10 cm. 
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Figure 2. Calculated colloid (a) and contaminant (b) flux densities at the bottom of the 10-cm 
long soil column. 
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Implementation of colloid transport and colloid-facilitated solute 
transport: 

 
Input Parameters: 
 
a) Colloids transport (Solute 1) – as in the standard HYDRUS-1D: 
6 dc diameter of the sand grains [L], d50 
11 μl  first-order immobilization/decay in the liquid phase 
12 μs  first-order immobilization/decay in the solid phase  
13 ipsi2 type of colloid blocking for the second sites (not for filtration theory) 
14 ipsi1 type of colloid blocking for first sites (not for filtration theory) 
15 Smax2 maximum retention capacity of the solid phase [MM-1] on the second sites 
16 ka2 deposition (attachment) coefficient [T-1] on the second sites 
17  kd2 entrainment (detachment) coefficient [T-1] on the second sites  
18 Smax1 maximum retention capacity of the solid phase [MM-1] on the first sites 
19 ka1 deposition (attachment) coefficient [T-1] on the first sites 
20 kd1 entrainment (detachment) coefficient [T-1] on the first sites  
 
b) Solute transport (Solute 2) (these parameters are reinterpreted differently than in the 

standard HYDRUS-1D): 
11 μl  first-order decay in the liquid phase 
12 μs  first-order decay in the solid phase (both attached to soil and to colloids)  
13 Omega kinetic sorption to solid phase [T-1] 
14 GamL’ empty 
15 Smax2 reference concentration of immobile colloids for which sorption rate ka2 is 

valid [ML-3] 
16 ka2 sorption rate to immobile colloids [T-1] 
17  kd2 desorption rate from immobile colloids [T-1] 
18 Smax1 reference concentration of mobile colloids for which sorption rate ka1 is valid 

[-] 
19 ka1 sorption rate to mobile colloids [T-1] 
20 kd1 desorption rate from mobile colloids [T-1] 
 
Only colloids characterized with parameters 18-20 (only one sorption site) are considered for 
solute transport! Filtration theory is not considered for colloid transport in the colloid 
facilitated transport model. 
 
Inverse Solution: 
See examples Colloid1i and Colloid1j. In the Colloid1i example, the objective function is 
defined using colloid (Position=2) and dissolved solute (Position=-2) concentrations at the 
second observation node. In the Colloid1j example, the objective function is defined using 
colloid (Position=2) and solute (Position=-2) fluxes at the bottom of the profile, and dissolved 
solute (Position=12) concentrations at the second observation node. 
 
Output: 
The program prints instead of the hydraulic conductivity the concentration of contaminant sorbed 
to mobile colloids (CcSmc) and instead of the hydraulic capacity the concentration of contaminant 
sorbed to immobile colloids (ScSic). 


