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Highly parameterized numerical models are frequently used in environmental sciences to interpret physicochemical processes. Despite their popularity, unjustiﬁed model complexity often undermines model generalizability, resulting in poor model predictive capabilities. A trade-oﬀ between model performance and complexity
can be achieved using model selection techniques, which are largely unexplored in biogeochemical modeling.
Our study aims to address this scientiﬁc gap by investigating the main advantages and ﬁndings of model selection in a typical biogeochemical modeling application. In particular, the study focuses on the numerical
description, at ﬁve diﬀerent levels of complexity, of the reactive transport processes of nitrogen species in a
controlled aquifer model laboratory setup. To this end, the mechanistic model HYDRUS is coupled with the
multimodal Nested Sampling algorithm for the estimation of the Bayesian model evidence and posterior parameter distributions. After successfully calibrating the HYDRUS-2D model against measurements from a tracer
test, a lower-ﬁdelity surrogate-based analysis is carried out to tackle the problem of computational cost, as well
as to compare ﬁve diﬀerent models which combine ﬁrst-order and Monod-based parameterization of the microbial nitrogen degradation. Results demonstrate that measured data contain enough information content to
support an increase in the complexity of the Monod model, which can reproduce the transient accumulation of
nitrite at the beginning of the experiment. The Bayesian analysis reveals that such behavior is related to the
particular structure of measured data, which plays a fundamental role in the model selection. The analysis
concludes with a validation of the surrogate-based analysis, which conﬁrms the reliability of the proposed
numerical approach, opening up new perspectives on the use of multi-ﬁdelity surrogates for the Bayesian model
selection in environmental modeling.
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1. Introduction
Water pollution is a global challenge that has increased in both
developed and developing countries, undermining economic growth as
well as the physical and environmental health of billions of people. The
European Environmental Agency (EEA) has recently reported that only
38% of European water bodies met chemical pollution standards
(European Environment Agency, 2018), with groundwater sites
showing high exposure to nutrient pollution from agricultural activities.
A similar trend was observed in China and the United States, where
agriculture was identiﬁed as the main source of pollution of surfacewater bodies (Mateo-Sagasta et al., 2017). Extensive use of organic and
inorganic fertilizers, as well as waste management from livestock, is
directly related to increased levels of nitrogen pollution in water bodies.
Preventative measures taken in the last few decades, such as optimized
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fertigation strategies and appropriate tillage and manure management,
have resulted in an appreciable decrease of nitrate concentrations in
surface-water bodies, though their eﬀect on groundwater is still limited
(EEA, 2018).
Groundwater vulnerability to nitrogen byproducts is mainly inﬂuenced by reactive transport processes in the vadose zone. Subsurface
redox conditions induced by the coupled water-solute transport regulate the microbial transformation of nitrogen species, such as nitriﬁcation and denitriﬁcation. An accurate numerical description of
these multiple interacting physical and biological processes is crucial
for developing eﬀective and reliable strategies to mitigate groundwater
nitrogen pollution. In the last few decades, several models have been
developed and applied to describe and predict nitrogen turnover in soils
both at small and large scales. For example, the hydrological model,
HYDRUS (Šimůnek et al., 2016), has been successfully used to simulate
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contradictory model rankings, which complicate the model selection.
Lu et al. (2011) further conﬁrmed these ﬁndings by highlighting signiﬁcant diﬀerences in the geostatistical model selection between classical information criteria and the Monte Carlo Markov Chain (MCMC)
analysis. Similar results were reported by Schöniger et al. (2014), who
compared nine ways to calculate the Bayesian model evidence in a
hydrological application, concluding that numerical integration is at
the basis of the Bayesian model selection.
To this aim, multiple studies have focused on developing or improving algorithms for the MC determination of the marginal likelihood. The most popular MC approximation is the Arithmetic Mean of
the joint likelihood evaluated for parameter samples obtained by various methods (e.g., MCMC, generalized likelihood uncertainty estimation methods). However, this approximation is aﬀected by slow convergence and overestimation of the marginal likelihood, especially if
the posterior distribution is much more concentrated than that of the
prior (Kass and Raftery, 1995). To overcome this limitation, Pajor
(2017) proposed a Corrected Arithmetic Mean Estimator, in which the
prior sample is trimmed to eliminate regions of the parameter space
with very low likelihood, similarly as in the Corrected Harmonic Mean
estimator (Lenk, 2009). Various other numerical methods have been
proposed in the literature to estimate the Bayesian model evidence
directly or to compute ratios of two marginal likelihoods (i.e., a Bayes
factor). Popular methods are based on the reversible jump algorithm
(Green, 1995) and bridge sampling methods (Meng and Wong, 1996).
Recently, Volpi et al. (2017) proposed a Gaussian Mixture Importance
(GAME) sampling, which estimates the evidence via multidimensional
numerical integration of the posterior parameter distribution using
bridge sampling. First, a large collection of samples is generated from
the posterior parameter distribution using MCMC simulation with the
DREAM algorithm (Vrugt, 2016) by conditioning separately each candidate model on the observed data. Then, a multivariate mixture distribution is ﬁtted to this MCMC collection of posterior samples using the
likelihood theory to estimate the marginal likelihood of each competing
hypothesis via bridge sampling. A popular alternative is to estimate the
marginal likelihood from the Gibbs sampling output (Chib, 1995), later
extended to the Metropolis-Hastings output (Chib and Jeliazkov, 2001).
However, both variants are computationally ineﬃcient. Friel and Pettitt
(2008) proposed a thermodynamic integration method, inspired by the
path sampling of Gelman and Meng (1998). Recently, Wei et al. (2019)
applied this method to calculate the marginal likelihood and discriminate between diﬀerent evapotranspiration models. In another
study, Liu et al. (2016) showed that thermodynamic integration could
outperform semi-analytical solutions, Arithmetic Mean, Harmonic
Mean, and nested sampling, in terms of the solution accuracy and
consistency for repeated independent runs. A diﬃculty with this
method is the choice of the optimal temperature schedule. To circumvent this issue, Weinberg (2012) proposed a novel approach based on
Lebesgue integration. However, the thermodynamic integration generally requires a high computational cost, which restraints its use in
environmental modeling. Elshall and Ye (2019) proposed a variant of
the steppingstone sampling algorithm, which is less sensitive to sampling errors and more computationally eﬃcient than the thermodynamic integration, yet this method is mainly limited to moderately
complex problems.
From this literature background, it emerges that an accurate estimation of the marginal likelihood requires a high number of model
executions, which may not be possible for biogeochemical models due
to their high computational cost. A viable solution is to use highly efﬁcient MC algorithms, which provide a balanced trade-oﬀ between
marginal likelihood accuracy and computational eﬀort. This will allow
to have a statistical basis for biogeochemical model selection and uncertainty assessment, which is of great importance in biogeochemical
modeling. Skilling (2006) proposed a one-dimensional re-parametrization of the integral of the Bayesian model evidence, which signiﬁcantly
reduced the computational cost of the Bayesian analysis. This approach

nitrogen balance in several agricultural applications (e.g., Filipović
et al., 2016; Gärdenäs et al., 2005; Hanson et al., 2006; Li et al., 2015).
HYDRUS numerically solves the Richards and advection-dispersion-reaction equations describing water ﬂow and solute transport in soils,
respectively. Nitrogen reactions are generally simulated using a sequential chain with ﬁrst-order coeﬃcients, which reduces the number
of model parameters but simpliﬁes the description of the microbial
degradation. On the other hand, the model DAISY (Hansen et al., 1991)
reﬁnes the description of nitrogen turnover in the root zone by simulating the eﬀect of microbial growth in multiple conceptual pools. A
similar approach is used in the models RZWQM (Ma et al., 2012) and
CENTURY (Parton, 1996). Many studies have proven the accuracy of
this approach (e.g., Cameira et al., 1998; Kröbel et al., 2010; Ma et al.,
2007; Salazar et al., 2017).
However, the choice of an appropriate level of model complexity is
a constant problem in biogeochemical modeling (e.g., Homann et al.,
2000; Kimmins et al., 2008). A large number of optimized parameters
can pose model calibration issues, such as signiﬁcant parameter uncertainty and limited model-predictive capabilities that undermine its
generalizability (Ajami and Gu, 2010; Elsheikh et al., 2013; Freni et al.,
2011; Schoups et al., 2008). Since model uncertainty plays a crucial
role in optimal decision making for groundwater management (PeñaHaro et al., 2011; Wagner and Gorelick, 1987), the selected model must
be as simple as possible, as complex as necessary (Höge et al., 2018) to
accurately reproduce observations and reduce predictive uncertainty.
This approach should be ubiquitous in any modeling application. The
high conceptual parameterization of complex models often results in
the overﬁtting of measured data and parameter non-uniqueness, unless
large and informative observations are used for calibration (Pande
et al., 2015). In contrast, simpler models generally have lower predictive uncertainty since their few parameters are easily constrained by
observations, although the ﬁt quality deteriorates. Thus, a less accurate,
simple model ranks better than a more complex one that does not
provide a good enough ﬁt to justify its higher complexity (Myung,
2000). This trade-oﬀ between quality of ﬁt and complexity embodies
the principle of Occam's razor, which states that “entities should not be
multiplied beyond necessity,” and is at the basis of model selection
techniques.
The Bayesian model selection is a formal approach that allows a
comparison of alternative models on a statistically rigorous basis in
light of observations and any prior information available. This evaluation is based on the calculation of the Bayesian model evidence,
often named in the literature as the marginal likelihood. Computation of
the Bayesian model evidence is numerically challenging, as it involves a
multi-dimensional integration over the entire parameter space often
described by a multimodal peaked likelihood surface. Such problems
are exacerbated for environmental and biogeochemical models characterized by high nonlinearity and strong parameter interactions
(Ajami and Gu, 2010; Brunetti et al., 2019, 2016; Dai et al., 2019). To
avoid the time-consuming Monte Carlo (MC) analysis, several authors
have suggested diﬀerent analytical approximations of the Bayesian
model evidence. For example, the Akaike Information Criterion
(Akaike, 1973) stems from the information theory and is frequently
applied for its ease of implementation (Guthery et al., 2003). In another
study, Neuman (2003) proposed a Maximum Likelihood Bayesian
Model Averaging approach based on Kashyap's information criterion,
which reduces computational eﬀort. A further simpliﬁed index is the
Bayesian Information Criterion ﬁrst introduced by Schwarz (1978).
Recently, Watanabe (2013) proposed a Widely Applicable Bayesian
Information Criterion (WBIC), which starts with the computed log
pointwise posterior predictive density and then adds a correction for an
eﬀective number of parameters to adjust for overﬁtting. As discussed by
Gelman et al. (2014), this criterion has the advantage of averaging over
the posterior distribution rather than conditioning on a point estimate.
However, Friel et al., (2017) demonstrated that the WBIC can overestimate the Bayesian model evidence. Such inaccuracies can lead to
2

Journal of Hydrology 584 (2020) 124681

G. Brunetti, et al.

2014; Laloy et al., 2013; Razavi et al., 2012). While most of the existing
literature focuses on data-driven surrogates, previous studies highlighted how lower-ﬁdelity surrogates overcome many of the limitations
of data-driven surrogates (Asher et al., 2015; Razavi et al., 2012).
Lower-ﬁdelity surrogates are computationally cheap models constructed
from the complex model by reducing geometrical complexity, numerical resolution, or removing processes, and generally, yield eﬃcient
calibration providing that their approximation is limited and assessed
against the original model. The combination of eﬃcient Bayesian model
selection techniques (i.e., Nested Sampling) with lower-ﬁdelity surrogates is still largely unexplored for biogeochemical modeling applications. More research is thus needed in this direction. Obtained results
could apply to other scientiﬁc ﬁelds as well.
Our study aims to cover these scientiﬁc gaps by exploring the main
advantages and ﬁndings of model selection in a typical biogeochemical
application. In particular, the study focuses on the numerical description, at diﬀerent levels of complexity, of the reactive transport processes of nitrogen species in a controlled aquifer model laboratory
setup. The aquifer model is ﬁrst subject to a tracer test to characterize
its hydraulic functioning and then to an application of cattle slurry to
assess biogeochemical reactions involved in nitrogen transformations.
The problem is addressed in the following way. Initially, the mechanistic model HYDRUS (Šimůnek et al., 2016) is externally coupled with
the MULTINEST algorithm for the estimation of the Bayesian model
evidence and posterior parameter distributions. Next, the coupled twodimensional HYDRUS-2D model is employed to inversely estimate soil
hydraulic and solute transport parameters using measurements from a
tracer experiment. Estimated parameters are then used in the one-dimensional HYDRUS-1D model, which simulates transport and biogeochemical reactions in the system during the application of cattle slurry.
HYDRUS-1D is used as a lower-ﬁdelity surrogate to overcome the impractically high computational cost associated with the 2D model in the
computationally intensive Bayesian model selection. Five levels of
complexity of the biogeochemical model are investigated. Either constant ﬁrst-order decay rates or Monod kinetics are alternatively used
and combined to interpret ammoniﬁcation and nitriﬁcation processes in
the aquifer. High spatial resolution measurements are used in the
Bayesian analysis to constrain the inverse problem. Finally, results from
the surrogate-based analysis are projected in the 2D model for validation. It must be noted that the combined use of the MULTINEST algorithm and the lower ﬁdelity surrogate for the Bayesian model selection
represents a novelty in biogeochemical modeling, underlining that the
development of eﬃcient model selection frameworks for such applications is of crucial importance.

is at the basis of the Nested Sampling (NS) algorithm, which has been
applied successfully in several research ﬁelds (Elsheikh et al., 2014,
2013; Mukherjee et al., 2006; Paulson et al., 2019; Schöniger et al.,
2014; Shaw et al., 2007). Liu et al. (2016) evaluated the convergence
and accuracy of NS using multiple numerical experiments and concluded that it is computationally more eﬃcient than thermodynamic
integration and similarly accurate. The low stability in the estimation of
the marginal likelihood stems from the necessity to draw eﬃciently
unbiased samples from the likelihood-constrained prior. Several variants of the original algorithm were developed to address this issue.
Brewer et al. (2011) proposed a Diﬀusive Nested Sampling algorithm
that uses MCMC to explore a mixture of progressively constrained
distributions. However, for highly correlated and multimodal target
distributions, multiple particles needs to be considered, which increases
the computational cost. Furthermore, multiple tuning parameters have
to be set, making the algorithm very sensitive. Handley et al. (2015)
developed the PolyChord NS algorithm, which uses the slice sampling
to sample within the nested isolikelihood contours, thus making it
suited for a high-dimensional parameter space. A recent study of Cao
et al. (2018) reported how PolyChord outperformed other NS-based
algorithms in terms of accuracy and stability in high-dimensional inverse problems, even though it is computationally expensive. In another
study, Zeng et al. (2018) used the DREAMZS algorithm to sample from
the likelihood-constrained prior and compared it against the classic NSMetropolis-Hastings. Results of that study indicate that the NSDREAMZS is more eﬃcient and robust, which indicates that this algorithm is due to its higher eﬃciency preferable to the thermodynamic
integration when computational resources are inadequate. To improve
the computational eﬃciency of the NS, Higson et al. (2019) introduced
a Dynamic Nested Sampling algorithm, in which the number of “live
points” varies, allocating samples more eﬃciently. This results in a
speedup of computations by a factor of up to ~7 for marginal likelihood
calculations. Feroz et al. (2009) proposed an ellipsoidal rejection
sampling scheme (MULTINEST) that allows us to identify and isolate
near-Gaussian posterior modes in small overlapping ellipsoids. Once
identiﬁed, these modes can be evolved independently, thereby automatically accommodating posteriors degeneracies while maintaining
high eﬃciency for simpler problems. MULTINEST has proven to be
highly eﬃcient and accurate for low dimensional problems (i.e., < 20
parameters), while its accuracy degrades for highly parameterized
analyses. Later, Feroz et al. (2013) proposed an Importance Nested
Sampling, which overcomes such limitations and signiﬁcantly increases
the accuracy of MULTINEST.
Despite its computational eﬃciency, the NS still requires thousands
of model runs to calculate the Bayesian model evidence. In this perspective, recent studies on the surrogate-based analysis have demonstrated their eﬃciency for computationally expensive model calibration
applications (Asher et al., 2015; Brunetti et al., 2017; Elsheikh et al.,

Fig. 1. A cross-section of the experimental facility with the spatial distribution of measurement points.
3
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parameters. The tracer test was conducted under steady-state ﬂow
conditions by injecting deuterium (2H) enriched groundwater into the
system. In particular, a tracer solution volume of 1.6 L with a concentration of 243 mg/L was applied at the soil surface for 173 min.
BTCs were obtained by regularly sampling pore water for ﬁve days at
16 selected sampling ports (Fig. 1). In total, approximately 40 mL of
pore water was extracted per sampling port over a period of up to four
days, which is small compared to the total water volume (30 L), and not
signiﬁcant enough to inﬂuence water ﬂow within the system.

Table 1
Measured irrigation rates, nitrogen species concentrations in the inﬂow, and
water table depths during the cattle slurry injection.
Time
(day)

Irrigation
rate (L/day)

Water Table
depth (cm)

Norg
(mg/
L)

NH4+
(mg/L)

NO2−
(mg/L)

NO3−
(mg/L)

9
23
51
54
74
89

13.35
13.35
6.50
6.50
6.50
0.00

25.00
25.00
25.00
25.00
[16.00,34.00]
25.00

10.92
11.89
12.15
1.00
1.00
1.00

10.92
11.89
12.15
0.03
0.03
0.03

0.21
0.00
1.26
4.29
4.29
4.29

2.24
0.07
0.01
51.46
51.46
51.46

2.1.3. Experiments on the fate of ammonium and nitrate
Nitrogen mineralization was triggered by injecting cattle slurry into
the aquifer model for 89 days. The main aim of this experiment was to
investigate nitrogen reactive processes in a combined saturated-unsaturated system under diﬀerent operating conditions.
The experiment required four diﬀerent reservoirs with a volume of
200 L. Two liters of preconditioned liquid manure were diluted in 198 L
of pure groundwater to reach a suﬃciently high concentration of nutrients. Biogeochemical measurements were carried out in both the
reservoirs and at the injection needles when connecting a new reservoir
to the system. Because, as mentioned previously, it was not possible to
measure organic nitrogen, its concentration was established using
measured NH4+ concentrations and compared with literature values. In
particular, previous studies indicated that ammonium generally represents about 50% of the nitrogen in the liquid cattle manure (e.g.,
Beauchamp et al., 2010; van Middelkoop and Holshof, 2017). Therefore, the organic nitrogen concentration in the inﬂow is assumed to be
the same as the ammonium during the ﬁrst 51 days of the experiments,
considering that nitrite and nitrate concentrations were considerably
smaller (Table 1). The last cattle manure reservoir was connected to the
injection system on day 51. Measured inﬂow concentrations indicate
that NO3− was the predominant N species (Table 1). This behavior is
due to strong mineralization processes likely triggered by preliminary
sieving and centrifugation of cattle slurry used to separate liquid and
solid fractions. Indeed, previous studies have demonstrated that such
treatment results in a monodisperse particle size distribution of the liquid manure characterized by a majority of particles below 25 µm
(Peters et al., 2011). Such particles are characterized by low carbon/
nitrogen ratios and a high nitrogen mineralization potential (Fangueiro
et al., 2008). Thus, a Norg concentration of 1 mg/L was assumed for the
last reservoir, considering that DOC was still detected in the inﬂow.
Nevertheless, preliminary numerical simulations showed that this value
plays a negligible role in the nitriﬁcation process due to its relatively
low magnitude.
The experiment was divided into three stages (Table 1). Steady-state
ﬂow conditions were induced for the ﬁrst 22 days by setting the recharge rate and the water table to 13.35 L/day and 25 cm, respectively.
On day 23, the recharge rate was decreased to 6.5 L/day to increase
transit times. Between days 54 and 73, transient ﬂow conditions were
generated by simulating diurnal water table ﬂuctuations. The applied
amplitude and periodicity were consistent with water table ﬂuctuations
observed in natural environments (Gribovszki et al., 2010, 2008). In
particular, the automated piston device was programmed to raise and
lower the outﬂow tube from 16 to 34 cm, providing a complete ﬂuctuation cycle over 24 h. On day 73, the ﬂuctuations were terminated
when the water table reached its starting position at a depth of 25 cm.
At that time, the peristaltic pumps were deactivated, resulting in stagnant water ﬂow. Measured dissolved oxygen in the aquifer model was
always above 2 mg/L, which indicates suitable aerobic conditions for
nitriﬁcation and negligible denitriﬁcation.

2. Materials and methods
2.1. Case study description
2.1.1. Experimental setup
A schematic of the experimental aquifer setup is shown in Fig. 1.
The aquifer model (106 cm long * 50 cm high * 20 cm wide) was divided into two chambers: a 100 cm wide chamber for the sediment
packing and a 6 cm wide chamber for drainage, separated by a waterpermeable grid. The soil was packed up to a height of 50 cm. To
guarantee uniform irrigation, water inﬂow (at the soil surface) was
pumped from a reservoir to the aquifer model using 4 peristaltic pumps
connected to 60 silicone tubes equipped with an injection needle. The
outﬂow tube from the drainage chamber was used to simulate water
table ﬂuctuations by adjusting its height via a self-built automated
piston device. Outﬂow water was then collected in a waste container
and pumped to the sink.
The sediment used in the experiment originated from a gravel pit in
Bruckmühl near Munich, Germany. The particle size distribution analysis indicated a medium-coarse sandy sediment characterized by a
negligible silt and clay content (i.e., 1.25%). Groundwater used for the
experiments was taken directly from a well at the Institute for
Groundwater Ecology in the Helmholtz Zentrum München, Germany,
where all experiments were conducted.
Soil water samplers (Rhizon SMS, Eijkelkamp) and optical dissolved
oxygen sensors (PSt3, Presenns) were installed in four vertical proﬁles
(indicated by letters A, B, C, and D; vertical dashed lines in Fig. 1) with
eight ports and spots each, respectively. Pore water samples extracted
during the tracer test were analyzed using an isotopic water analyzer
(Picarro L2120-i) to reconstruct breakthrough curves (BTCs). Ammonium (NH4+), nitrite (NO2−), and nitrate (NO3−) concentrations in
samples and groundwater were determined using an ion chromatography system (ICS 1100, Dionex), while a total organic carbon analyzer (TOC-5000A, Shimadzu) was used to measure the Dissolved Organic Carbon (DOC). No measurements of organic nitrogen (Norg) were
available due to operational issues. The soil pressure head was monitored by eleven tensiometers (black circles in Fig. 1) (T5-5, UMS)
distributed in three vertical proﬁles with an acquisition frequency of
30 min.
The experiment consisted of a tracer test, which was conducted
before the manure injection. The system was equilibrated by irrigating
with pure groundwater for 15 weeks before starting with the manure
injection. In particular, during this period, the irrigation rate and the
water table were set to 13.35 L/day and 25 cm, respectively.

2.1.2. Tracer experiments
The tracer experiment took place between weeks 6 and 15 of the
equilibration period in order to avoid disturbances inside the model
aquifer during experiments with cattle slurry (i.e., nitrogen). The main
objective of the tracer test was to accurately characterize the solute
transport processes in the aquifer and to use BTC data in the Bayesian
framework to inversely estimate soil hydraulic and transport

2.2. Modeling theory
2.2.1. Water ﬂow and solute transport
The hydrological model HYDRUS (Šimůnek et al., 2016) is used to
model the hydraulic behavior of the aquifer. HYDRUS is a ﬁnite4
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bacteria, Ammonium Oxidizing Bacteria (AOB) and Nitrite Oxidizing
Bacteria (NOB). Such reactions can be numerically described using two
diﬀerent formulations: either as constant ﬁrst-order decay reactions or
as Monod Kinetics. The former neglects the bacteria growth and assumes constant reaction rates, while the latter adjusts the reaction depending on the simulated bacteria population. When considering constant ﬁrst-order decay, the reaction chain in the solid and liquid phases
is described as follow:

element model for simulating the movement of water, heat, and multiple solutes in variably-saturated porous media. It numerically solves
the Richards equation for multi-dimensional variably-saturated water
ﬂow:

∂θ
= ∇ [K ·∇ (h − z )]
∂t

(1)

where t is time [T], z is the vertical coordinate [L], θ is the volumetric water content [L3L−3], K is the unsaturated hydraulic conductivity [LT−1], and h is the pressure head [L]. The unimodal van
Genuchten–Mualem (VGM) model (van Genuchten, 1980) is used to
describe the soil hydraulic properties:

ϕk = μL, k θCk + μS, k ρsk

where µL,k and µS,k are the ﬁrst-order degradation coeﬃcients for the
kth solute, providing a connection between chain species in the liquid
and solid phases, respectively [T−1]. This numerical approach has been
used extensively in the literature (e.g., Hanson et al., 2006; Li et al.,
2015; Ramos et al., 2012). The use of this model is also justiﬁed by
measured inﬂow concentrations (Table 1), which exhibit a complete
shift towards nitrate after day 54, suggesting a plausible negligible effect of reaction processes towards the end of the experiment.
On the other hand, biomass growth and decay are explicitly modeled using the Monod kinetics and the ﬁrst-order reaction, respectively:

1

Θ=

⎧ (1 + (α | h |)n)m if h ⩽ 0
⎨
1 if h > 0
⎩
Θ=

θ − θr
θs − θr

( (

(2)

))

⎧ Ks Θl ⎡ 1 − 1 − Θ m1
K=
⎣
⎨
Ks if h>0
⎩
1
m=1− n

m 2

⎤ if h<0
⎦

dΓ
Ck
=γ
Γ − bΓ
dt
S + Ck

(3)
3 −3

where Θ is the eﬀective saturation [L L ], α is a shape parameter
related to the inverse of the air-entry pressure head [L−1], θs and θr are
the saturated and residual water contents, respectively [L3L−3], n and
m are pore-size distribution indices [–], Ks is the saturated hydraulic
conductivity [LT−1], and l is the tortuosity and pore-connectivity
parameter [–].
The reactive transport of nitrogen species in the aquifer is modeled
as a sequential reaction chain, in which organic nitrogen is ﬁrst converted into ammonium by heterotrophic organisms, then oxidized by
autotrophic bacteria into nitrite and nitrate. Denitriﬁcation processes
are neglected due to the persistent oxic conditions observed during the
experiment. The transport of the kth solute in the aquifer is described
using the advection–dispersion-reaction equation, assuming that solutes
can exist only in the solid and liquid phases:

∂ρsk
∂θCk
= ∇ (θDkW ·∇Ck ) − ∇ (qCk ) − ϕ
+
∂t
∂t

where Γ is the biomass concentration [ML ], γ is the maximum
aerobic growth rate [T−1], S is the half-saturation constant [MM−1],
and b is the ﬁrst-order coeﬃcient representing lysis [T−1]. This approach assumes that bacterial degradation only occurs in the liquid
phase (De Wilde et al., 2009) and that bacteria are immobile (De Wilde
et al., 2009; Holden and Fierer, 2005; Wehrer et al., 2012), leading to:

ϕk =

Γ⎛
Ck ⎞
θ
γ
Y ⎝ S + Ck ⎠
⎜

⎟

(8)

where Y is the yield coeﬃcient [MM−1]. The Monod kinetics, while
providing a more coherent description of nitrogen turnover, requires
more parameters and is computationally more expensive, and therefore
its use should be statistically justiﬁed in light of the information content
of measured data.
A preliminary analysis of measured eﬄuent concentrations showed
a transient accumulation of nitrites and a delayed production of nitrates
in the aquifer at the beginning of the experiment, suggesting the bacterial growth had a signiﬁcant inﬂuence on the mineralization process
(Fig. 2). Ammonium in injected water was readily available for oxidation into nitrites by AOBs. As the AOBs population grew, the nitrite
substrate became suﬃcient to trigger NOBs growth, which reduced

where Ck is the concentration of the kth solute in the liquid phase
[ML−3], sk is the concentration of the kth solute in the solid phase
[MM−1], ρ is the sediment density [ML−3], DkW is the dispersion tensor
for the kth solute in water [L2T−1], q is the water ﬂux [LT−1], and ϕk
represents the reaction sink/source term [ML−3T−1]. No reactive processes are assumed for deuterium and nitrate.
Linear adsorption to the solid phase is considered for Norg and NH4+
(Gärdenäs et al., 2005; Li et al., 2015; Mariano et al., 2016), while 2H,
NO2−, and NO3− exist only in the liquid phase:
(5)
3

−1

where Kd,k is the distribution coeﬃcient of the kth solute [L M
components of the dispersion tensor Dij,kW are expressed as:

θDijW, k = λT |q| δij + (λL − λT )

(7)
−3

(4)

Sk = K d, k Ck

(7)

qj qi
|q|

+ θDW , k τW δij

]. The

(6)

where λT and λL are the transverse and longitudinal dispersivities [L],
δij is the Kronecker delta function [–], DW,k is the molecular diﬀusion
coeﬃcient of solute k in free water [L2T−1], and τW is the tortuosity
factor in the liquid phase [–] (e.g., Millington and Quirk, 1960).
2.2.2. Microbial degradation of nitrogen
Heterotrophic and autotrophic bacteria in the porous media are
responsible for nitrogen mineralization. Heterotrophic bacteria convert
organic nitrogen into ammonium (i.e., ammoniﬁcation), which is used
as a substrate in the next nitriﬁcation process operated by autotrophic

Fig. 2. Measured concentrations of NH4+, NO2−, and NO3− in outﬂow water
during the experiment showing the transient accumulation of NO2−.
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neglected due to its limited eﬀect on the experiment (cover on top). A
special “Time-Variable Pressure Head” BC (blue line in Fig. 3) is used
for the right part of the domain exposed to air and water table ﬂuctuations. This BC assigns the speciﬁed pressure head value to the lowest
nodal point of the boundary, while pressure heads at other nodes are
adjusted based on the z-coordinate. At the same time, a “Seepage Face”
BC is assigned to nodes with calculated negative pressure heads. The
concentration ﬂux along the top and right boundaries is simulated using
the Cauchy-type BC. Zero water and concentration ﬂux boundary
conditions (black lines in Fig. 3) are applied to all remaining boundaries
of the domain.
Preliminary tests have shown that the execution time to simulate
both ammoniﬁcation and nitriﬁcation using the Monod kinetics in
HYDRUS-2D was around 10,000 s on a PC equipped with a CPU Intel
Core i7-8750H, 16 GB of RAM, and SSD. Since no high-performance
computing cluster was readily available, such computational cost would
make the Bayesian model selection impractical. Therefore, HYDRUS-1D
is used as a lower-ﬁdelity surrogate model due to its limited run time
(i.e., ≈8 s). This assumption appears acceptable for several reasons: 1)
HYDRUS-1D simpliﬁes only the geometry of the problem, while it
shares the same parameterization and simulates the same physicochemical processes as HYDRUS-2D, 2) the inﬁltration process in the
unsaturated part of the domain is considered to be strictly vertical, and
thus, the two models are expected to produce similar inﬁltration
pathways, 3) since the majority of reactive processes take place near the
sediment surface, the similarity between HYDRUS-1D and HYDRUS-2D
in this zone guarantees a good description of the reactive transport also
in the surrogate, and 4) preliminary simulations showed that the velocities are higher in the saturated zone of the system than in the unsaturated zone. Due to the limited length of the aquifer model (i.e.,
100 cm), the delay induced by horizontal ﬂow in the saturated zone is
rather limited, and the assumption of instantaneous discharge in the
surrogate is thus tolerable. However, it must be emphasized that these
assumptions and the used approach are not general but restricted to this
particular case study. There exist multiple numerical approaches to
formally address the discrepancies between low and high-ﬁdelity
models, such as correction functions, space-mapping, and hybrid strategies (Razavi et al., 2012), which are, however, beyond the scope of
the present work. Nevertheless, ﬁnal model validation is carried out to
assess the results of the surrogate-based analysis.
Similarly, the HYDRUS-1D vertical domain is discretized in 100 onedimensional elements which are reﬁned near the soil surface. An
“Atmospheric” BC is speciﬁed on the top boundary, while a “TimeVariable Pressure Head” BC (the red line in Fig. 3) is used for the
bottom boundary. The quality of the FE mesh is assessed by checking
the mass balance error reported by HYDRUS at the end of the simulation. Mass balance errors, which in this simulation were always below
1%, are generally considered acceptable at these low levels.
Initial pressure head conditions are assumed to be in hydrostatic
equilibrium from the lowest located nodal point (i.e., z = 0 and
h = 25 cm). Measured concentrations from diﬀerent sampling points

Table 2
Models analyzed in the Bayesian model selection framework and their description of biogeochemical processes.
Biogeochemical
Process

Ammoniﬁcation
Ammonium Oxidation
Nitrite Oxidation

Model ID
M1

M2

M3

M4

M5

Firstorder
Firstorder
Firstorder

First-order

First-order

First-order

Monod

Monod

First-order

Monod

Monod

First-order

Monod

Monod

Monod

nitrites by producing nitrates. After this transient period, both bacterial
populations were equilibrated, and the mineralization process was
characterized by fast nitrate production and transport. This preliminary
data screening theoretically supports the use of Monod kinetics for the
interpretation of the nitrogen turnover in the aquifer. However, the
most appropriate description of each process (e.g., ammoniﬁcation,
ammonium oxidation, nitrite oxidation) must be identiﬁed to avoid
unjustiﬁed complexity. To this aim, the ﬁrst-order decay reactions and
Monod kinetics are combined to obtain a set of ﬁve diﬀerent biogeochemical models of increasing complexity (Table 2). In particular, the
simplest M1 model describes all nitrogen reactions using only ﬁrstorder reactions, while the most complex M5 model simulates bacteria
growth in all reaction processes. Diﬀerent model compositions aim not
only to identify the most appropriate level of model complexity but also
to explain whether bacterial growth plays a crucial role in all reaction
steps.

2.2.3. Numerical domain and boundary conditions
In this section, model settings used in the following Bayesian analysis are described. The two-dimensional model HYDRUS-2D is used in
combination with tracer data for the Bayesian estimation of soil hydraulic and transport properties. Throughout this manuscript, HYDRUS2D is considered the high-ﬁdelity model due to its comprehensive description of Boundary Conditions (BCs). The two-dimensional domain
has a length and a depth of 100 and 50 cm, respectively. The domain is
discretized into two-dimensional triangular elements reﬁned in the
right part of the domain to accommodate velocity gradients at the
outﬂow, thus reducing mass balance errors. The generated FE mesh has
2142 nodes and 4100 two-dimensional elements.
An “Atmospheric” BC (green line in Fig. 3) is speciﬁed on the top
boundary of the model domain to simulate the irrigation of the aquifer.
This BC type can exist in three diﬀerent states: (a) irrigation and/or
potential evaporation ﬂuxes, (b) a zero pressure head (full saturation)
during ponding when both inﬁltration and surface runoﬀ occur, and (c)
an equilibrium between the soil surface pressure and the atmospheric
water vapor pressure when the atmospheric evaporative demand
cannot be met by evaporation from the soil proﬁle. Soil evaporation is

Fig. 3. The spatial distribution of applied boundary conditions in both HYDRUS-2D and HYDRUS-1D.
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likelihood as the prior volume is shrunk. Once the evidence Z is estimated, posterior parameter distributions and associated weights can be
inferred using the full sequence of discarded points from the nested
sampling process. In this study, the active set consisted of 100 points for
all Bayesian analyses. This value was selected based on a preliminary
sensitivity analysis on the eﬀect of active points on the calculated
marginal likelihood. Brieﬂy, the Coeﬃcient of Variation (CV) of the
marginal likelihood was estimated by running the NS algorithm ﬁve
times using a diﬀerent number of active points (i.e., 20, 50, 100, 200),
as described in Zeng et al. (2018). Only a negligible reduction in the CV
was obtained when using more than 100 points. This analysis was
carried out used to assess the stability of the estimator and its potential
eﬀect on models’ ranking.
The most challenging task in the NS algorithm is sampling from the
prior with the hard constraint L > L0. To overcome this problem,
several techniques have been proposed in the past. In the present study,
the MULTINEST algorithm proposed by Feroz et al. (2009) is used.
MULTINEST is a combination of the ellipsoidal nested sampling
(Mukherjee et al., 2006) with the recursive clustering (Shaw et al.,
2007) that is particularly suited for degenerated multimodal posterior
distributions, which are often encountered when inversely estimating
soil hydraulic and transport parameters (e.g., Brunetti et al., 2019).
Indeed, in such circumstances, a single ellipsoid also includes lowlikelihood regions between high-likelihood clusters making the algorithm extremely ineﬃcient. The solution is to detect these clusters and
bind them in separate ellipsoids. To achieve this, a recursive process
with 2-means clustering is adopted. If the resulting two ellipsoids have
a signiﬁcantly lower total volume than the parent ellipsoid (less than
half), the split is accepted and the clustering and volume test are repeated on each of the two subsets of points. This process continues
recursively. Alternatively, if the total ellipse volume is signiﬁcantly
greater than expected, this indicates that there may be more than two
clusters and that 2-means clustering was not appropriate. Therefore, the
algorithm still tries to subdivide the clusters recursively. However, it
only accepts the ﬁnal clustering if the total volume decrease is signiﬁcant.
It can be assumed that the posterior bulk was explored suﬃciently
when the active points, in sum, incremented the evidence by only some
small fraction of the total accumulated evidence. More speciﬁcally, the
currently active point with the highest likelihood gives an estimate of
the highest likelihood in the region. The remaining evidence at iteration
i is estimated according to:

were used to set initial solute concentrations in the solute domain. Since
no measured data were available, the microbial biomass initial concentration in model M2 was assumed to decrease with depth. In particular, a value of 10 mg/L is assumed for the top 10 cm, while 1 mg/L
is set in all remaining nodes of the numerical domain. This is compatible with what was already observed in other studies (e.g., Henrichs
et al., 2007).
The standard HYDRUS code was modiﬁed to simulate bacterial
degradation in model M2. To this end, a separate FORTRAN ﬁle was
created to solve explicitly in time Eq. (7) and to calculate zero-order
reaction rates, which are then used to assemble the system of algebraic
equations resulting from the discretization of the governing advectiondispersion partial diﬀerential equations.
2.3. Model calibration and uncertainty assessment
2.3.1. MULTINEST algorithm
In this section, the MULTINEST algorithm used in the model selection and inverse parameter estimation is described. For simplicity,
only a general overview of the method is provided, while detailed descriptions about the theoretical background and numerical implementation can be found in Skilling (2006), Mukherjee et al. (2006),
and Feroz et al. (2009).
The Bayesian inference provides a statistically coherent approach
for the estimation of a set of parameters Ω in a model H for the data D:

Pr(Ω|D,H) =

Pr(D|Ω,H) Pr(Ω|H)
Pr(D|H)

(9)

where Pr(Ω|D, H) ≡ P(Ω) is the posterior probability of the parameters, Pr(D|Ω, H) ≡ L(Ω) is the likelihood, Pr(Ω|H) ≡ π(Ω) is the
prior, and Pr(D|H) ≡ Z is the Bayesian model evidence, which can be
expressed as:

Z=

∫ L (Ω) π (Ω) dDΩ

(10)

where D is the dimensionality of the parameter space. The Bayesian
evidence is the average of the likelihood over the prior, and it is expected to be smaller for a model with large areas in its parameter space
having low likelihood, even if the likelihood function is highly peaked,
and larger for a model with higher likelihood of model parameters in a
larger fraction of its parameter space. The numerical estimation of Z is
at the basis of the model selection and is the core of the NS algorithm.
NS was ﬁrst presented by Skilling (2006) as an eﬃcient Monte Carlo
method to calculate the evidence and estimate posterior distributions as
by-products. The core of the method is the transformation of the multidimensional integral in Eq. (10) to a one-dimensional integral. To this
end, the prior mass X can be deﬁned as the cumulative prior mass
covering all likelihood values greater than the iso-likelihood contour ω:

X (ω) =

∫L (Ω) > ω π (Ω) dDΩ

where Xi is the remaining prior volume. The stopping criterion is then
based on the ratio between the estimated total evidence and the current
evidence:

log(Zi + Zest ) − log Zest < 0.5

(11)

2.3.2. Likelihood function and prior distributions
If we assume that error residuals are uncorrelated and normally
distributed with a constant variance, σ2, the likelihood function L(Ω)
can be written as:

1

∫ L (X ) dX
0

(14)

To avoid the premature stopping of the algorithm, the maximum
number of algorithm iterations is set to 100,000. Such threshold value
has never been reached during the simulations.

For the case of normalized prior probability, the prior mass X has a
value 1 if ω = 0 and decreases to 0 as ω approaches 1. Deﬁning the
inverse function L(X) as the likelihood which bounds a prior mass X ,
one can simplify Eq. (10) from a multi-dimensional integral over the
prior volume to a one-dimensional integral over the prior mass:

Z=

(13)

Zest = L max Xi

(12)

The NS algorithm provides an iterative process to solve Eq. (12). At
each iteration i, N “active” samples are drawn from the prior. Samples
are then sorted in order of their likelihood, and the smallest (with
likelihood L0) is removed from the active set and replaced by a point
drawn from the prior subject to the constraint that the point has a
likelihood L > L0. The iterative process is stopped when the stopping
criterion is satisﬁed. The algorithm thus travels through nested shells of

k

L (Ω) =

∏
i=1

1
2πσ 2

1
exp ⎡− σ 2 (Hi (Ω) − y~i )2⎤
⎦
⎣ 2

(15)

where Hi(Ω) and ỹi are the ith model realization and its corresponding
measured value, respectively. For algebraic simplicity, the log-likelihood ℓ(Ω) is used:
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ℓ(Ω) = −

k
k
1
ln(2π ) − ln(σ 2) −
2
2
2σ 2

k

∑ (Hi (Ω) − y~i )2
i=1

Table 3
The bounds of the soil hydraulic, transport, and reactive parameters used in the
Bayesian analyses.

(16)

In the inverse modeling, σ is treated as a nuisance parameter and
integrated out from the inference equation (e.g., Kavetski et al., 2006).
The new likelihood is then written as:
2

k

ℓ(Ω) = −

k ⎡
⎤
ln ∑ (Hi (Ω) − y~i )2⎥
2 ⎢ i=1
⎣
⎦

(17)

Uniform prior distributions are used in the Bayesian analysis.
Parameter bounds are provided in the following sections.
2.3.3. Inverse estimation of soil hydraulic and solute transport parameters
Before the Bayesian model selection, the MULTINEST algorithm is
used in conjunction with tracer data to inversely estimate soil hydraulic
and transport parameters. This modeling scenario is denoted as TR. A
high-resolution dataset consisting of measured BTCs from 16 sampling
points is used to calibrate HYDRUS-2D. Since the tracer breakthrough
curves did not show any anomalous behavior, such as tailing (Knorr
et al., 2016; Pedretti et al., 2013), the eﬀects of soil heterogeneity have
been neglected. To have a better agreement between HYDRUS-1D and
HYDRUS-2D, a weight of 0.2 has been assigned to measured deuterium
concentrations in the saturated zone where the eﬀect of the horizontal
ﬂow is appreciable. As such, the optimized soil hydraulic parameters
are mostly representative of the unsaturated zone, which is similarly
described by the high and lower ﬁdelity models. For such conditions,
estimated soil hydraulic and transport parameters can be directly
transferred to HYDRUS-1D since they are representative of the soil
properties of the aquifer. The residual water content θr is ﬁxed to 0.0,
which is a common value for coarse-textured soils (e.g., Brunetti et al.,
2017). The pore connectivity parameter l is set to 0.5, and the transverse dispersivity λT is assumed 0.1λL. Due to these simpliﬁcations, the
number of unknown parameters is reduced to 5: the saturated water
content θs, the VGM shape parameters α and n, the saturated hydraulic
conductivity Ks, and the longitudinal dispersivity λL. The parameter
bounds used in the analysis are reported in Table 2.

Parameter

Scenario ID

Lower Bound

Upper Bound

θs (cm3/cm3)
α (1/cm)
n (–)
Ks (cm/day)
λL (cm)
K d Norg (cm3/g)

TR
TR
TR
TR
TR
M1, M2, M3, M4, M5

0.20
0.05
1.50
100.00
0.10
0.00

0.60
0.30
4.00
1000.00
0.50
1000.00

μ L Norg (1/day)

M1, M2, M3, M4

0.01

3.00

μ S Norg (1/day)

M1, M2, M3, M4

0.01

3.00

K dNH 4 + (cm3/g)

M1, M2, M3, M4, M5

0.00

20.00
3.00

μ LNH 4 + (1/day)

M1, M3

0.01

μ SNH 4 + (1/day)

M1, M3

0.01

3.00

μ LNO2 − (1/day)

M1, M2

0.01

3.00

γNorg (1/day)

M5

0.20

10.0

YNorg (–)

M5

0.05

0.25

S Norg (mg/L)

M5

0.50

8.00

b Norg (1/day)

M5

0.01

0.15

γNH4+ (1/day)
YNH4+ (–)
SNH4+ (mg/L)
bNH4+ (1/day)
γNO2- (1/day)
YNO2- (–)
SNO2− (mg/L)
bNO2− (1/day)

M2,
M2,
M2,
M2,
M3,
M3,
M3,
M3,

0.20
0.05
0.50
0.01
0.20
0.05
0.50
0.01

0.90
0.25
8.00
0.15
0.90
0.25
8.00
0.15

M4,
M4,
M4,
M4,
M4,
M4,
M4,
M4,

M5
M5
M5
M5
M5
M5
M5
M5

model run. Modeled nitrite and nitrate concentrations at four diﬀerent
depths are compared with measured data to validate the results of the
surrogate-based analysis. This aim of this step is to identify plausible
signiﬁcant deviations between the higher and lower ﬁdelity models,
and to provide a general assessment of the surrogate-based analysis.
3. Results
3.1. Inverse estimation of soil hydraulic and solute transport parameters

2.3.4. Biogeochemical model selection
50th percentile values of the posterior distributions of soil hydraulic
and transport parameters obtained in the scenario TR are then used in
HYDRUS-1D for the Bayesian model selection. Measured nitrite and
nitrate concentrations from diﬀerent vertical proﬁles are averaged to
obtain average concentrations for 8 observation points at diﬀerent
depths (Fig. 1). The number of unknown parameters in biogeochemical
models varies between 7 (M1) and 14 (M5) (Table 3). A preliminary
sensitivity analysis to identify unimportant factors is avoided due to the
relatively low dimensionality of the inverse problem. In such circumstances, the Bayesian analysis normally reveals which parameters are
inﬂuential and can be inferred from measured data. The soil bulk
density is set to 1.5 g/cm3, which is a common value for sandy sediments. Molecular diﬀusion coeﬃcients are assumed 1.92 cm2 day−1 for
all nitrogen species (Langergraber and Simunek, 2006). Parameter
bounds reported in Table 2 are based on a literature review (e.g., Bitton,
2010; Hanson et al., 2006; Leslie Grady et al., 2011) and slightly expanded to detect particular patterns in the Bayesian optimization. Indeed, posterior parameter distributions located near the bounds of the
search space generally indicate the theoretical inadequacy of the model,
which can only describe measured data by using unphysical parameter
values. Finally, the calculated Bayesian model evidence is used for the
model selection and to summarize model diﬀerences.

The joint and marginal posterior distributions of the soil hydraulic
and transport parameters obtained from Scenario TR are shown in
Fig. 4 and have a markedly unimodal pattern characterized by a leptokurtic behavior. Consequently, the conﬁdence intervals (Table 3) are
narrow, thus indicating good identiﬁability of optimized parameters.
The Bayesian analysis reveals a well-posed inverse problem characterized by low uncertainty, mainly stemming from the simultaneous use of
informative measured concentrations at diﬀerent depths, which constrain the inverse estimation problem well. This is further conﬁrmed by
the limited correlation shown in the joint posterior distributions. Estimated parameter ranges are in agreement with what has been reported
in the literature for sandy soils (e.g., Thoma et al., 2014). Only the
saturated hydraulic conductivity exhibits a relatively lower value (e.g.,
Carsel and Parrish, 1988), indicating the compaction of the aquifer
model during the experiment. The longitudinal dispersivity λL ranges
between 0.11 and 0.19 cm, which corresponds with the values reported
in Sato et al. (2003) and Vanderborght and Vereecken (2007). Water
ﬂow is characterized by vertical inﬁltration in the unsaturated zone,
and by its gradual transition to horizontal ﬂow when approaching the
saturated zone. Such behavior is particularly evident near the outﬂow.
Posterior predictive checks (grey lines in Fig. 5) conﬁrm the accuracy of the numerical model in describing the coupled water-solute
transport in the aquifer. Fig. 5 shows a slight underestimation of the
tracer concentration at z = −20 cm in the vertical proﬁle D (Fig. 1).
This can be explained by lower weights assigned to the observation
points in the saturated zone (i.e., z < −25 cm) during the Bayesian
analysis, thus their less accurate ﬁt by the model. The overall accuracy

2.3.5. Model validation
50th percentile values of the posterior distributions obtained in the
Bayesian surrogate-based analysis (i.e., HYDRUS-1D) are used in the
high-ﬁdelity model (i.e., HYDRUS-2D) to perform a single forward
8
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Fig. 4. Joint (below diagonal) and marginal (diagonal) posterior distributions of the soil hydraulic and transport parameters for Scenario TR. The isolines and the
dashed lines indicate the 12, 39, 68, and 84% probability levels and the 95% conﬁdence intervals, respectively. The axis ranges correspond to the parameter bounds
reported in Table 2.

3.2. Biogeochemical model selection

of the model predictions conﬁrms the assumption of homogeneous soil
and the negligible inﬂuence of heterogeneity on water and solute
movement. The estimated 50th percentile values of soil hydraulic and
transport parameters (Table 3) are used in the next Bayesian Model
Selection, where only adsorption and reaction parameters are investigated.

3.2.1. Marginal likelihoods
The MULTINEST algorithm required from 1211 (M1) to 2671 (M4)
iterations to satisfy the convergence criterion (Eq. (14)). In particular,
scenario M5 required, on average, approximately 3 days of computation
to perform a single Bayesian analysis. This behavior is related to an
increase in both the dimensionality of the inverse problem (i.e., 14
parameters) and the mathematical complexity of the numerical model.
Indeed, the addition of multiple Monod-type reactions (Eq. (8)) makes

Fig. 5. A comparison between the model predictions (grey lines) obtained by random sampling of 100 solutions from the posterior distributions (Scenario TR) and
measured concentrations at four diﬀerent observation points.
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Table 4
Median values and 95% conﬁdence intervals of the soil hydraulic, transport, and reactive parameters for six modeling scenarios (TR, M1, M2, M3, M4, and M5). The
estimated Bayesian model evidence and the coeﬃcient of variation are reported in the last two rows.
Parameter

Scenario ID
TR

M1

M2

M3

M4

M5

5%

50%

95%

5%

50%

95%

5%

50%

95%

5%

50%

95%

5%

50%

95%

5%

50%

95%

θs (cm /cm )
α (1/cm)
n (–)
Ks (cm/day)
λL(cm)
K d Norg (cm3/g)

0.37
0.21
3.28
193
0.11
–

0.38
0.22
3.47
216
0.14
–

0.39
0.25
3.72
243
0.19
–

–
–
–
–
–
77

0.38
0.22
3.47
216.1
0.14
398

–
–
–
–
–
738

–
–
–
–
–
32

0.38
0.22
3.47
216.1
0.14
86

–
–
–
–
–
628

–
–
–
–
–
631

0.38
0.22
3.47
216
0.14
772

–
–
–
–
–
897

–
–
–
–
–
229

0.38
0.22
3.47
216
0.14
273

–
–
–
–
–
330

–
–
–
–
–
134

0.38
0.22
3.47
216
0.14
646

–
–
–
–
–
963

μ L Norg (1/day)

–

–

–

0.20

1.45

2.80

0.22

1.51

2.80

0.24

1.62

2.83

0.28

1.61

2.76

–

–

–

μ S Norg (1/day)

–

–

–

0.07

0.14

2.30

1.35

2.64

2.97

0.08

0.09

0.11

2.38

2.78

2.98

–

–

–

K dNH 4 + (cm3/g)

–

–

–

4.50

8.05

9.80

2.30

4.74

9.41

7.26

9.04

9.90

3.90

4.97

6.38

1.25

2.06

4.74

μ LNH 4 + (1/day)

–

–

–

0.22

1.47

2.82

–

–

–

0.21

1.25

2.69

–

–

–

–

–

–

3

3

μ SNH 4 + (1/day)

–

–

–

0.18

0.30

0.78

–

–

–

0.30

0.38

0.53

–

–

–

–

–

–

μ LNO2 − (1/day)

–

–

–

1.29

2.28

2.94

1.44

2.23

2.91

–

–

–

–

–

–

–

–

–
9.77

γNorg (1/day)

–

–

–

–

–

–

–

–

–

–

–

–

–

–

–

4.71

7.87

YNorg (–)

–

–

–

–

–

–

–

–

–

–

–

–

–

–

–

0.06

0.14

0.23

S Norg (mg/L)

–

–

–

–

–

–

–

–

–

–

–

–

–

–

–

0.71

2.55

4.01

–

–

–

–

–

0.01

0.06

0.13

–
–
–
–
0.48
0.23
7.50
0.15

0.64
0.70
0.16
0.22
0.51
0.65
0.08
0.12
0.32
0.36
0.05
0.06
5.39
7.05
0.12
0.14
294.09 ± 0.45
0.002
2671

0.75
0.25
0.98
0.14
0.40
0.09
7.92
0.15

0.34
0.37
0.05
0.05
0.97
2.94
0.02
0.05
0.50
0.53
0.14
0.19
7.40
7.80
0.14
0.15
307.8 ± 0.43
0.003
2532

b Norg (1/day)

–

–

–

–

γNH4+ (1/day)
YNH4+ (–)
SNH4+ (mg/L)
bNH4+ (1/day)
γNO2- (1/day)
YNO2- (–)
SNO2− (mg/L)
bNO2− (1/day)
Z
CV
Iterations

–
–
–
–
–
–
–
–

–
–
–
–
–
–
–
–

–
–
–
–
–
–
–
–

–
–
–
–
–
–
–
–
131.19
0.001
1211

–
–
–
–
–
–
–
–
–
± 0.23

–

–

–

–

–

–
–
–
–
–
–
–
–

0.36
0.10
0.65
0.01
–
–
–
–
233.8.09
0.001
1299

0.69
0.21
1.26
0.05
–
–
–
–
± 0.29

0.82
0.25
5.07
0.11
–
–
–
–

–
–
–
–
–
–
–
–
0.29
0.39
0.06
0.14
2.25
4.80
0.09
0.13
248.6 ± 0.35
0.002
1569

the system of partial diﬀerential equations (Eq. (4)) numerically stiﬀ,
thus requiring smaller time steps to achieve convergence. The coeﬃcient of variation for multiple MULTINEST runs is very low for all
modeling scenarios (Table 4) and does not aﬀect the model ranking,
thus indicating an overall satisfactory accuracy and stability of the algorithm. This is also conﬁrmed by the low error in the estimated
marginal likelihoods (Table 4).
The biogeochemical models M1 and M5 exhibit the lowest (i.e.,
131.19 ± 0.23) and the highest (i.e., 307.8 ± 0.43) marginal likelihoods, respectively, indicating that the information content of the
measured data supports the use of the full Monod model to represent
nitrogen turnover in the aquifer. A closer look at the intercomparison
between diﬀerent models highlights interesting patterns. First, the use
of the Monod kinetics instead of the ﬁrst-order reaction to represent the
AOBs reaction results in a signiﬁcant increase in the marginal likelihood, which almost doubles from 131.19 (M1) to 233.8 (M2). Similar
behavior is encountered when simulating the NOBs bacterial growth
(M3). This provides the ﬁrst indication that microbial growth and degradation play a fundamental role in the analyzed case study.
Interestingly, Z is higher for model M3 compared to model M2, although they both share the same level of theoretical model complexity.
This behavior mainly indicates that the NOBs reaction has a larger
impact on nitrogen turnover in the aquifer than ammonia reduction,
though the diﬀerence in the estimated Bayesian evidence can also be
partially attributed to a higher number of parameters of model M3. The
use of the Monod kinetics for both nitrifying bacteria (M4) leads to a
further, but less substantial, increase of the marginal likelihood (i.e.,
294.09 ± 0.45). This increase is even less signiﬁcant when including
in the model ammonifying bacteria growth and degradation (M5), thus
indicating a saturation of the model complexity. Such behavior can be
clearly inferred from Fig. 6, which shows how the marginal likelihood

0.40
0.06
6.57
0.09
0.56
0.24
8.00
0.15

Fig. 6. Estimated marginal likelihoods against the number of parameters. The
dashed grey line represents a second-order polynomial ﬁt line.

grows nonlinearly with the number of parameters, and how such dynamics seems to follow a second-order polynomial trend characterized
by a maximum around 14 parameters, which corresponds to the parameterization of model M5. From this perspective, it can be hypothesized that the use of a more complex model would result in overparameterization and worse model generalizability.
3.2.1.1. Posterior distributions. Marginal posterior distributions and
median values and 95% conﬁdence intervals of adsorption and
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μ LNH 4 + , are characterized by ﬂat posteriors and high uncertainty, suggesting a low inﬂuence of these parameters on the simulated process
and that their values cannot be inferred from measured data. This behavior is common in all models. Conversely, the ﬁrst-order decay
coeﬃcients in the solid phase, μ SNorg and μ SNH 4 + , are well estimated,
thus indicating their preeminent role in the numerical description of the
nitrogen turnover in the aquifer. The posterior distributions of the nitriﬁcation rate in the liquid phase, μ LNO2 − , are highest near the right
boundary for both models M1 and M2, conﬁrming an overall model
inadequacy again.
The Monod kinetics parameters for the ammoniﬁcation process in
model M5 are generally characterized by high uncertainty, suggesting
that the information content of the data is not suﬃcient to well constrain their values. The uniform prior is reduced only for the maximum
growth rate and the half-saturation constant, while the yield and the
lysis coeﬃcient are only partially inferred. This behavior can be an
indication of potential overﬁtting.
Microbial reaction parameters for AOBs show mixed posterior patterns. The maximum aerobic growth rate, γNH4+, is characterized by
leptokurtic distributions in biogeochemical models M2, M4, and M5,
and this behavior exacerbates with an increase in model complexity.
The growth rate of AOBs, γNH4+, in model M4 ranges between 0.64 and
0.75 1/day, which is in line with typical growth rates at 20 °C reported
in the literature (e.g., Leslie Grady et al., 2011), while its range appears
to be underestimated for model M5. Again, this behavior can be explained by a high correlation shown in Fig. 7, which indicates potential
overﬁtting. Posterior distributions of half-saturation constants for AOBs
are right-skewed and accumulated near the boundaries. The uncertainty is higher for models M2 and M5, while its range shrinks and
varies between 0.51 and 0.98 mg/L for model M4, which is in agreement with what has been reported in the literature (Bitton, 2010; Leslie
Grady et al., 2011) and conﬁrms that AOBs have a lower half-saturation
constant compared to NOBs (Sharma and Ahlert, 1977). Posterior distributions of the yield coeﬃcient, YNH4+, show a diﬀerent behavior
among models. In particular, models M2 and M4 have peaks near the
left boundary, while model M5 is characterized by very low yield values. The latter appears to contradict what was observed in other studies (e.g., Bitton, 2010), which reported a high value of YNH4+, thus
against suggesting potential overﬁtting of model M5. A behavior this,
which is further conﬁrmed by the relatively low value of the lysis
coeﬃcient for AOBs observed in models M2 and M5.
On the other hand, microbial reaction parameters for NOBs show
similar posterior patterns. The maximum aerobic growth rate γNO2- for
models M3, M4, and M5 is well identiﬁed and characterized by limited
uncertainty. The high positive correlation observed in Fig. 7 for model

reaction parameters for all investigated biogeochemical models are
shown in Fig. 8 and Table 4, respectively. At the ﬁrst inspection,
posteriors exhibit mixed patterns. Generally, parameters’ uncertainty
tends to decrease when the model complexity increases, indicating the
theoretical inadequacy of simple parameterizations in reproducing
nitrogen turnover in the aquifer. For model M1, the uniform prior is
reduced for four parameters, and among them, only two factors, μ SNorg
and μ SNH 4 + , are well identiﬁed. On the other hand, the reduction of
almost all priors for models M4 and M5 suggests that bacterial growth
dynamics is the mechanism responsible for reaction processes and that
the ﬁrst-order reactions are not suﬃcient to explain this
biogeochemical process.
The posterior distribution of the adsorption coeﬃcient for organic
nitrogen, K d Norg , varies signiﬁcantly between diﬀerent biogeochemical
models. On average (Table 4), its value is high and indicates strong
sorption of organic nitrogen to the solid phase, which is compatible
with observations in the transport studies on organic compounds in
soils (Mariano et al., 2016). Interestingly, the posterior distributions of
K d Norg for models M3 and M4 are leptokurtic and unimodal, though their
median values (Table 4) diﬀer signiﬁcantly, while higher uncertainty is
encountered for models M1 and M5. While the behavior of the former
can be explained by an overall theoretical inadequacy of the parameterization, the diﬀerence between M4 and M5 is surprising, considering the similar level of complexity and estimated marginal likelihoods. However, correlation matrices (Fig. 7) can help in explaining
this aspect. In particular, Fig. 7 shows a strong negative correlation
between K d Norg and K dNH 4 + for model M5, thus implying that low sorption of organic nitrogen is compensated in the simulation by higher
ammonium sorption. Overall, there is an increase in parameter correlations in model M5, which can indicate overﬁtting, as already discussed for Fig. 6.
On the other hand, the posterior distribution of the adsorption
coeﬃcient for ammonium, K dNH 4 +, is skewed in all biogeochemical
models, thus suggesting its prominent role in nitrogen turnover. The
uncertainty range decreases with an increase in model complexity and
shifts towards more realistic sorption values. In particular, models M4
and M5 present leptokurtic posterior distributions, which are in line
with values reported in the literature, generally ranging between 0.5
and 3.5 cm3/g (Hanson et al., 2006; Jellali et al., 2010; Li et al., 2015).
On the other hand, models M1 and M3 exhibit a dense probability region near the right boundary of the parameter space (i.e.,
K dNH 4 + ≈ 10 cm3/g), which is signiﬁcantly overestimated. As a consequence of these high sorption rates, the ﬁrst-order decay coeﬃcients
in the liquid phase for organic nitrogen and ammonium, μ L Norg and

Fig. 7. Heatmaps of the correlation matrices for models M4 (left) and M5 (right) calculated using the samples obtained by the MULTINEST algorithm.
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Fig. 8. Marginal posterior distributions of the adsorption and reaction parameters for the biogeochemical modeling scenarios M1, M2, M3, M4, and M5. The dashed
lines indicate 95% conﬁdence intervals. The axis ranges correspond to the parameter bounds reported in Table 2.

3.2.1.2. Model predictive checks. To better investigate the models’
behavior, the parameter uncertainty is propagated to generate
posterior predictive checks, which are used to “look for systematic
discrepancies between real and simulated data” (Gelman et al., 2004),
thus representing a fundamental tool for model criticism. Posterior
predictive checks of simulated nitrite concentrations for all
biogeochemical models are obtained by random sampling of 100
solutions from the posterior parameters’ distributions (Fig. 9). An
increase and a decrease in the quality of ﬁtting and predictive
uncertainty, respectively, is evident at the ﬁrst inspection. In
particular, the use of constant ﬁrst-order decay reactions in model M1
prevents the model from correctly simulating transient accumulation of
nitrites and delayed nitrate production at the beginning of the

M5 can explain the slight overestimation of the growth rate. The posterior distribution of the half-saturation constant, SNO2−, is left-skewed,
and its uncertainty decreases with model complexity. All ranges are in
agreement with what has been reported in the literature (Bitton, 2010;
Leslie Grady et al., 2011) and conﬁrm that NOBs have a higher halfsaturation constant (Sharma and Ahlert, 1977). The NOBs yield coefﬁcient, YNO2−, is signiﬁcantly higher for model M5 and suggest that
NOBs were present in higher number compared to AOBs, which contradicts what has been reported in the literature (Bitton, 2010). Finally,
lysis rates show a left-skewed posterior distribution, with bNO2− characterized by a lower uncertainty. This higher value of the death rate for
NOBs is compatible with what was reported in Copp and Murphy
(1995), who reported a typical value of 0.14 1/day.
12
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Fig. 9. Measured average NO2− (black circles) at four diﬀerent depths and posterior predictive checks (grey lines) for the biogeochemical modeling scenarios M1,
M2, M3, M4, and M5 (from top to bottom) obtained by random sampling of 100 solutions from the posterior distributions.

characterized by a slightly lower predictive uncertainty than model
M5, which again can indicate potential overﬁtting.
Similarly, posterior predictive checks of simulated nitrate concentrations for all biogeochemical models are obtained by random
sampling of 100 solutions from the posterior parameter distributions
(Fig. 10). Predictive checks of nitrate concentrations conﬁrm and
highlight the inaccuracy of the model that uses ﬁrst-order reactions to
describe nitrogen reactions in the aquifer. The model bias is particularly
evident during the ﬁrst 50 days of the numerical simulation when the
injected manure is characterized by high organic nitrogen and ammonium concentrations that favor mineralization processes and microbial
growth (Table 1). After this period, nitrates are dominant in the inﬂow,
thus shifting the physical process towards a pure advection–dispersion
process with limited reactions. As expected under such circumstances,
the simple model M1 accurately reproduced NO3− concentrations, even
capturing the ﬁnal concentration rise at z = −10 cm. To summarize,
posterior predictive checks indicate that the model M1 can only partially reproduce measured data and that it cannot fully account for
processes occurring early during the experiment.
Model M2 improves the ﬁtting but exhibits a very high uncertainty,

experiment. The situation slightly improves for model M2, which can
reproduce the nitrites peak at the beginning of the experiment, but
signiﬁcantly overestimate their concentration in the remaining part of
the experiment. This overestimation is particularly evident in the
unsaturated zone, and it indicates high AOBs growth, which is not
compensated by the simultaneous growth of NOBs in model M2. The
situation improves for model M3, which slightly underestimates nitrite
accumulation, and which is characterized by low predictive
uncertainty. The anticipation in nitrite production is mainly due to
the assumption of a constant ﬁrst-order reaction for AOBs, which does
not account for the delay in the bacteria growth. The combination of
multiple Monod kinetics in models M4 and M5 improves the ﬁtting and
limits the uncertainty, thus suggesting that bacterial growth and
reaction were the mechanisms driving nitrogen turnover in the
aquifer. This conﬁrms the ﬁndings reported in Cheyns et al. (2010)
and De Wilde et al. (2009), who suggested that Monod kinetics
performed better when describing pesticide biodegradation in a
laboratory mineralization experiment. A more precise estimation of
the bacteria population at the beginning of the experiment would have
further improved model accuracy. Interestingly, model M4 is
13
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Fig. 10. Measured average NO3− (black circles) at four diﬀerent depths and posterior predictive checks (grey lines) for the biogeochemical modeling scenarios M1,
M2, M3, M4, and M5 obtained by random sampling of 100 solutions from the posterior distributions.

compared to model M4. Both these factors concur with the small difference in marginal likelihood between models M4 and M5.

while predictions of model M3 are much more generalizable. This is
interesting since it indicates that NOBs growth has a greater inﬂuence
on nitrogen turnover than AOBs growth. However, both models M2 and
M3 are aﬀected by signiﬁcant underestimation of nitrate concentrations
at the beginning of the experiment. This behavior disappears in model
M4 and to a greater extent, in model M5, which accurately reproduces
measured nitrate concentrations. The uncertainty band encompasses
measured data and shows good model generalizability. Predictive uncertainty in model M5 tends to increase at deeper depths compared to
model M4, which is instead more conservative. The eﬀect of predictive
uncertainty is more evident during the middle time period of the simulation. At that stage of the simulation, the bacteria population is
already established, and reaction rates become extremely sensitive to
kinetic parameters, which cannot be precisely inferred from measured
data due to their limited temporal resolution during this period. Indeed,
no observations were available between days 37 and 54. Few measurements in that period would likely reduce the model predictive
uncertainty. The improvement in the quality of the ﬁtting is the main
reason for the highest estimated marginal likelihood of model M5,
which is, on the other hand, limited by the slightly higher uncertainty

3.3. Model validation
The estimated 50th percentile values of reaction parameters for
model M5 (Table 3) are used in the high-ﬁdelity model, HYDRUS-2D,
for validation. A comparison between measured and modeled nitrite
and nitrate concentrations at four diﬀerent vertical proﬁles and depths
is shown in Fig. 11. HYDRUS-2D can accurately reproduce measured
data at several locations in the aquifer, thus indicating good predictive
capabilities. The model correctly describes the transient accumulation
of nitrites at the beginning of the experiment, although with some
underestimation and delay, which was already observed with HYDRUS1D. This can be related to potential uncertainties in the estimation of
the soil hydraulic and transport parameters, as well as to biased initial
conditions. Indeed, such initial deviations between modeled and measured concentrations are also noticeable for nitrates, which are overestimated during the ﬁrst few days of the simulated period. Even so, this
eﬀect is small and limited in time. After this initial period, the model
14
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Fig. 11. A comparison between measured (circles) and HYDRUS-2D modeled (solid lines) nitrite (top) and nitrate (bottom) concentrations at four diﬀerent vertical
proﬁles (A, B, C, D) and depths.

As mentioned in the introduction, this study presents the ﬁrst application of Nested Sampling for the Bayesian calibration of a biogeochemical mechanistic model. Results suggest that this algorithm can be
successfully used to simultaneously estimate the Bayesian model evidence and parameter posterior distributions in typical vadose zone
modeling applications, thus providing a statistical basis for the model
comparison and uncertainty assessment in the light of measured data.
The possibility of having this combined statistical outcome at no extra
cost is one of the main advantages of Nested Sampling compared to
traditional MCMC techniques such as ensemble samplers (e.g.,
Goodman and Weare, 2010; Vrugt, 2016), which are frequently used in
combination with mechanistic models (e.g., Brunetti et al., 2019;
Wöhling and Vrugt, 2011). In our analysis, it is ﬁrst used to infer the
posterior distributions of soil hydraulic and transport parameters, then
in a classic model selection framework to discriminate between alternative parameterization of reactive processes. Furthermore, as the
number of iterations demonstrates, it is computationally eﬃcient, requiring a lower number of model executions. This behavior has already
been observed in past studies focused on the comparison of Nested
Sampling with other MCMC samplers (Allison and Dunkley, 2013). The
coeﬃcients of variation for multiple MULTINEST runs were generally
very low, indicating good stability of the algorithm. As such, future
research should focus on providing a rigorous assessment of the advantages and drawbacks of Nested Sampling compared to classical
MCMC samplers in high and low dimensions for typical inverse estimation problems in vadose zone modeling.

more suitable model parameterization for reproducing measured data.
In particular, the higher marginal likelihood for model M5 indicates
that bacterial growth played a major role in the entire nitrogen degradation chain during the laboratory experiment, even though its effect is more signiﬁcant for nitriﬁcation, as indicated by the low difference in the estimated Bayesian evidence between models M4 and M5
(Table 4). On the other hand, model M1, which uses the ﬁrst-order
reactions, underﬁtted measured data (Fig. 9 and Fig. 10), especially at
the beginning of the experiment. This mainly depends on the measured
data, which indicates that diﬀerent geochemical processes are dominant in diﬀerent parts of the experiment. During the ﬁrst part of the
experiment, the mineralization processes are dominant, thus tipping the
balance towards complex models, which can describe the transient
accumulation of nitrite. Model M1, which cannot account for these
processes, is instead able to satisfactorily describe the second part of the
experiment, characterized by negligible mineralization. Another factor
that reduces the ﬁtting quality of the complex model is the uncertainty
stemming from the hypothesized initial bacteria population. This further conﬁrms the point that the choice of a complex model must be fully
justiﬁed by the information content of measured data, which govern the
model selection. The higher the information content of observations,
the higher the model complexity allowed to the modeler.
In summary, this study conﬁrms that Monod kinetics is the most
suited parameterization for laboratory mineralization experiments,
which are generally characterized by a strong inﬂuence of microbial
growth, especially in the ﬁrst part of the experiment. This does not
imply that this model parameterization is a priori better than the one
with the traditional ﬁrst-order coeﬃcients, but it is simply more suited
to reproduce available measured data for this case study, and the
Bayesian analysis statistically proves this. Such a numerical approach
should be used ubiquitously in any model calibration to have a statistical basis for model selection. Claiming the appropriateness of a model
parameterization by relying only on the results obtained using a single
set of optimized parameters, as frequently done, can be highly misleading and lead to poor model calibration, especially for biogeochemical modeling applications.

4.2. Biogeochemical model parameterization

4.3. Importance of measured data

predicts nitrate concentrations at diﬀerent locations well. Some bias is
evident at z = −40 cm, but the overall quality of the ﬁtting is satisfactory. Nevertheless, it must be noted that the ﬁt quality does not
degenerate but improves compared to HYDRUS-1D, suggesting the
overall reliability of the Bayesian calibration.
4. Discussion
4.1. Nested sampling performance

The Bayesian model selection suggests that Monod kinetics is the

Consequently, measured data are crucial in the model calibration.
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(Forrester et al., 2007).

They must be exhaustive and representative of the investigated process.
To maximize the information content of measured data, the model can
be used in a prognostic way by performing a model-based Bayesian
optimal experimental design, which gives the researcher indications of
potential experimental designs that reduce the model predictive uncertainty. For example, in our case, few measurements about the initial
distribution of bacteria in the aquifer could have improved the predictions of the complex model. This is particularly important when
novel model parameterizations are investigated since overﬁtting can
undermine their generalizability, as well as their applicability for
practical applications where the model predictive capability is fundamental for designing purposes.

4.6. Surrogate-based analysis
The combination of the multimodal Nested Sampling algorithm
with a surrogate model can signiﬁcantly increase the overall computational eﬃciency of the analysis, though a rigorous assessment of the
calculated Bayesian model evidence and posterior distributions is recommended. In this perspective, the use of synthetic data is suggested
to avoid the inﬂuence of unpredictable sources of uncertainty often
encountered in measured data.
5. Conclusions

4.4. Importance of priors and posteriors assessment
The aim of this study was to investigate the main advantages and
ﬁndings of model selection in a typical biogeochemical modeling application dealing with nitrogen turnover in a controlled aquifer model
setup. Results from a multilevel numerical analysis raised several interesting points of discussion and provided future research directions on
how to handle model complexity in biogeochemical model calibration
from both a statistical and computational point of view. Certainly, this
research did not pretend to be exhaustive nor conclusive for such a
dynamic ﬁeld as environmental modeling, but instead aimed to be a
scientiﬁc contribution, improving the current understanding of model
complexity and placing emphasis on the role of parsimony in model
selection. Research advancements in environmental sciences and engineering allow the modeler to simulate multiple physical processes
with diﬀerent levels of complexity. This modeling ﬂexibility is undoubtedly a valuable tool but should always be counterbalanced by an
overall sense of parsimony, which is established by the aim and circumstances of the numerical analysis. We want to underline that this
concept should be central in any modeling application, and especially
in environmental sciences, which are, and will be even more in the next
future, heavily dependent on numerical models.

The Bayesian model selection framework included ﬁve parameterizations, which combine Monod kinetics and ﬁrst-order reactions.
The dynamics of the estimated marginal likelihood (Fig. 6) and the
correlation analysis (Fig. 7) suggest a plausible saturation of the
available model complexity and potential overﬁtting, respectively, thus
indicating that a further increase in the model complexity could not be
justiﬁable. However, it is not possible to reject a priori the possibility
that measured data could be better described in terms of ﬁtting and
generalizability, by other models that were not considered in this study.
Nevertheless, the prior model set was selected based on the available
prior information obtained from a preliminary analysis of measured
data. A new level of model complexity (e.g., denitriﬁcation) should be
carefully justiﬁed based on available information, considering the
computational eﬀort required to calculate the marginal likelihood.
Since a single case study cannot be entirely representative of the
physical process investigated, and since diﬀerent unpredictable uncertainties can aﬀect measured data, both prior and posterior parameter
distributions must be carefully inspected and compared with the existing body of literature to assess their physical meaning. Priors are
fundamental to rule out unphysical solutions and constrain the inverse
problem and must be set based on both a thorough literature survey and
preliminary experiments. For example, in our case, batch experiments
on the adsorption of ammonium to the solid phase could have been
used to obtain a more informative prior about the distribution coeﬃcient. In contrast, posteriors with peaks near the boundary of the search
space are generally correlated with model inadequacy, a behavior that
we encountered mainly in the simple model in our analysis. In this
regard, the Bayesian analysis can also be viewed as a diagnostic tool to
detect modeling issues.
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4.5. Computational cost
Computational cost is the bottleneck in the Bayesian calibration of
environmental models that cannot be performed without carrying out
an uncertainty assessment during model calibration. In our study, the
use of HYDRUS-1D as a lower-ﬁdelity surrogate has proven to be extremely useful. It allowed us to perform multiple Bayesian analyses in a
reasonable amount of time. Furthermore, the HYDRUS-2D validation
against measured data suggests that the results of the surrogate-based
analysis are reliable and that the simpliﬁcation induced by spatial reduction is acceptable.
Interestingly, results in terms of ﬁtting are even better when surrogate-based optimized parameters are used in the high-ﬁdelity model
(i.e., HYDRUS-2D). This indicates that the two models have similar
likelihood landscapes and that a proper multi-ﬁdelity analysis based on
the use of hierarchical models with correction mapping (Robinson
et al., 2008) could have improved the Bayesian model selection both in
terms of accuracy and computational cost. In this view, future research
should explore the use of the multi-ﬁdelity surrogate-based analysis for
environmental model calibration, in particular the co-kriging techniques to combine data from both the higher and lower-ﬁdelity models
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