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A B S T R A C T

The macroscopic effects of soil textural heterogeneity and fine-scale soil layering on unsaturated flow remain
poorly understood. In this study we used the Discrete Element Method (DEM) to numerically generate artificial
particle packings of heterogeneous sands from which the pore structure can be extracted. Packings were gen-
erated from known grain size distributions following sand grain mixing and fine-scale profile layering. Five sands
with different mean grain sizes were used to investigate the effects of heterogeneity on their pore structure,
including changes in the permeability and soil water retention (SWR). Heterogeneous media were created by
mixing a relatively fine sand with coarser sands. In addition, we created layered media having sharp as well as
transitional interfaces between the two sand samples. Mixing fine and coarse sand caused reductions in the
average pore body and pore throat sizes of the coarser sands, and hence also in their intrinsic permeability. The
layered media with a transitional interface showed lower porosities at the interface because of penetration of
small particles into the larger pores, while the porosities increased at sharp interfaces. The nonlinear relation-
ships between permeability and the average pore body and throat radii were explored using different unimodal
sands. Mixing fine and coarse sand caused a decrease in the capillary pressure at a given water content of the
new medium, and hence larger values of the van Genuchten α parameter. The SWRCs of the layered soils with a
sharp interface were best described using bimodal functions. Sharp interfaces caused a non-monotonic change in
the drainage curve due to discrepancies between the pore throat radii of the two adjacent sands. This change was
influenced by d50 of the sands used for the layered media. In contrast to the sharp interface, a monotonic
(smooth) change in the drainage curve was observed for two sands having small differences in their d50 values.
The study gave considerable insight into how particle heterogeneity and layering affects the hydraulic properties
of unsaturated media.

1. Introduction

Reliable estimates of the unsaturated soil hydraulic properties are
required for effective management and simulations of many near-sur-
face hydrological processes such as infiltration, runoff, groundwater
recharge, irrigation and optimal water use in agricultural operations,
and contaminant transport in the vadose zone (Zhu and Sun, 2012; Di
Prima et al., 2016). Applications also include such diverse problems as
slope stability analyses (Mukhlisin et al., 2011; Antinoro et al., 2017),
flow and seepage into and through earth dams (Alonso and Cardoso,
2010; Al-Ismaily et al., 2015) and infiltration into and through waste
disposal sites (Lopes et al., 2013).

The hydraulic properties of variably-saturated porous media include
the soil water retention curve relating capillary pressure and fluid

saturation, and the unsaturated soil hydraulic conductivity function. A
large number of experimental protocols have been developed over the
years to estimate either one or both of these functions using such
methods as hanging water columns or sand boxes, pressure cells,
pressure plate extractors, suction tables, soil freezing, falling head
methods, infiltrometer and permeameter devices, laboratory one-step
and multistep outflow methods, centrifugation and evaporation
methods, and other approaches (Dane and Hopmans, 2002; Nimmo
et al., 2002; Scanlon et al., 2002; Bittelli and Flury, 2009; Zhuang et al.,
2017).

Notwithstanding the plethora of available methods, a major chal-
lenge for accurate delineation of field-scale hydraulic properties at both
very small and large spatial scales remains the overwhelming hetero-
geneity of the subsurface (Chen et al., 2012; Hohenbrink and Lischeid,
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2015; Sakaki and Smits, 2015; Morbidelli et al., 2016). At relatively
small scales, heterogeneities are manifested by non-uniform particle-
and pore-size distributions, soil textural layering and soil structure
(Mohanty and Zhu, 2007; Coppola et al., 2009; Huang et al., 2011;
Arora, 2012; Sakaki and Smits, 2015). The totality of micropores (de-
fined here as those smaller than 75 μm) and macropores (> 75 μm),
including their geometries and spatial distributions, are the primary
determinants of two-phase fluid flow and contaminant transport in
porous media. Fluid flow and capillary displacement processes are
strongly affected by pore throat sizes since they provide the constric-
tions along the flow paths (Perrier et al., 1996; Raoof et al., 2010;
Falode and Manuel, 2014; Mahmoodlu et al., 2016). Precise studies of
the effects of soil textural heterogeneity and soil layering or stratifica-
tion on the unsaturated soil hydraulic properties require detailed ana-
lyses of the geometry of sand grains and related pore structures in terms
of prevailing pore body and pore throat sizes. Quantification of these
geometry effects offers an opportunity to relate the soil water retention
properties to soil structural components (e.g., Perrier, et al., 1996).
Although the particle size distribution is relatively easy to measure
using a range of techniques, estimation of grain positions and pore
structures cannot be done in the same way (Gee and Or, 2002;
Mehlhorn et al., 2008; Mahmoodlu et al., 2016). X-ray micro-
tomography (which uses x-ray radiation to create cross-sections of a
physical object) together with image processing (methods to convert an
image into digital form and perform some operations on it) can be used
to obtain more directly details of pore structure geometries as defined
by the size, arrangement, and connectivity of pores (e.g., Peth et al.,
2010; Cnudde and Boone, 2013; Vaz et al., 2014). Unfortunately, X-ray
microtomography is still relatively expensive (Mehlhorn et al., 2008)
and image processing relatively time consuming.

In this study, we used an alternative approach to investigate the
effects of small-scale heterogeneities on the soil hydraulic properties.
Following Keller et al. (2013) and Mahmoodlu et al. (2016), we con-
sidered idealized grain geometries to obtain the pore structures of soils
having predefined unimodal and bimodal particle size distributions
(having a single peak and two peaks, respectively), as well as of layered
soil samples. Particle packings were generated using the discrete ele-
ment method (DEM), which allows one to simulate the movement of
grains during compaction of the particles (Cundall and Strack, 1979).
Computations were carried out using the open source Yade-DEM soft-
ware (Šmilauer et al., 2015) which also allows us to compute the hy-
draulic properties as well as the soil water retention curve (SWRC).
Once a packing of spheres was constructed, the pore space (consisting
of pore bodies and pore throats) was extracted using regular triangu-
lation (Chareyre et al., 2012), which leads to an assembly of grain-
based tetrahedra. Using this assembly, the intrinsic permeability can be
determined (e.g. Tong et al., 2012; Chareyre et al., 2012) as well as the
SWRC following approaches by Yuan et al. (2015) and Sweijen et al.
(2016).

Specific objectives of our study were to: (1) use the discrete element
model to extract pore structures of different heterogeneous particle
packings; (2) explore the effects of vertical heterogeneity (i.e., soil
textural layering) and heterogeneous sphere packings on the pore
structures; and (3) investigate the effects of these heterogeneities on the
soil water retention and the intrinsic permeability, including the van
Genuchten hydraulic parameters α and n.

2. Sand properties

As input to the discrete element model (DEM), we used the synthetic
particle size distributions of five sands, each one having a relative
narrow particle size distribution as shown in Fig. 1. Particle sizes varied
from 76 to 1190 µm (Table 1). Sand S1, which had the finest texture
(Fig. 1a, Table 1), was used to create heterogeneous soil samples by
mixing it with the other sands (Fig. 1b), thus allowing us to explore the
mixing effects on grain size and the resulting pore size distributions

reflecting grain heterogeneity. The coefficients of uniformity (Cu),
curvature (Cc), and sorting (So) were estimated for all sands and their
mixtures as follows (Dubois et al., 2009; Katukiza et al., 2014):
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where dx denotes the grain diameter (in mm), for which x% of the
grains are finer.

Results of the coefficients of uniformity, curvature, and sorting are
given in Table 1. Because the coefficient of uniformity was less than 4
for the five main sands, the samples were considered to be uniformly
graded by containing essentially identical particle sizes (Purushothama,
2007). The coefficient of curvature was used as another useful measure
of the shape of the particle size distribution. The sorting coefficient,
which also describes the distribution of grain size, was additionally
considered as a measure of the uniformity of the soil samples. The data
in Table 1 show that the three coefficients (Cu, Cc and So) all indicate
similar narrow degrees of sorting of the sands. The degree of sorting of
the mixtures declined towards the coarser sands (i.e., S4, S5) because of
the creation of increasingly more bimodal grain size distributions.

3. Pore scale analysis

In this section we describe how the homogeneous and heterogenous
sand media were constructed and analyzed in terms of their hydraulic
properties using the discrete element method. We first provide details
of the packing procedures and resulting pore structures as defined by
the size, arrangement and connectivity of the pores. We next investigate
the pore body radius distributions of the main sands, followed by a
study of heterogeneous sphere packings obtained by mixing fine sand
S1 with the other main sands (samples S2 to S5 in Table 1), as well as of
the effects of soil textural layering of the sand packings. The discrete
element method is subsequently used to evaluate the intrinsic perme-
ability and soil water retention properties of the different sand packings
(i.e., the single, mixed and layered media).

3.1. Sand packings

To limit errors in the simulations while minimizing simulation
times, we decided to use for our calculations 2000 particles from a
given particle size distribution. In view of our interest to investigate the
implications of both grain size heterogeneity and soil layering, we
considered two different ways of spherical particle packings. For the
individual sand samples (five sand samples, i.e., S1, S2, S3, S4 and S5)
and the mixtures of two sands (resulting in four sand samples; S1&S2,
S1&S3, S1&S4 and S1&S5), particles were inserted in a large box such
that clouds of particles were generated (following procedures by
Mahmoodlu et al. 2016).

We assumed normal elasticity, tangential elasticity, and sliding as
the main processes taking place at the contact points of spheres. Normal
elasticity was calculated using a linear contact law (Belheine et al.,
2009; Mahmoodlu et al., 2016). When two particles are in contact and
pushed toward each other by the surrounding medium, they are flat-
tened at their contact point. The tendency of both particles to keep their
initial shapes may cause an elastic force fn:

=f k δn n n (4)

where kn is the stiffness of the particles and δn denotes the normal
displacement.

A tangential force, ft, may arise as a result of shear at the contact
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point. When the tangential force reaches a certain threshold value, the
contact point will break and cause sliding of the two particles. This
process is described by

⩽f f tan ϕt n (5)

where ϕ denotes the friction angle used to estimate the threshold value.
For each particle, a force balance is made by including forces due to
contacts with other particles, the boundary conditions, and the effects
of gravity. The resulting net force gives the acceleration of the particle
using Newton’s second law (Cundall and Strack, 1979; Belheine et al.,
2009).

The grain-scale parameters needed for this approach were taken
from previous DEM studies. However, mechanical parameterization of
the particles could be done arbitrarily since the porosity was used as a
proxy for the state-of-stress. Thus, a confining stress was applied such
that a particular porosity was obtained. Values of the particle stiffness,
friction angle, and Poisson ratio were fixed at 9.6× 108 Pa, 30°, and
0.04, respectively (Belheine et al., 2009). For our simulations we al-
lowed the six surrounding boundaries of the domain to confine and
drag the particles until a porosity value of 0.45 was reached. After this
point, only the top boundary was allowed to move down to further
confine the particle packings until a target porosity of 0.35 resulted.

For the sand packings consisting of two layers, different interfaces
between the two sand layers were created during packing. For these
cases we first inserted a number of particles into a large box such that a
cloud of particles was generated for the first (bottom) layer, similarly as
for the previous (mixed) samples. But now five of the boundaries of the
domain were kept constant, while the top boundary was allowed to
move down to confine the packings until the target porosity of 0.35 was
reached (the average porosity of the coarse sand). Once reached, we
froze the bottom layer and then started packing the top layer in the
same way as the first layer. The resulting interface between the two
layers was very much dependent upon the grain diameter (or d50) of the
first layer. If we used a relatively fine sand as the first layer (Fig. 2a, c),
and a coarser sand as the top layer (i.e., d50 of sand S1 being less than

d50 of sand S2), a very sharp interface resulted (sand samples S1-S2, S1-
S3, S1-S4 and S1-S5 presented in Table 2). On the other hand, using a
coarser sand at the bottom and finer sand S1 at the top produced a
much smoother interface because of the intrusion by gravity of some
smaller particles from the top layer into the coarser pores of the bottom
layer (Fig. 2b, d and sand samples S2-S1, S3-S1, S4-S1 and S5-S1 pre-
sented in Table 2). To keep the length of both layers in the sand
packings with two layers (i.e., those having an interface) constant, the
mass fraction of Sand S1 in the sand packings made up of two layers
was variable among the different samples (approximately 70%, 80%,
90%, and 95% for the packings of S1-S2, S1-S3, S1-S4, and S1-S5, re-
spectively). For instance, the packing of S1-S5 required in this way only
5% of S5. Hence, large fractions of S1 in all sand packings consisting of
two layers produced very minor discrepancies between the pore radii
and/or pore throat distributions of the S1-S2 and S1-S5 sand packings.
Compaction was accounted for in the pore-scale calculations by re-
peated repacking and rearrangement of the spherical particles to de-
crease porosities to the prescribed values, with concomitant changes in
the pore structures.

3.2. Pore structure

A regular triangulation method was used to extract the geometry of
the various pore structures (Chareyre et al., 2012). The method pro-
ceeds by dividing the pore space into tetrahedrons, with each tetra-
hedron serving as a pore unit. Each tetrahedron is then surrounding one
pore body and has four vertices that are located at the centers of the
spherical particles (Fig. 3). The sides, or facets, of the tetrahedrons are
the locations at which two pore bodies are connected. The facet is the
narrowest transect between two connecting pore units and is referred to
as the pore throat.

Although several studies suggest a distribution in pore connectivity
values due to the natural structure of porous media (e.g., Raoof et al.,
2010; Vasilyev et al., 2012), our approach assumes that four pore
throats are connected to each pore body. Each pore throat in this way is

Fig. 1. Synthetic particle size distributions of the five main sands (a) and their mixtures (b).

Table 1
Selected properties of the sands used in this study.

Sample Minimum Maximum d10 d25 d30 d50 d60 d75 Cu Cc So

µm
S1 76 525 188 230 245 283 300 330 1.60 1.06 1.20
S2 176 625 290 330 345 385 400 435 1.38 1.03 1.15
S3 276 725 388 430 445 485 500 530 1.29 1.02 1.11
S4 476 925 588 630 645 685 700 730 1.19 1.01 1.08
S5 650 1190 790 835 845 885 900 932 1.14 1.00 1.06
S1&S2 76 625 239 280 295 334 350 382.5 1.46 1.04 1.17
S1&S3 76 725 288 330 345 384 400 430 1.39 1.03 1.14
S1&S4 76 925 388 430 445 484 500 530 1.29 1.02 1.11
S1&S5 76 1190 489 532.5 545 584 600 631 1.23 1.01 1.09

Cu: Uniformity coefficient; Cc: Curvature coefficient; So: Sorting coefficient.
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then surrounded by three particles to which an inscribed circle can be
fitted (Fig. 3). The radius of this circle, Rij, is taken as the pore throat
radius (Torskaya et al., 2014). Inside a pore unit, an inscribed sphere
exists that touches the four surrounding particles (e.g. Sweijen et al.,
2016). The approach using inscribed spheres is often referred to as the
pore finite volume method (Gladkikh and Bryant, 2005; Unsal et al.,
2009; Mousavi and Bryant, 2012; Prodanović et al., 2015), while the
corresponding radius is denoted as Ri.

3.3. Calculation of the permeability

Following a study by Chareyre et al. (2012), the pore finite volume
method as implemented in the DEM was used to compute the perme-
ability of granular materials in the sphere packings. This method allows

one to solve for the pressure distribution under fully water saturated
conditions. The approach assumes that one pressure value can be as-
sociated with each pore unit. The flux, qij [L3T−1], of water from a
given pore unit i to pore unit j is then given by (Vasilyev et al., 2012):

=
−

q k
p p

l
( )

ij ij
i j

ij (6)

where pi and pj [ML−1T−2] are the pressures in pore unit i, and j, re-
spectively, lij [L] is the length between the centers of pore units i and j,
and kij [M−1L5T] denotes the hydraulic conductivity of the facet (pore
throat) between pores i and j. The latter is given by:

Fig. 2. Sphere packings of two layers with different mean particle diameters (d50) with d50(S1) < d50(S2) < d50(S3). a): a sharp interface with S1 at the bottom and S2
at the top, b) a transitional interface with S2 at bottom and S1 at the top, c) a sharp interface with S1 at bottom and S3 at the top, and d) a transitional interface with
S3 at the bottom and S1 at the top.
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whereAij
f [L2] is the smallest transect of the pore throat, μ [ML−1] is

the dynamic viscosity, and Rij[L] is the hydraulic radius of the facet,
i.e.,

=R
ω
Θ

ij
ij

ij (8)

in which Θij [L3] is the pore throat volume, and ωij [L2] the surface
of the pore-throat. We refer readers to Chareyre et al. (2012) for more
details. Under steady-state conditions, and assuming incompressible
flow, we further use the continuity equation given by (Zhang et al.,
2015):

∑ =
=

q 0
j

ij
1

4

(9)

Eqs. (6), (7) and (9) were solved using an implicit numerical scheme
to obtain pressure values (Raoof et al., 2010). The total flux through the
medium was subsequently used to compute the permeability of the
medium.

3.4. Capillary pressure-saturation calculations

The capillary pressure-saturation (or soil water retention, SWRC)
curves were estimated using a module inside Yade-DEM that was im-
plemented by Yuan et al. (2015) and Sweijen et al. (2016). We assumed
that the top boundary of the simulated domain was an air reservoir with
pressure Pair, and the bottom boundary a water reservoir at a fixed
pressure, Pw. The capillary pressure, Pc, was set equal to the pressure
difference between the two reservoirs, which is valid for quasi-static

conditions:

= −P P Pc air w (10)

To estimate the capillary pressure - saturation curve for drainage,
the non-wetting air pressure was increased in steps to allow air to move
into increasingly smaller pore throats. Air will enter a water-saturated
pore unit if the capillary pressure is larger than the entry pressure of the
pore throat (Pe), which then can be obtained using the Young-Laplace
equation:

=P
γ

R
2

e
ij (11)

where γ is the surface tension and Rij the radius of the inscribed circle in
the pore throat (Fig. 3). Following a study by Zhang et al. (2015), the
capillary pressure during imbibition must be lower than the entry
pressure before water will invade an air-saturated pore unit. At each
pressure step, the equilibrium positions of the air-water interfaces
within the network were determined. This information was then used to
calculate the average saturation of the network at any given capillary
pressure (Raoof and Hassanizadeh, 2012).

To estimate the complete SWRC, the simulation procedure was as
follows (Sweijen et al., 2016 and 2017; Yuan et al., 2015): After first
selecting a capillary pressure value, we determined if air could invade a
water-saturated pore body from a neighboring air-invaded pore body.
For invasion to occur, both pore bodies had to be connected to a cor-
responding reservoir. Disconnected (e.g. trapped) water-saturated pores
were used estimate residual water saturations. An algorithm was used
next to keep track of disconnected air and water regions to ensure that
no displacement between the disconnected pores could occur. However,
in real porous media with hydrophilic surfaces, water may also be
stored in edges and corners as well as in in the form of adsorbed films
on the grains.

Table 2
van Genuchten soil hydraulic parameters of the various samples.

Sample ϴr (m3m−3) ϴs (m3m−3) w1 (−) α1 (kPa−1) α2 (kPa−1) n1 (−) n2 (−) Description

S1 0.060 0.350 1.00 0.141 – 15.3 – individual
S2 0.076 0.350 1.00 0.189 – 14.9 – individual
S3 0.063 0.350 1.00 0.231 – 16.1 – individual
S4 0.063 0.350 1.00 0.302 – 19.1 – individual
S5 0.062 0.350 1.00 0.389 – 29.5 – individual
S1&S2 0.064 0.350 1.00 0.162 – 20.0 – mixed (0.5–0.5)
S1&S3 0.063 0.350 1.00 0.198 – 18.4 – mixed (0.5–0.5)
S1&S4 0.072 0.350 1.00 0.280 – 21.4 – mixed (0.5–0.5)
S1&S5 0.062 0.350 1.00 0.359 – 18.2 – mixed (0.5–0.5)
S1-S2 0.072 0.350 1.00 0.168 – 10.0 – sharp interface
S1-S3 0.065 0.350 0.50 0.240 0.141 18.6 11.1 sharp interface
S1-S4 0.062 0.350 0.50 0.326 0.143 11.8 11.8 sharp interface
S1-S5 0.052 0.350 0.50 0.428 0.144 22.3 9.9 sharp interface
S2-S1 0.172 0.350 1.00 0.171 – 68. – transition interface
S3-S1 0.200 0.350 1.00 0.197 – 384. – transition interface
S4-S1 0.205 0.350 1.00 0.232 – 347. – transition interface
S5-S1 0.223 0.350 1.00 0.272 371. transition interface

Fig. 3. Schematic of (a) a spherical packing with (b) a pore body with radius Ri and (c) a pore throat with radius Rij as used in this study (Mahmoodlu et al., 2016).
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Once the complete SWRCs were obtained, we analyzed the curves in
terms of the standard unimodal van Genuchten function (1980) given
by

= +
−

+
<−θ p θ

θ θ
αp

p( )
[1 ( ) ]

0w
c r

w s
w

r
w

c
n n c1 1/ (12)

where θwis the volumetric water content, θr
wdenotes the residual

water content, θs
wis the saturated water content (assumed in this study

to be equal to the porosity, ϕ), α and n are semi-empirical shape
parameters (further referred to as van Genuchten parameters), and Pc
denotes capillary pressure. Eq. (12) was fitted to the SWRC data using
the RETC software (van Genuchten et al., 1991), which is a nonlinear
least-squares optimization program commonly used to for analyzing
observed unsaturated soil hydraulic data.

The SWRC in some cases, especially for the layered samples, could
be described better using a bimodal retention function. For those cases
we used the bimodal formulation introduced by Durner (1994):
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i

k

i
i c

n
1

i (13)

where k is the number of subsystems that form the total pore-size
distribution (in this study, k=2) and wi are weighting factors for the
sub-curves, subject to 0 < wi less than 1 and w1+w2= 1. Similarly as
for the unimodal curve, the parameters of the two sub-curves of Eq.
(13) were subjected to the constraints αi > 0, mi > 0, ni > 1.

4. Results

4.1. Effect of heterogeneous packing on pore structures

Fig. 4a, b shows cumulative frequency distributions of the pore body
and pore throat radii for Sands S1 to S5 (the main sands), as well as of

the sand mixtures (Fig. 4c, d) and the two-layered packings (Fig. 4e, f).
Results show relatively uniform distributions of the pore body and pore
throat radii of the main sands due to fairly uniform increases in the
grain diameters (Fig. 4a, b). The plots indicate that particle mixing
affected the pore- and throat-size distributions at the given porosity of
0.35 (Fig. 4c, d). Mixing Sand S1 with the coarser sand grains (i.e.,
Sands S4 and S5) created mixtures with much larger pore body and
throat radii as compared to Sand S1 as such. Linear relationships were
obtained between the average pore throat and pore body radii during
mixing, similarly as in our earlier study on compaction (Mahmoodlu
et al., 2016).

Since SWRCs are dominated by pore throat radii, at least in the wet
range, one may expect fairly uniform changes in the SWRC of each sand
(S1 to S5) when the grain diameters increase, but less uniform changes
when considering the mixed media (Mahmoodlu et al., 2016). We ob-
tained a linear relationship between the average pore throat and pore
body radii when mixing sand S1 with the other sands. To explore the
effect of particle diameter on pore size during mixing of the sands, the
average pore body and pore throat radii of all sands were calculated
and then plotted versus d50. The overall linear correlation indicates that
the average pore body and throat radii can be estimated reasonably
well at a given porosity value. These correlations can be useful to
generate pore network models of soils with known porosity values. Our
calculations showed that the relationship between the average pore
body and/or throat radius with d50 is nonlinear if the difference be-
tween d50 of the two main sands involved is very large. Similar con-
clusions were established in our earlier study on grain compaction
(Mahmoodlu et al., 2016).

4.2. Porosity and intrinsic permeability

At the pore scale, porosity represents the ratio of the total volume of

Fig. 4. Cumulative pore body and throat radii distributions for the five main sands (a and b), their mixtures with S1 (c and d), and the layered soil packings (e and f).
Each mixture was obtained by mixing 50% of sand S1 with 50% of one of the other sands. All simulations had a target porosity of 0.35.
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pore bodies and pore throats to the total volume of the porous medium.
Hence, changes in porosity of a soil profile are directly affected by the
changes in the pore sizes of the soil. Fig. 5 depicts changes in the
porosity of a layered sand pack within three different zones (A, B, and
C) along the sample profile. As expected, the porosity was found to
increase at or near a sharp interface (Fig. 5a) as compared to the por-
osities of the two main sands individually (i.e., S1 and S3 in this case).
However, notice that the porosity at the transitional interface (Fig. 5b)
remained the same as that of the finer sand (here Sand S1). This we
believe is due to the infiltration of small particles into the larger pores
of the underlaying coarser layer, leading to smaller average pore sizes
at the interface.

Soil permeability is determined by both the bulk geometric prop-
erties of a sample (e.g., porosity and the pore size distribution), as well
as its topological properties such as pore space connectivity and tor-
tuosity. We investigated the effects of pore structure on the perme-
ability of each individual sand (i.e., Sands S1 to S5), of the mixtures of
sand S1 (at a 0.5 fraction) with the other sands (S2 to S5), as well as of
the layered soil packings. Results for the individual sands (Fig. 6a) show
that the permeability of the main sands (S1 to S5) increased con-
siderably and nonlinearly towards the coarsest sand with its largest d50
value (i.e., sand S5 with a d50 of 885 µm). This confirms that the per-
meability is strongly affected by pore size (Håkansson and Lipiec, 2000;
Assouline, 2006, Mahmoodlu et al., 2016).

To investigate the effect of grain heterogeneity on the permeability,
sand S1 was mixed with the other sands (S2, S3, S4 and S4). For all
calculations, the ratio of mixing was kept at 50% of S1 and 50% of the
other sands. As shown in Fig. 6d, mixing S1 with a coarser sand (S2 to
S5) caused an increase in the fraction of smaller pores of the coarser
sand and consequently a reduction in the permeability of sand S3. By
contrast, the permeability of S2 increased due to an increase in the
fraction of larger pores. We found that mixing sand S1 (having a d50 of
283 µm) with S2 (having a d50 of 385 µm) caused a small increase in the
permeability due to small differences in d50 values of the two sands,
while mixing the coarser sands (S3, S4, and S5 with d50 values of 485,
685 and 885 µm, respectively) increased the intrinsic permeability
substantially. Our results clearly show that the permeability reductions
of the coarser sand are dominated very much by the relative amounts of
the finer sands (and hence the smaller pore sizes).

Changes in the bulk permeability, as a function d50, of the layered
sand packs having a sharp interface did not show a clear pattern
(Fig. 6h). This may be because of the increased fraction of S1 in the
layered sands when coarser sands were used. As noted earlier, the
fraction of S1 varied from 70% for packing S1-S2 to 95% for packing

S1-S5 in order to keep the same thickness of each layer. However, the
bulk permeability of a layered pack soil increased towards the coarse
sand.

The relationships between permeability and pore size of the five
main sands became slightly nonlinear towards coarse sand, as well as
for the mixtures of S1 with the other sands (Fig. 6b, c, e, f, i, g). The
relationships between permeability and pore size were even more
nonlinear when the permeability at a given porosity of 0.35 is plotted as
a function of either pore body radius or pore throat radius, as shown by
the results in Fig. 6b, c, e, f, i, g. Although, the permeability versus pore
body or throat radii showed nonlinear behavior for the sand with an
interface, the plots suggest linear slopes which changes after the second
(S1-S3) packing (Fig. 6i, g).

The effect of an interface on the bulk permeability of the layered
sand samples was also investigated. Fig. 1S (Supplementary material)
shows that a sharp interface causes an increase in the bulk permeability
of the sand packing. This difference became more visible for the
packings of S1 with sand having larger d50 values. Fig. 7a depicts
changes in the ratio of the bulk permeability to the average perme-
ability of two sands, versus the ratio of d50 of sand S1 (when at the
bottom of the sample) over d50 of the second sand (S2 to S5 at the top).
Results show that the ratio of the bulk permeability to average per-
meability is higher for the packings having a sharp interface (Fig. 7a).
This ratio diminished for the packing of sand S1 with a coarser sand. In
contrast with the interface effect on the bulk permeability, the perme-
ability of mixtures of two sands increased for the packing of S1 with a
coarser sand (Fig. 7b).

4.3. Soil water retention curve

This section shows how sample heterogeneity affects the soil water
retention curve (SWRC), which has a first-order effect on predictions of
water flow in variably saturated media. We investigated the effect of
pore body and pore throat size as well as of the type of interface (sharp
or transitional) between two sands in the layered samples on the SWRC.

We first studied the effect of grain size distribution on the SWRC.
Fig. 8 depicts the evolution of water saturation, Sw (given by θw/θs

w) as a
function of capillary pressure, Pc, for the five main sands. Results in-
dicate that the capillary pressure at a given saturation was always
higher for the finer sands due to the creation of smaller pore throats
regulating higher capillary entry pressures and controlling capillary
displacement (see S1 in Fig. 8).

For the heterogeneity in terms of the grain size distribution simu-
lations, combining S1 (fraction of 0.5) with a coarser sand (fraction of

Fig. 5. Normalized values of the porosity at three locations in the S1-S2 layered packings. Zones A, B, and C are located in the middle of the first layer, the interface of
the two layers, and the middle of the top layer, respectively. Soil packing S1-S3 (a) represents two sands with a sharp interface and S3-S1 (b) a transitional interface.
ϕ* is the normalized porosity (porosity of each zone divided to the bulk porosity).
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0.5) caused a decrease in the capillary pressure at a given volumetric
water content. This hence produced larger values of the van Genuchten
α parameter in Eq. (3), and hence lower entry pressures (Fig. 9). The
SWRCs of the combination of sand S1 with the other sands changed
more non-uniformly towards the coarser sands. This is because of the
creation of larger pore throat radii and their controlling effect on the
SWRC of the mixture of S1 with coarser sand.

We next investigated the effects of sharp versus transitional inter-
faces on the SWRCs (Fig. 10). Calculated SWRCs of the layered sand
packings with a sharp interface showed a clear effect of the interface
when d50 of two sands differed substantially from each other. By
comparison, the SWRC of the sample with S1 (at the bottom) and S2 (at
the top) showed a more monotonic change and did not exhibit a clear
discontinuity at the interface of the two sands (Fig. 10). This is because
the capillary pressures at which the water-filled pores start to drain are
directly proportional to the equivalent radii of the pore throat (e.g.,
Durner, 1994). The radii of the throats for sands S1 and S2 were fairly
close to each other, which leads to a monotonic change in the SWRC.
Since the radii of the pore throats of S1 and the other of sands (e.g., S3,
S4, and S5) were not in a same range, their mixtures should show a

more definite jump at the interface and less smooth behavior of the
SWRCs.

As shown in Fig. 10, the drainage curves of the soil samples with a
transitional interface (coarse sand at the bottom) showed relatively
high residual water saturations, which increased for a layered sand

Fig. 6. Changes in the intrinsic permeability with d50 and the average pore body (APBR) and average pore throat (APTR) radii of the five main sands (a, b, c left
column), of the mixtures of 50% of S1 with 50% of S2, S3 and S4 with S5 (d, e, f, middle column), and of the layered samples with a sharp interface (h, i, g, right
column).

Fig. 7. Effects of sharp and transitional interfaces on the intrinsic permeability of the layered samples of S1 and the other sands. Results are plotted as a function of
d50(S1)/d50(Sx), where d50 is the mean diameter of each sand, and Sx represents Sands S2 to S5. Kc is the intrinsic permeability of the layered soil sample, Km intrinsic
permeability of the sand mixture, and Kave the average intrinsic permeability of the two sands involved. Calculations for all soil packings assumed a porosity of 0.35.

Fig. 8. Soil water retention curves of the five main sands.
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pack having coarser sand (S5) at the bottom. Moreover, the SWRCs of
the layered sands with a sharp interface showed very high van Gen-
uchten n values and residual water saturations (Table 2). In our simu-
lations, air always invaded the soil sample from the top boundary. A
possible explanation for the high residual saturations could be the high
capillary pressure needed to drain the finer layer at the top (here S1).
However, as soon as an air pathway reaches the interface, air will move
into the coarser sand and thus bypass several upstream saturated pores.
This may result in a constant, but non-uniform water saturation along

the sample.
Results of both main sands and their mixtures with S1 showed an

increase in the van Genuchten α value towards sand having a larger
value of d50 (Table 2). The ratio of the van Genuchten parameter α of
the sand mixture (αmix) to the averages value of α (αave) is plotted in
Fig. 11a versus the ratio of d50 of S1 to d50 of other sands. The plot
shows a linear increase in the ratio of αmix to αave when S1 is mixed with
coarser material (i.e., the ratio of the d50 values of the two sands).

Fig. 11b, c further depicts for the sharp interfaces the ratio of the

Fig. 9. Effect of mixing on the soil water retention curve.

Fig. 10. Effect of sharp and transition interfaces on the soil water retention curve.
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van Genuchten parameter α1 and αave versus the ratio of d50 of S1 to d50
of the other sands. We used α1 here for the coarser sand in the layered
sample, while αave is again the average of the α values of the two sands
involved. Similarly as for mixing scenario, a linear relationship existed
between the ratios of α1 to αave versus the ratio of d50 of S1 to d50 of the
other sands. However, we found a nonlinear relationship between the
ratios α1/αave (for the layered-samples) to the ratio of αmix to αave (for
the sand mixtures), whereas the ratio α2/αave increased for two sands
with a large ratio of d50. In contrast with the sharp interfaces, the ratio
α1/αave versus the ratio d50(S1)/d50(Sx) (where Sx denotes again S2 to S5)
did not show linear behavior, but more of an inverse normal distribu-
tion.

5. Conclusions

In this study we used the discrete element method (DEM) to explore
the effects of soil heterogeneity on pore structure and the unsaturated
soil hydraulic properties (the intrinsic permeability and the soil water
retention curve, SWRC) of five different sands and their mixtures. We
found, as expected, that mixing of the finer sand with any of the coarse
sands causes a reduction in the average pore body and pore throat sizes,
and subsequently will diminish the intrinsic permeability values of the
coarser sands.

For the layered porous media with a transitional interface, the local
porosity of the soil decreased. This suggests that infiltration and sedi-
mentation of small particles into larger pores of the coarser sands (ty-
pical of a graded bed in geological formations) decreases the soil pore
sizes at the interface, and consequently reduces the local porosity of the
soil at the interface. In contrast, and interestingly, the local porosity of
the layered media with sharp interfaces increased due to deposition of
larger grains on top of the fine grains. Results confirmed the develop-
ment of a discontinuity between two layers through the creation of
relatively large pores at the interface.

Non-linear relationships between permeability and the average pore
body and throat radii were found when mixing different unimodal
sands. One likely reason is variation in the soil pore sizes of the mixture

of two unimodal sands. In general, the ratio of bulk permeability to the
average permeability of two sands used in a two-layered packing in-
creased more for the packings having a sharp interface.

Calculated SWRCs showed that mixtures of the finer sand with a
coarser sand caused a decrease in the capillary pressure of the coarser
sand. This in turn produced larger values of the van Genuchten para-
meter α and hence lower entry pressures. We found the ratio of the α (of
the mixtures) to the average value of α to increase with larger differ-
ences in the d50 values of the two sands involved.

Sharp interfaces can cause a non-monotonic change in the drainage
curve due to discrepancies between the pore throat radii of the two
sands in the sample. This change is influenced by d50 or the grain size
distribution of the sands used in the two-layered packing. In contrast
with sharp interfaces, transitional interfaces produced monotonic
changes in the drainage curves for two sands having a small difference
in their d50 values.

High residual water saturations were found for the drainage curves
of sand samples having a transitional interface (with coarse sand at the
bottom). Residual saturations increased with the d50 value of the sand
at the bottom of the sample. Similarly as for the mixture scenario, the
ratio of the van Genuchten parameter α to the average value of α of the
two sands involved, increased with larger difference in the d50 values of
the sands.

Finally, we note that our study involved artificially created porous
media made up of spherical particles. The results give much insight in
how particle mixing and layering affect the unsaturated soil hydraulic
properties. We acknowledge that comparisons with actual experimental
data are very much needed to more definitely confirm our findings.
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Fig. 11. Effect of heterogeneity on the van Genuchten parameter α. Plot a) is for mixtures of S1 with the other sands, b) and c) represent sharp interfaces (with S1
located at the bottom), while d) belongs to the transitional interfaces (with the coarser sands at the bottom and S1 at the top). Results are given as a function of
d50(S1)/d50(Sx), where d50 is the mean diameter of each sand, and Sx represents Sands S2 to S5. Calculations for all soil packings assumed a porosity of 0.35.
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Appendix A. Supplementary data

Supplementary data associated with this article can be found, in the
online version, at https://doi.org/10.1016/j.jhydrol.2018.07.060.
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