
1. Introduction
We would like to thank Dr. Kabala for his interest in our work and his Comment on it and appreciate the 
opportunity to clarify and address his concerns. The idea of employing a single-well circulation ground-
water heat-pump system (as shown in Figure 1) to provide heating or cooling of buildings was first pre-
sented by Sorensen and Reffstrup  (1992). Our work is based on the conceptual model of Sorensen and 
Reffstrup (1992) and the analytical solution developed for this system by Ni et al. (2011). We have to admit 
that we were not aware of Kabala's (1993) work, partly because it did not appear in the literature with the 
geothermal exploitation background. Similarly, as Kabala (1993) and Kahler and Kabala (2018) apparently 
were not aware of the work of Sorensen and Reffstrup (1992), Ni et al. (2011), and related literature relevant 
to their works.

In our study, we have rigorously derived the analytical solution for the governing equation for a single-well 
circulation system by employing a combination of the Laplace and Fourier cosine transforms, without using 
the superposition principle and adopting the analytical solution of a partially penetrating well obtained by 
Hantush (1961). More importantly, our approach provides an opportunity to be further extended to obtain 
analytical solutions for the governing equations for a single-well circulation system considering factors such 
as non-Darcian flow (Tu, Wu, Simunek, Zhu, et al., 2020), well skin (Tu et al., 2021), and wellbore storage 
(Tu et al., in preparation). This allows us to investigate further the effects of these factors on groundwater 
flow behavior in a single-well circulation system. It would not be possible to obtain such analytical solutions 
using the superposition principle (as used in Kabala, 1993) unless related analytical solutions already exist.

While we admit that we did not sufficiently review the hydrogeological literature on single-well circula-
tion systems, we disagree with Dr. Kabala's Comment that our work is a re-publication of his work (Kaba-
la, 1993). We have clearly used in our work a different approach than Kabala (1993). A more detailed Reply 
to the original and revised Comment can be found in the following sections.

2. Reply to Comments About the Derivation of the Analytical Solution
We are certainly not the first to obtain an analytical solution for a single-well circulation groundwater heat-
pump system. Sorensen and Reffstrup (1992) were the first to present the concept of the single-well circu-
lation groundwater heat-pump system (see Figure 1). This was a new engineering application for extracting 
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shallow geothermal energy to provide heating or cooling of buildings 
using a single-well circulation system. Ni et al. (2011) subsequently de-
veloped a mathematical model describing groundwater flow induced by a 
single-well system (see Figure 2). Our work was primarily based on these 
two works. Therefore, the analytical solution developed in our work for 
transient drawdown is verified by comparing its results with the solution 
of Ni et al. (2011).

2.1. Comparison of Our Study with the Work of Kabala (1993)

In our work, a single well circulation system was regarded as a whole 
system, not a separate partial penetrating well. The derivation of the 
analytical solution was thus very different from that of Kabala  (1993). 
Although it is convenient to obtain analytical solutions using the super-
position principle, this approach (Kabala, 1993; Ni et al., 2011) inevita-
bly introduces various problems such as complicated well configuration 
functions and the Hantush and Jacob well function (Hantush,  1961). 
These functions make the analytical solution more cumbersome and in-
crease its instability, likely influencing the infinite series's convergence 
and increasing the computation cost. To overcome these problems, we 
have rigorously derived the analytical solution for the governing equation 
for a single-well circulation system by employing the Laplace and Fourier 
cosine transforms.

Contrary to our work, this special system was regarded as a combination 
of two partially penetrating wells in Kabala's (1993) study. By adopting 
the analytical solution of a partially penetrating well derived by Han-
tush (1961) and applying the superposition principle, Kabala (1993) ob-
tained the analytical solution by summing up the analytical solutions for 
two partially penetrating wells. Ni et al. (2011) (also without citing Ka-
bala, 1993) used the same method to obtain the analytical solution for a 
single-well circulation system.

In the original version of his Comment on our work, Dr. Kabala stated 
that he used, similarly as in our work, the Laplace and Fourier cosine 
transforms: “These solutions, both transient and steady-state, and both 
in the Laplace domain and numerically inverted in the real-time domain, 
were all published in this Journal by Kabala (1993), who used the Laplace 
and Fourier cosine transforms, as did the authors 27 years later.” How-
ever, we could not find this derivation process, nor any reference to this 
approach, that is, the Laplace and Fourier cosine transforms to derive the 
analytical solution, in Kabala (1993), and pointed it out in our original re-
sponse. We are doubtful that this approach was indeed used in this work 
27 years ago. We believe that Kabala (1993) used the superposition prin-
ciple and the analytical solution of a partially penetrating well derived by 
Hantush (1961) (as indicated in Kabala, 1993, and his revised Comment).

Although the superposition principle is more convenient while deriving 
analytical solutions that direct derivation, the analytical solution for a 
single-well circulation system cannot be obtained by employing the su-
perposition principle without the prior existence of the analytical solu-
tion for a partially penetrating well derived by Hantush (1961). However, 
in our work, we do not have to rely on Hantush (1961) analytical solution 
to derive the analytical solution for a single/vertical well circulation sys-
tem and can derive the analytical solution directly based on the govern-
ing equation. Furthermore, It would not be possible to obtain analytical 
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Figure 1. The conceptual model of a single-well circulation groundwater 
heat-pump system presented by Sorensen and Reffstrup (1992) (This 
picture is from Sorensen & Reffstrup, 1992).

Figure 2. A mathematical model presented by Ni et al. (2011) (This 
picture is from Ni et al., 2011).
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solutions for a single/vertical circulation system considering factors such as non-Darcian flow, well skin, 
and wellbore storage by using the superposition principle if related analytical solutions did not already 
exist. Thus, the limitations of the superposition principle for deriving such analytical solutions are obvious.

Dr. Kabala states in his revised Comment that Appendix A and B of Tu, Wu, Simunek, Chen, et al. (2020) 
are not necessary. As shown in Figure 3, the mathematical model of a partially penetrating well in the work 
of Hantush (1964) is different in terms of a well structure and well boundary conditions than a single-well 
circulation system in our work. While the Laplace and Fourier cosine transforms are employed in both our 
work and the work of Hantush (1964), they were adopted to solve entirely different problems (as shown 
in Figure 3). Similarly, other researchers employed the Laplace and/or Fourier cosine transforms to derive 
analytical solutions for a partially penetrating well for different problems (e.g., Wen et al., 2013, 2014; Wen 
et al., 2013, 2014; Yang & Yeh, 2005, etc.). The Laplace and Fourier cosine transforms are standard math-
ematical methods used to derive analytical solutions for governing equations for different mathematical 
models in many engineering fields.
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Figure 3. Comparison of the mathematical model of Hantush (1964) (a) and our work (b).
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We do not agree that the material presented in Appendices A and B has already been published by Han-
tush (1964) because the mathematical models and well boundary conditions (as shown in Figure 3) are 
clearly different and more complicated in our work. On the contrary, we believe that Appendices A and B 
are useful for interested readers since we show the whole derivation process of employing the Laplace and 
Fourier cosine transforms in deriving analytical solutions of groundwater flow for a single-well circulation 
system. This cannot be found in the other texts related to a single/vertical well circulation system (Kaba-
la, 1993; Ni et al., 2011; Tu et al., 2019). Thus, we believe that the view, “Appendix A and B are not necessary, 
and an analogous derivation has already been published in sufficient detail by Hantush (1964)”, is wrong.

2.2. The Well Configuration Function

The following equation is the analytical solution of Ni et al. (2011):
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where   ,iF n  is the well configuration function defined by Ni et al. (2011).

Equation 2 is the analytical solution derived in our earlier work (Tu et al., 2019):
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where   ,iG k  is the well configuration function defined by Tu et al. (2019). Indeed, both Equations 1 and 2 
include complicated well configuration functions (Ni et al., 2011; Tu et al., 2019). Also, both Ni et al. (2011) 
and Tu et al.  (2019) separately considered the convergence problem of the well configuration functions 
and indicated that their values are very small and can be neglected for n > 10 (Ni et al., 2011) or k > 10 (Tu 
et al., 2019). However, such treatment will inevitably cause problems. First, considering the convergence of 
the well configuration function requires additional work, as indicated in Figure 5 of Ni et al. (2011) and Fig-
ure 3 of Tu et al. (2019). However, and more importantly, the convergence of the well configuration function 
(for n > 10) does not imply that the analytical solutions (as shown in Equations 1 and 2) converge as well. 
This is because the two terms, that is,     

0cos z nn K  in Equation 1 and     0cos z kk K  in Equation 2, 

are not likely to converge after n = 10 and k = 10. As a result, Equations 1 and 2 may not converge after 
n = 10 and k = 10 either. Thus, we believe that such treatment of the analytical solution's convergence is not 
rigorous in a mathematical sense, and the results may not be correct.

In our recent work (Tu, Wu, Simunek, Chen, et al., 2020), the term 
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obtained while deriving the analytical solution directly from the governing equation by employing the Lap-
lace and Fourier cosine transforms. This term was not defined as a well configuration function. We studied 
the convergence of our analytical solution (Equation 7 in Tu, Wu, Simunek, Chen, et al., 2020). and found 
that it converged after N ≥ 10. Thus, we overcame the problems associated with the well configuration func-
tions and their convergence of Ni et al. (2011) and Tu et al. (2019).

2.3. The Uniqueness of the Solution

Both Ni et al. (2011) and Tu, Wu, Simunek, Chen, et al. (2020) studied the single-well circulation groundwa-
ter heat-pump system and proposed two similar mathematical models. Ni et al. (2011) obtained the analyt-
ical solution by adopting the superposition principle. We derived the analytical solution using the Laplace 
and Fourier cosine transforms. As shown in Figure 3 of Tu, Wu, Simunek, Chen, et al. (2020), the results 
of the two analytical solutions corresponded very well, verifying the correctness of the analytical solution 
derived in our work.
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While our work was primarily based on Sorensen and Reffstrup (1992) and Ni et al. (2011), we addressed 
the problem using a different approach. It should be obvious that different approaches can provide different 
perspectives and that the same problem can be addressed using different, and perhaps better, approaches. 
As indicated in our work, employing the Laplace and Fourier cosine transforms, we can not only obtain 
the analytical solution of groundwater flow for a single-well circulation system, but can also derive analyt-
ical solutions for related problems (e.g., non-Darcian flow [Tu, Wu, Simunek, Zhu, et al., 2020], well skin 
[Tu et al., 2021], and wellbore storage [Tu et al., in preparation]) associated with a single-well circulation 
system. Without related analytical solutions already existing for these problems, it may not be possible to 
obtain analytical solutions by using the superposition principle.

During the peer-review process of our manuscript, the associated editor and reviewers provided very similar 
comments to those of Dr. Kabala. The followings are excerpts of these comments (in Italics):

1.  The manuscript presents a semi-analytical solution that, despite the usual limitations and caveats, is of 
relevance to the WRR readership. I agree with Reviewer 3 that the manuscript's novelty vis-a-vis a mul-
titude of other analytical solutions of this kind must be better argued (Associated editor)

2.  Ni and colleagues also derived a semi-analytical solution for this same scenario, which uses the well-
known well function. Since a solution already exists for this scenario, the authors should explain why 
their solution is needed, or how their solution improves upon what has already been done (Reviewer 1)

3.  Based on the previous comment, the author should extend the difference between their model and Ni 
et al. (2011), highlighting the advantage of their model compared to others (Reviewer 2)

4.  The paper has some unclear or incomplete reasoning but will likely be a significant contribution with 
revision and clarification (Reviewer 3)

We believe that we addressed all these concerns in our revised and final version of the manuscript.

3. Reply to Additional Comments
Dr. Kabala writes in his comment “Let me note that I notified the authors (and the Journal) of the problem 
with the paper in July 2020, and I postponed the writing and submission of this note until mid-October 
when it became clear that a self-retraction was not forthcoming.”

We are not aware of any communications between Dr. Kabala and Water Resources Research prior to the 
submission of his Comment in mid-October 2020. We are also not aware of any communications between 
our team, Water Resources Research, and Dr. Kabala about this issue prior to October 2020.

The concern about “The results show that steady drawdown contours are symmetric around a horizontal 
midplane of an aquifer and vary tremendously with distance from the well axis”:

Obviously, the analytical solution was not derived for a system shown in Figure 1 (Tu, Wu, Simunek, Chen, 
et al., 2020), which shows a concept behind shallow geothermal energy extraction systems. Figure 1 (Tu, 
Wu, Simunek, Chen, et al., 2020) shows an inclined groundwater table and an injection zone extending 
into the vadose zone. As far as we know, analytical solutions for such a complex system do not yet exist. 
As clearly stated in our manuscript, the analytical solution was derived for a simplified system shown in 
Figure 2 (Tu, Wu, Simunek, Chen, et al., 2020), representing a single-well circulation system in an infinitely 
thick, homogeneous aquifer. The statement mentioned above refers to the system for which this analytical 
solution was derived.

The concern about the Stehfest algorithm's limitation.

Indeed, we do not discuss the limitations of the Stehfest algorithm in our manuscript and that it can be 
rigorously applied only to monotonic functions. This means that the two functions are only qualitatively 
correct. Thank you for pointing out this problem. However, we would also like to point out that despite this 
known limitation, the Stehfest algorithm is still commonly used to carry out the sensitivity analysis and 
convert the analytical solutions obtained in the Laplace domain (e.g., Feng & Wen, 2016; Lin et al., 2016; 
Wen et al., 2013, etc.).
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The concern about “the Inadequate Literature Review, such as “Tu, Wu, Simunek, Chen, et al. (2020) and 
Tu, Wu, Simunek, Zhu, et al. (2020), along with Tu et al. (2019) and Ni et al. (2011), failed to acknowledge 
relevant post-1998 literature, including publications by Xia et  al.  (2019), Kahler and Kabala  (2018), Jin 
et al. (2016), Chen et al. (2010), Johnson and Simon (2008), and many others.”

Single-well or vertical-well circulation systems have many engineering applications, such as the in-situ 
aquifer remediation, determination of hydrogeological parameters, heating or cooling of buildings, and 
many others. As indicated by Dr. Kabala in the revised Comment, a simple search for the keyword “well cir-
culation” would yield 1,900 references. It is thus inevitable that one may fail to acknowledge some of these 
relevant references. Since the senior author's background is in geothermal exploitation of groundwater, the 
main references in our work are to this field, in which (as shown in Figure 1) a new engineering application 
for a vertical/single-well circulation system was first presented by Sorensen and Reffstrup (1992) and ana-
lytically solved by Ni et al. (2011).

However, this is not an excuse. We admit that we did not sufficiently review the hydrogeological literature 
and were unaware of Kabala's (1993) work. Similarly, Kabala (1993) and Kahler and Kabala (2018) were ap-
parently unaware of the work of Sorensen and Reffstrup (1992), Ni et al. (2011), and other related literature 
(e.g., Zlotnik et al., 2007; Chen et al., 2010, 2011), which are also relevant to their works.

The concern about “The title, “An analytical solution…,” is confusing.”

We not only obtained the analytical solution of transient drawdown (Equation 7 in Tu, Wu, Simunek, Chen, 
et al., 2020). in the Laplace domain, but also obtained a steady-state analytical solution (Equation 10 in 
Tu, Wu, Simunek, Chen, et al., 2020). in the time domain. Indeed, the solution in the Laplace domain is 
generally considered to be semi-analytical. We agree with this point and it would be better to use the term 
“semi-analytical solution” for Equation 7 in our work.

Dr. Kabala considered our work to be a re-publication of his work. We do not agree with this comment. The 
novelty and difference of our work have been discussed above. The following are the main contributions 
of our work, which provides new insights and suggestions for future research and practical applications:

 (1)  The analytical solution derived in our work avoids using the superposition principle. As a result, it does 
not include the complicated Hantush and Jacob well function and well configuration function, making 
our work simpler and reducing the computational cost

 (2)  It may not be possible to obtain analytical solutions for more complex systems (e.g., groundwater flow 
for a single-well circulation system influenced by factors such as non-Darcian flow, well skin, wellbore 
storage) by adopting the superposition principle used in the work of Kabala (1993) and Ni et al. (2011). 
The derivation methods employed in our work can provide the opportunity to address much more com-
plex problems

 (3)  The effects of multiple parameters, such as the radial hydraulic conductivity, the length of the sealed 
section, and aquifer specific storage, on drawdown distributions were investigated in our work. Also, 
the sensitivity analysis of related parameters was performed for estimation purposes. These analyses, 
not conducted by other researchers, can guide the design of single-well circulation groundwater heat-
pump systems

In summary, we disagree with Dr. Kabala's Comment that our work is a re-publication of his work (Kaba-
la, 1993). Our work was mainly based on Ni et al. (2011), and the approaches and contributions are different 
from those of Kabala (1993), Zlotnik and Ledder (1996), or Ni et al. (2011). The new contributions were 
clarified in the Introduction of our paper. We have to admit that we were not aware of the works of Kaba-
la (1993) and Zlotnik and Ledder (1996), and that is why we have not cited them in our manuscript, and we 
apologize for this omission. Thank you for making us aware of this additional relevant literature and that 
similar well circulation systems are used in other than geothermal applications.

Data Availability Statement
There are no data-sharing issues because any data used in this manuscript have been provided.
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