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A B S T R A C T

Water flow in the unsaturated zone is an important component of the water cycle. Accurate estimation of soil
hydraulic parameters ensures precise simulations of water flow in the unsaturated zone. In this study, a Gaussian
Process-based Iterative Ensemble Kalman Filter method (GPIEnKF) is proposed and applied for estimating soil
hydraulic parameters for two-dimensional soil water flow. The method involves a surrogate model for two-
dimensional soil water flow that is based on the Gaussian Process method. The accuracy and efficiency of the
GPIEnKF method are validated using two synthetic cases and a real dataset involving a field experiment with
drip irrigation. The impact of the layout of observation points as well as the number of training base points and
observation points on the estimation of parameters are also analyzed. The results show that the surrogate model
can accurately predict pressure heads at observation points. The layout of observation points that precisely
describes infiltration water movement allows the surrogate model to better emulate the original model, thereby
improving the accuracy of parameter estimation. The number of training base points is found to have only a
small influence on parameter estimation. The accuracy of parameter estimation and pressure head predictions
can be further improved by increasing the number of observation points. However, the accuracy of predictions is
affected by the uncertainty of boundary conditions and the soil spatial heterogeneity. The GPIEnKF method can
effectively estimate multiple parameters characterizing water flow in layered soils. As compared with the
standard Iterative Ensemble Kalman Filter, the GPIEnKF method can greatly improve computational efficiency
while obtaining comparable results. The GPIEnKF method is an efficient tool for parameter estimation of multi-
dimensional soil water flow.

1. Introduction

Water flow in the unsaturated zone is an important component of
the water cycle. From a hydrological point of view, soil moisture de-
termines the separation of precipitation into runoff, evaporation, and
infiltration, and the division of net radiation into latent, sensible, and
geothermal heat fluxes (Pauwels et al., 2007). As concern regarding the
protection of the environment and the quality of groundwater rises, the
importance of an accurate soil-physical description of porous systems
within the unsaturated zone is increasingly recognized in environ-
mental engineering and groundwater hydrology (Hopmans and
Šimůnek, 1999).

The quantification of water flux exchanges between the land sur-
face, the unsaturated zone, and groundwater requires an accurate

parameterization of soil hydraulic properties (Zhang et al., 2018). Many
inverse methods, such as the Levenberg-Marquardt algorithm (Kool
et al., 1985), the shuffled complex evolution algorithm (Duan et al.,
1992), and the AMALGAM algorithm (Vrugt and Robinson, 2007), have
been used for estimating soil hydraulic parameters (Šimůnek et al.,
1998; Abbasi et al., 2003; Vrugt et al., 2003; Durner et al., 2008;
Wöhling et al., 2008). The main problem with respect to these methods
is that the uncertainty is attributed to model parameters, ignoring the
additional uncertainty of inputs, outputs, and model structures (Vrugt
et al., 2008). In the process of model construction, there are many er-
rors, both in the model structure, due to the simplification of physical
processes, and in observation data, due to the limitation of observation
methods. It is incorrect to attribute the uncertainty only to model
parameters.
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Data assimilation methods provide a strong framework for dealing
with the uncertainty problem. Due to its superiority in solving high-
dimensional and nonlinear problems, the Ensemble Kalman Filter
method (EnKF) (Evensen, 1994) has been a preferred method for as-
similating state variables and for estimating parameters of unsaturated
zone (De Lannoy et al., 2007; Li and Ren, 2011; Pasetto et al., 2012;
Medina et al, 2014; Song et al., 2014; Shi et al., 2015; Brandhorst et al.,
2017). However, applying the EnKF method to unsaturated zone pro-
blems may encounter an inconsistency problem: after being updated
simultaneously using a linear update function, the state variables and
parameters may not follow the nonlinear Richards equation (Song et al.,
2014). Since variance-minimizing analyses, rather than physical prin-
ciples, are used to update state variables and parameters, these may
violate certain constraints, such as the water balance or nonnegativity
of parameters and states (Pan and Wood, 2006). To resolve the incon-
sistency problem, several improved EnKF algorithms have been pro-
posed in the literature. For example, Wang et al. (2009) proposed the
naive method, the projection method, and the accept/reject method to
incorporate the constraints into the EnKF method. Moradkhani et al.
(2005) proposed the Dual-EnKF method, in which two parallel EnKF
structures are used to update state variables and parameters. Song et al.
(2014) proposed a modified Restart EnKF method and evaluated three
iterative EnKF algorithms. The results show that the Restart-EnKF and
its modification are better than the original EnKF method. While
iterative methods are an effective way to resolve the inconsistency
problem, they are computationally expensive, which limits their ap-
plications in complicated cases. So far, most applications of the EnKF in
the unsaturated zone have considered only one-dimensional water flow
problems. When water flow is two- or three-dimensional, the compu-
tational cost increases dramatically. Therefore, it is necessary to pro-
pose a more efficient data assimilation method for high-dimensional
water flow in the unsaturated zone.

Surrogate models have been extensively used in hydrological
modeling to improve computational efficiency. An excellent review of
the use of surrogate modeling in water resources research was pre-
sented by Razavi et al. (2012). There are two types of surrogate mod-
eling techniques, namely response-surface surrogates and lower-fidelity
surrogates. The response surface is the relationship between the model
inputs and the model outputs. The response-surface surrogate model is
a kind of data-driven technique for approximating the response surface
of the original model based on a limited number of original model
evaluations. A lower-fidelity surrogate is an alternative model of the
original model with a lower level of accuracy (Razavi et al., 2012).
When a problem is low-dimensional so that the response surface can be
characterized using few parameters, the response-surface surrogate is
preferred since a limited number of original model evaluations is re-
quired (Brunetti et al. 2017). In recent years, many scholars have
combined response-surface surrogate models with data assimilation
methods to improve assimilation efficiency. For example, Chang et al.
(2017) developed a surrogate model, based on an iterative ensemble
smoother algorithm, in which the polynomial chaos expansion method
and the interpolation method were used. Li and Xiu (2009) proposed a
generalized polynomial chaos method based on the EnKF algorithm.
Zeng et al. (2011) developed a Probabilistic Collocation-based Kalman
Filter to achieve an efficient quantification of uncertainty. Ju et al.
(2018) proposed an adaptive Gaussian Process-based Iterative En-
semble Kalman smoother. Compared with other surrogate methods, the
Gaussian Process method (GP), which can provide output uncertainty of
a surrogate model, has attracted much attention in hydrological mod-
eling. Another advantage of the GP surrogate is that it is an exact
emulator, i.e., the GP surrogate can precisely predict values at all design
sites used in training of the surrogate, while an inexact emulator may
introduce bias at design sites (Brunetti et al., 2017).

However, to our knowledge, there are no studies that combine the
GP surrogate with the EnKF method for parameter estimation.
Therefore, in this study, we propose a GP-based iterative EnKF method

and apply it for the estimation of hydraulic parameters for two-di-
mensional unsaturated flow problems. The paper is organized as fol-
lows: the methodology is introduced in Section 2, the accuracy and
efficiency of the proposed method are presented using two synthetic
cases and a real dataset involving a field experiment with drip irrigation
in Section 3, and finally, conclusions are summarized in Section 4.

2. Methodology

2.1. Governing equation

Two-dimensional water flow in the unsaturated zone can be de-
scribed using the Richards equation:
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where θ is the volumetric moisture content [-], h is the pressure head
[L], K is the unsaturated hydraulic conductivity [LT−1], Kij

A are com-
ponents of a dimensionless anisotropy tensor KA, xi and xj are the
spatial coordinates [L], and S is the sink term [T−1] accounting for root
water uptake.

The highly nonlinear relationships between the unsaturated soil
hydraulic properties and the pressure head can be described by the
using the van Genuchten-Mualem model (Mualem, 1976; van
Genuchten, 1980):
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where Ks is the saturated hydraulic conductivity [LT−1], Se is the ef-
fective water saturation [-], θr and θs are the residual and saturated
water contents, respectively [-], α is the inverse of the air-entry value
[L−1], and n is the pore-size distribution index [-]. In this study, un-
saturated water flow was simulated using the CHAIN_2D code (Šimůnek
et al., 2008), i.e., an open source version of HYDRUS-2D.

2.2. Parameter estimation based on the iterative EnKF framework

The iterative EnKF framework for parameter estimation consists of a
model operator, an observation operator, and an iterative ensemble
Kalman filter algorithm. The model operator is used to pass the state
vector to the next time level, which can be expressed as follows:

= ++ ηX MXi i1 (5)

where Xi and Xi+1 are the state vectors at the current and next time
levels, respectively, i and i + 1 denote time indicators, M is the model
operator, and η is the model error vector that is independent white
noise for the model operator, which is drawn from a multinormal dis-
tribution with a zero mean and a specified covariance Q. In this study,
the soil hydraulic parameters to be estimated constitute the state vector.
It is assumed that the true values of these parameters will not change
during the simulation period and their estimates will eventually con-
verge to the true values during the assimilation process. Therefore, the
M operator is the unit matrix I.

The observation operator constructs the mapping between the state
vector and the observation vector, which can be written as:

= ++ + εY H X( )i i1 1 (6)

in which Yi+1 is the observation vector, H is the observation operator,
and ε is the observation error vector, which is also assumed to be in-
dependent white noise drawn from a multinormal distribution with a
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zero mean and specified covariance O. The two-dimensional soil water
flow model establishes the relationship between the soil hydraulic
parameters and the observation vector (e.g., pressure heads) and thus
the two-dimensional Richards equation is the observation operator in
this study. The Richards equation errors were included in the ob-
servation errors, which are assumed to be independent white noise.
Grooms et al. (2015) and Berardi et al. (2016) provided alternative
methods to deal with the model errors in ensemble Kalman filters.
Unlike previous studies of assimilating state variables and parameters
of unsaturated zone (Li and Ren, 2011; Shi et al., 2015; Brandhorst
et al., 2017), the Richards equation was used as the nonlinear ob-
servation operator rather than the model operator. The EnKF frame-
work is used to deal with the nonlinear observation operator. Similarly,
Lei et al. (2019) also used the EnKF to deal with the nonlinear ob-
servation operator, i.e., the one-dimensional hydrodynamic model in
their study.

The EnKF method is a Monte Carlo method, in which an initial
ensemble member can be generated by adding a random disturbance to
initial estimates of the soil hydraulic parameters, and is expressed as
follows:

= + ξX Xj
0 0 (7)

where j indicates the jth member in the parameter ensemble, and ξ is
independent white noise, which follows a multi-normal distribution
with a zero mean and a specified covariance R.

The calculation of the iterative EnKF method is similar to the EnKF
method. The major difference between the EnKF and iterative EnKF
methods is the starting time level of rerunning the forward model.
Instead of rerunning the forward model from the previous time level,
the iterative EnKF method reruns it from time zero (initial time).

Here we briefly introduce the EnKF method; more details can be
found in Evensen (2003). In the implementation of the EnKF, two
steps–namely forecast and analysis steps–are included. First, the fore-
cast state vector at the i + 1 time level is generated using the model
operator and the analysis state vector at the ith time level:

=+X IXj
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j
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in which Xf is the forecast state vector, and Xa is the analysis state
vector.

When there are observation data, the analysis state vector is up-
dated using the analysis equation as follows:
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where Ki+1 is the Kalman gain, which is defined as:

= ++ + + + −K P H HP H O( )i i T i T i1 1 1 1 1 (10)

where Pi+1 is the predictive error covariance matrix, which can be
expressed as follows:
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i f1, . The damping factor (Hendricks
Franssen and Kinzelbach, 2008) was used to reduce the inbreeding
problem, hence the Eq. (9) is revised as:
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where β is the damping factor, with values between 0 and 1. In this
study, a series of values e.g. 0.01, 0.05, 0.1, 0.2, 0.5 for β were con-
sidered and tested, it was found that β with a value of 0.1 is reasonable.
The same value of β was also used by Brandhorst et al., (2017) for
parameter estimation of one-dimensional case.

2.3. Gaussian process surrogate

In this section, we briefly introduce the GP method and then pro-
pose a GP-based iterative EnKF method. The GP surrogate model ap-
proximates the output of the original model F(m) using a Gaussian
stochastic process. The surrogate model G(m) is specified using a mean
function μ(m) and a covariance function k(m, m'):

μ km m m mG( ) N( ( ), ( , ))' (13)

Suppose we have N training base points of input parameters
= ⋯B m m{ , , }B B

N1 and the outputs of the original model
= ⋯B m mF( ) {F( ), ,F( )}B B

N1 , where mB are the soil hydraulic parameters
to be estimated. Then an approximate of the original model can be
obtained by conditioning G(m) on these base points. For an arbitrary
parameter point m, the output of the surrogate model is represented by
the mean, and the uncertainty of the output is expressed by the var-
iance:

= + −−μ μ k k μm m m B B B B B( ) ( ) ( , ) ( , ) [F( ) ( )]B|
1 (14)

and

= − −σ k k k km m m m B B B B m( ) ( , ) ( , ) ( , ) ( , )B|
2 1 (15)

The performance of the GP surrogate is influenced by choice of
mean and covariance functions defined in Eq. (13). In this study, the
Gaussian Process from a Machine Learning (GPML) toolbox developed
by Rasmussen and Nickisch (2010) is adopted. A sum of a constant and
a linear mean function is used as the mean function, and a diagonal
squared exponential covariance function is used as the covariance
function of the GP surrogate:
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in which a and bi are hyperparameters of the mean function, and σf and
λ are hyperparameters of the covariance function. The hyperparameters
of GP surrogate model are inferred by minimizing the negative log
marginal likelihood using the exact inference method. More details
about this method can be found in GPML help files of Matlab toolbox
(Rasmussen and Nickisch, 2010).

To improve the efficiency of assimilation, we propose a GP-based
Iterative EnKF method (GPIEnKF). The flow chart of the calculation
procedure of the GPIEnKF method is shown in Fig. 1. The steps are
described as follows:

(1) First, the parameter ensemble Mk
e is generated randomly using the

Latin-Hypercube method for a given mean and standard deviation.
(2) At each assimilation time tk, the training base point parameter Mk

B

is obtained by being randomly drawn from Mk
e.

(3) Pressure heads at observation points HB are simulated by running
the water flow model from the initial time to the current time tk
using the training base point parameter Mk

B.
(4) The GP surrogate is established using Mk

B as input and HB as
output.

(5) Pressure heads at observation points He are predicted by the GP
surrogate using the parameter ensemble Mk

e.
(6) The parameter ensemble Mk

e is updated using Eq. (12), in which
the error term εn+1 = εO + εGP accounts for the observation error
and the GP surrogate error to avoid an over-confident estimation
result (Zhang et al., 2016);

(7) Steps (2) to (6) are repeated until the simulation time reaches the
maximum assimilation time T.
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3. Case studies

In this section, the performance of the GPIEnKF method for esti-
mating soil hydraulic parameters is evaluated using two synthetic case
studies.

3.1. Case 1: Infiltration into a homogeneous soil

In Case 1, infiltration into a homogeneous soil under a linear in-
filtration source was considered. The computational domain is
50 cm× 50 cm and was discretized into 200 finite elements. A constant
pressure head with a value of 2 cm was considered as the upper
boundary condition in the central 20 cm of transport domain, while free
drainage was considered as the bottom boundary condition (see Fig. 2).
No flow was considered on all other boundaries. The initial condition is
a uniformly distributed pressure head with a value of −100 cm. In this
study, the initial and boundary conditions were assumed to be known
without uncertainty. This is a common assumption in parameter esti-
mation studies using the EnKF (Li and Ren, 2011; Chen and Zhang,
2006; Song et al. 2014). A loamy soil was considered with soil hydraulic
parameters according to Carsel and Parrish (1988), i.e.,
Ks = 0.0173 cm/min, α = 0.036 cm−1, n = 1.56, θs = 0.43, and
θr = 0.078. The total simulation time is 400 min, and pressure heads at
observation points were recorded every 20 min.

The parameters to be estimated are Ks and α, which are the most
variable parameters (Carsel and Parrish, 1988). The other soil hydraulic
parameters were assumed to be known. Estimated parameters were log-
transformed because their probability distributions are known to ap-
proximate lognormal distributions (Carsel and Parrish, 1988). To test
the accuracy of the GPIEnKF method for parameter estimation, the

initial estimates of Ks and α are larger than their true values, i.e.,
Ks

0 = 1.5Ks, α0 = 1.5α. The standard deviation of the initial parameter
ensemble is 0.1 for both log10(Ks) and log10(α). The number of training
base points was set to 30. To examine the effect of ensemble size on
estimation accuracy, different ensemble sizes, i.e., 50, 100, 200, 300,

Fig. 1. Flow chart of the calculation procedure of the GPIEnKF algorithm.

Fig. 2. Computational domain for Case 1.
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400, 500, and 600 were considered. The mean values of the parameter
ensembles at the maximum assimilation time were the final parameter
estimations. As shown in Fig. 3, the relative error of the saturated hy-
draulic conductivity decreases significantly as the ensemble size in-
creases from 50 to 300, and then it declines only slightly with a further
increasing ensemble size. Therefore, the ensemble size of 300, the same
as also used by Li and Ren (2011), was used in the following simula-
tions.

The measurements were obtained using the following steps.
Pressure heads at observation points were first simulated using the true
values of soil hydraulic parameters. The measurements were then ob-
tained by adding observation errors to the simulated pressure heads.
The standard deviation of the observation error was 0.01.

The influence of a layout scheme of observation points, the number
of training base points, and the number of observation points on
parameter estimation were analyzed. The relative error (RE) was used
as an indicator to evaluate the accuracy of parameter estimation. The
root mean square error (RMSE) was used to evaluate the accuracy of
pressure head predictions.

3.1.1. Influence of the layout scheme of observation points
Two types of layout schemes of observation points, namely vertical

and horizontal layout schemes, were considered. For the horizontal
layout the observation points were located in upper soil, whereas for
vertical layout the observation points were located at various depths.
The locations of observation points are shown in Fig. 4. Fig. 5 presents
the evolutions of the mean of the parameter ensemble for different
observation point layout schemes. Fig. 5 shows that the optimized
parameters converged to their true values for both vertical and hor-
izontal layout schemes as the number of assimilations increased. The
standard deviation of the optimized parameters decreases gradually as
the number of assimilations increases, indicating that the uncertainty of
parameters decreases. The accuracy of estimated parameters for the
horizontal layout scheme is slightly higher for the vertical layout
scheme. The relative errors (RE) is less than 1% (0.96% and 0.87% for
the horizontal and vertical layout schemes are 0.96% and 0.87%, re-
spectively), which meets the accuracy requirements. The results in-
dicate that the soil hydraulic parameters can be well estimated by the
proposed method.

Fig. 6 shows pressure heads at observation points measured and
predicted by the GP surrogate for the horizontal and vertical layout
schemes. The figure demonstrates that pressure heads predicted by the

GP surrogate are in good agreement with the measurements as the
number of assimilations increases. This is because the estimated para-
meters converge to their true values during the data assimilation,
thereby resulting in good pressure head predictions by the GP surro-
gate. Since the measurements were generated by the original model
using the true parameters, the results indicate that the GP surrogate can
predict the state variables of the original model well. We compared the
prediction accuracy at observation point 3 for different layout schemes,
as the location of this point was the same in both the horizontal and
vertical layout schemes. Pressure heads predicted using the vertical
layout scheme are slightly more precise than those predicted using the
horizontal layout scheme, with the RMSE values of 6.56 cm and
6.59 cm, respectively.

3.1.2. Influence of the number of training base points
To examine the influence of the number of training base points (NB)

on predicted results, different numbers of training base points, i.e.,
NB = 10, 20, 30, … , 100, were tested. Fig. 7 shows that parameter
evolutions for different NBs are similar. Fig. 8 presents the RE for dif-
ferent NBs. For the vertical layout scheme, the smallest RE (0.13%) was
obtained for NB = 40 and the largest RE (0.96%) for NB = 30. For the
horizontal layout scheme, the smallest RE (0.36%) was obtained for
NB = 40 and the largest RE (2.07%) for NB = 100. The results show
that increasing the number of training base points does not improve the
accuracy of parameter estimation. This may be due to the homogeneity
of the soil profile in this case study, in which a small number of base
points can produce an accurate prediction of pressure heads at ob-
servation points. In contrast, Ju et al. (2018) reported that a larger
number of base points was required to obtain accurate simulations
when a strongly heterogeneous field was considered.

The comparison of GP surrogate predictions with original model
simulations for different NB is shown in Fig. 9. It can be seen that
pressure heads predicted by the GP surrogate match those simulated by
the original model reasonably well. However, the prediction accuracy
of the GP surrogate is not improved by increasing NB. The RMSE values
for NB = 30, 60, and 100 are 2.65, 2.69, and 2.86 cm, respectively.
This may be due to the difference in the initial parameter ensemble and
training base points for different NBs. Since the initial parameter en-
semble was randomly generated, even though the same mean and
standard deviation were used, there is no guarantee that every element
of the parameter ensemble is identical for different NBs. Apart from
NB = 30, the parameter estimation accuracy of the vertical layout

Fig. 3. Relative errors of the saturated hydraulic conductivity versus an ensemble size.
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Fig. 4. Layout schemes [(a) a horizontal layout, (b) a vertical layout] of observation points (filled circles represent observation points, red numbers indicate
observation points discussed in the text).

Fig. 5. Parameter evolutions (Ks - top, α - bottom) for different layout schemes (vertical and horizontal) of observation points (V-stdev and H-stdev are standard
deviations for the vertical and horizontal layouts, respectively).
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Fig. 6. Comparison of pressure heads at observation points measured and predicted using the GP surrogate for different layout schemes [(a) a horizontal layout, (b) a
vertical layout].

Fig. 7. Parameter evolutions (Ks - left, α - right) for a different number of training base points (NB) and different layout schemes [(a) a horizontal layout, (b) a vertical
layout].
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scheme is higher than that of the horizontal layout scheme (see Fig. 8).
This is likely because water movement during the infiltration process is
better described using the vertical layout scheme of observation points,
resulting in better emulation of the original model by the GP surrogate.
The results are consistent with Montzka et al. (2011), who reported that
assimilation effects are limited when only soil surface observations
were used. These results indicate that the layout scheme of observation
points has a greater influence on parameter estimation than the number
of training base points. Increasing the number of training base points
leads to longer training time of the surrogate model. The CPU time
increased from 49 s to 168 s when NB was increased from 10 to 100.
Since the RE for NB = 30 is less than 1%, which meets the accuracy
requirement, in the subsequent experiments, NB was set to 30.

3.1.3. Influence of the number of observation points
To analyze the influence of the number of observation points (NO),

a different number of observation points, i.e., NO = 8, 12, and 16, were
tested. The locations of observation points are shown in Fig. 10. Fig. 11
presents parameter evolutions for different NOs. The estimation accu-
racy can be improved for a higher NO, with the RE decreasing from
0.87% to 0.56%. For the same observation points, the RMSE of pre-
dicted pressure heads decreases from 5.95 to 5.82 cm. The results are
consistent with those of Brandhorst et al. (2017), who reported that
using a higher number of observation points can improve the accuracy
of parameter estimation. This is because the assimilation system can
utilize more observation information, which allows the GP surrogate to
better emulate the original model, thereby resulting in more accurate
parameter estimations and pressure head predictions. A higher NO does
not require significantly longer calculation time. Since the number of
original model evaluations is the same for different NOs, the training
time of the surrogate model does not grow much as NO increases.
Hence the total calculation time for different NOs is almost the same.

3.2. Case 2: Infiltration into a layered soil

In Case 2, water infiltration from a single-ring infiltrometer into a
layered soil was considered. The soil profile consists of two layers:
40 cm thick A-horizon and an underlying B/C-horizon. The hydraulic
parameters of the two-layered soil are shown in Table 1 (Cislerova,
1987; Hopmans and Stricker, 1989). The axisymmetric computational
domain is shown in Fig. 12a. The computational domain is
125 cm × 130 cm and was discretized into 684 finite elements. All
sides of the computational domain are impervious except for a small
portion around the origin at the soil surface where a constant pressure
head was imposed, as well as the lower right corner where the
groundwater level was kept constant. The initial pressure head profile
and locations of observation points are shown in Fig. 12b. The ensemble
size was set to 300, and the number of training base points was set to
30. The total simulation time was 10 days, and pressure heads at ob-
servation points were recorded every 2 h. The measurements were
obtained by adding an observation error to the pressure heads simu-
lated using the true parameters. The standard deviation of the ob-
servation error is 0.01. More hydraulic parameters were estimated in
this case, i.e., Ks, α, and n of each soil layer. Similarly, as in Case 1, the
initial estimates of parameters deviate from their true values, i.e.,
Ks

0 = 1.5Ks, α0 = 1.5α, and n0 = 1.2n. The standard deviation of the
initial parameters ensemble is 0.1 for both log10(Ks) and log10(α) and
0.01 for n. To illustrate the accuracy and efficiency of the proposed
method, the results of the GPIEnKF method were compared with those
of the original Iterative Ensemble Kalman Filter method (IEnKF).

Fig. 13 presents the parameter evolutions of the GPIEnKF and IEnKF
methods. It can be seen that Ks and α estimated by the GPIEnKF method
are closer to their true values at the beginning of the simulation in
comparison with the IEnKF method. This may be caused by the dif-
ference in pressure heads predicted by the surrogate and original
models. The final values of estimated parameters by the IEnKF methods
are more accurate than those by the GPIEnKF method, with the RE
value of 3.8% and 4.4% for the IEnKF and GPIEnKF methods, respec-
tively. For n, the parameters estimated by the IEnKF converge to their
true values more quickly. This is because the simulation of water
movement is more sensitive to Ks and α than to n in this case. The Ks and
α values estimated by the GPIEnKF are more accurate at the beginning
of the simulation. Even when the n value deviates from its true value,
the simulated pressure heads can match the measurements at the be-
ginning of the simulation. The final estimates of n by the IEnKF are
more accurate. The RE value for the first soil layer is 1.9% and 2.3% for
the IEnKF and GPIEnKF methods, respectively, whereas the RE value for
the second soil layer is 4.5% and 4.8% for the IEnKF and GPIEnKF
methods, respectively. The parameters estimated using IEnKF and
GPIEnKF did not completely converge to their true values. This can be
attributed to two factors. First, different combinations of parameters

Fig. 8. Relative errors (RE) for a different number of training base points and
different layout schemes.

Fig. 9. Comparison of pressure heads predicted using the GP surrogate model and simulated using the original model for a different number of training base points
(NB = 30, 60, and 100).
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may lead to similar simulation results. Second, the errors of the nu-
merical solution for Richards equation may affect the results of para-
meter estimation. However, the RE values were less than 5%. The re-
sults indicate that the GPIEnKF method can obtain a comparable
accuracy of parameter estimations as the IEnKF method. Fig. 14 shows
the measured and predicted pressure heads at two observation points.
The pressure heads predicted by the GPIEnKF and IEnKF methods are in
good agreement with the measurements. The prediction accuracy of the
IEnKF method is slightly higher than that of the GPIEnKF method, with
the RMSE value of 0.66 and 1.00 cm for both the IEnKF and GPIEnKF

methods, respectively. This is because parameters estimated by the
IEnKF method are more accurate than those estimated by the GPIEnKF
method.

It should be pointed out that the two most time-consuming steps of
assimilation with the IEnKF method are original model evaluations and
matrix calculations. In this study, the updated state vector includes soil
hydraulic parameters, and is thus low dimensional, requiring less time
for matrix calculations. Since the time needed for training of the sur-
rogate model and its predictions is almost negligible, most computa-
tional time is consumed in original model evaluations. The computa-
tional efficiency of the GPIEnKF and IEnKF methods can be evaluated
by comparing the number of original model evaluations. In this case,

Fig. 10. Layout schemes for 8, 12, and 16 observation points (filled circles represent observation points).

Fig. 11. Parameter evolutions (Ks - left, α - right) for a different number of
observation points (NO).

Table 1
Soil hydraulic parameters for Case 2.

Parameter 1st layer 2nd layer

θs 0.399 0.399
θr 0.0001 0.0001
Ks (cm/min) 0.0207 0.0315
α (cm−1) 0.0174 0.0139
n (-) 1.376 1.602

Note: adapted from Šimůnek et al. (2011).

Fig. 12. Computational domain for Case 2 (a) and the initial pressure head
profile and locations of observation points (b). (Filled circles represent ob-
servation points, red numbers indicate observation points discussed in the text).
.
Adapted from Šimůnek et al. (2011)
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Fig. 13. Comparison of parameter evolutions (Ks - top, α- middle, and n - bottom) for the GPIEnKF and IEnKF methods [(a) the first layer, (b) the second layer].

Fig. 14. Comparison of pressure heads measured and predicted by the GPIEnKF and IEnKF methods.
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the ensemble size was set to 300, and the number of training base
points for the GP surrogate was set to 30. Therefore, the computational
cost of the GPIEnKF method is approximately 1/10th of that of the
IEnKF method. Compared with the IEnKF method, the GPIEnKF method
has much higher calculation efficiency with almost no loss of accuracy.

Simulated pressure heads vary smoothly without abnormal fluc-
tuations (see Fig. 14), which indicates that the iterative method is an
effective way to avoid the inconsistency problem. The results show that
the GP surrogate can accurately predict pressure heads at observation
points similarly to the original model. Hence, for high-dimensional soil
water flow problems, when only state variables at critical locations
need to be predicted, the GP surrogate provides an efficient forecasting
tool.

Though the properties of the two soils used in the numerical si-
mulation did not show big differences, the GPIEnKF method with
HYDRUS-2D could also be used to estimate hydraulic parameters for
layered soils with significantly different properties. This is because si-
milar methods have been effectively used to assimilate the hydraulic
parameters. For example, Li and Ren (2011) and Shi et al. (2015) used
the EnKF method with one-dimensional HYDRUS to assimilate soil
hydraulic parameters of layered soils of which the hydraulic con-
ductivities differed by one order of magnitude. In addition, Ju et al.
(2018) used the GP surrogate model to approximate the soil hydro-
dynamic model, i.e., HYDRUS-2D, and demonstrated that the GP sur-
rogate model based method can improve the assimilation efficiency of
heterogeneous hydraulic conductivity field.

3.3. Case 3: A real case involving a field experiment with drip irrigation

A field experiment involving drip irrigation of processing tomato
was conducted at the upper reaches of the Yellow River basin, China
(latitude 40◦41‘N and longitude 107◦18′E, 1041 m altitude). The soil
profile (down to a depth of 0–60 cm) can be divided into three layers.
Physical properties of these soil layers are given in Table 2. Meteor-
ological data measured by an automatic weather station (HOBO,
Campbell Scientific Inc., USA) were used to calculate daily reference
evapotranspiration (ETo) using the modified Penman-Monteith equa-
tion (Allen et al., 1998). Daily ETo and precipitation are shown in
Fig. 15. Soil water contents at two horizontal locations and three depths
(Fig. 16) were monitored using HydraProbe sensors.

Soil water contents were simulated for a computational domain
40 cm wide and 60 cm deep during the growing season (6/2/2015–9/
1/2015, a total of 104 days). The computational domain, applied
boundary conditions (BC), and the position of observation points are
shown in Fig. 16. The computational domain was discretized into 2,527
finite elements. A time-variable flux boundary condition, determined
from irrigation rates, was specified on the BC boundary (Fig. 16). While
a no flux boundary condition was specified on the CD boundary, which
was covered by a plastic mulch, an atmospheric boundary condition
was specified on the DE boundary. Since the groundwater table is re-
latively deep, the lower boundary was treated as a free drainage
boundary. Due to symmetry of flow, a no flux boundary condition was
specified on both vertical sides. Water uptake was simulated using the
model of Feddes et al. (1978) with default values of parameters of the
stress response function. The initial water content was 0.4 cm3/cm3,
0.42 cm3/cm3, and 0.43 cm3/cm3 in depths of 0–20 cm, 20–40 cm, and

40–60 cm, respectively.
An ensemble size of 300, a number of training base points of 30, and

a 2-day interval were used in the following assimilation. Unlike in the
previous two synthetic cases, soil water contents rather than pressure
heads were used as observation data. A value of 0.01 was used as the
standard deviation for the soil water content observation error (Shi
et al., 2015). The initial values of soil hydraulic parameters to be es-
timated (θr, θs, Ks, α, and n) for each soil layer (see Table 3) were ob-
tained using the Rosetta pedotransfer functions (Schaap et al., 2001)
with the bulk density and the percentage of sand, silt, and clay as input.
The standard deviation of the initial parameter ensemble was 0.3 for
log10(KS) and log10(α), and 0.01 for θr, θs, and n (Brandhorst et al.,
2017). The initial condition error was also considered by adding a
disturbance σh = 0.005 m (Brandhorst et al., 2017) to the initial
pressure head, which was calculated from the initial soil water content.

The results of the parameter estimation are shown in Fig. 17. De-
viations can be found between the initial parameter values and their
estimated values, especially for the most variable parameters KS and α
(Carsel and Parrish, 1988). Since the true values of parameters were not
known, the results of the GPIEnKF method were compared with those of
the Levenberg-Marquardt optimization algorithm (L-M) (Moré, 1978),
which are shown in Table 4. It can be seen that the values of the
parameters KS and n estimated using the GPIEnKF method (see Table 5)
are close to those obtained using the L-M method, contrary to those of
other parameters, which showed large deviations. This may be attrib-
uted to the fact that the L-M method estimates parameters by mini-
mizing the objective function, i.e., the sum of squared deviations be-
tween simulated and observed soil water contents, while the GPIEnKF
method obtains parameters using the variance-minimizing analysis
(Evensen, 2003).

Fig. 18 shows a comparison between the simulated and observed
soil water contents. Simulated soil water contents agree reasonably well
with measurements at soil depths of 20–60 cm. RMSEs for the GPIEnKF
method are 0.012 cm3/cm3 for the 20–40 cm soil depth and 0.031 cm3/
cm3 for the 40–60 cm depth, while for the L-M method they are
0.007 cm3/cm3 for the 20–40 cm depth and 0.016 cm3/cm3 for the
40–60 cm depth. However, simulated soil water contents for the
0–20 cm soil depth show large deviations from measurements, with
RMSEs of 0.049 cm3/cm3 for the GPIEnKF method and 0.035 cm3/cm3

for the L-M method. Larger deviations between the simulated and ob-
served soil water contents may be attributable to the following reasons.
First, there is uncertainty in the upper boundary condition, which can
not be quite well characterized due to frequent changes between eva-
poration and infiltration associated with multiple irrigation and pre-
cipitation events. Second, the simulations are affected by an inherent
soil spatial heterogeneity. The classification of the soil profile into
multiple homogeneous layers in numerical simulations is a significant
simplification of the complex reality. Finally, the assumption that
parameter values are constant in time may be unreasonable. Soil
structure is continuously changing during the growing season due to
irrigations, crop growth, and other factors, which may lead to time-
variable soil hydraulic parameters (especially KS and α).

More accurate simulations can be obtained using parameters esti-
mated by the GPIEnKF method compared to those estimated by Rosetta
(initial parameter values) (Fig. 18). This further indicates that the as-
similation algorithm can improve prediction accuracy. Similar results

Table 2
Soil physical properties for the experimental site.

Soil depths (cm) Soil particle fraction (%) Soil texture Bulk density (g/cm3)

Sand > 0.05 mm Silt 0.002–0.05 mm Clay < 0.002 mm

0–20 12.18 60.98 26.84 Silt loam 1.47
20–40 21.84 56.87 21.29 Silt loam 1.53
40–60 18.46 54.81 26.73 Silt loam 1.49
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were reported by Li and Ren (2011) and Shi et al. (2015). For the real
experimental case, the CPU time for the GPIEnKF method (about 15 h)
is about 10 times shorter than that for the standard iterative EnKF. This
further indicates that the GPIEnKF method can improve the computa-
tional efficiency, especially for cases, with which the original model
simulations are time-consuming.

The initial and boundary conditions are very important to the si-
mulation of soil water dynamics. However, their uncertainties were not
considered in the surrogate model of the present study, due to that their
uncertainties mainly depend on the accuracy of observations. In gen-
eral, the initial and boundary conditions are assumed to be determi-
nistic and known in the parameter estimation using assimilation
method (Li and Ren, 2011; Song et al., 2014; Shi et al., 2015). It should
be pointed out that the influence of initial and boundary conditions on
parameter estimation with the surrogate method is worth to be

investigated in the follow up studies. For example, the uncertainties of
initial and boundary conditions might be integrated in surrogate
method with considering them as the input variables of the constructed
model. In addition, the present study focused on parameter estimation
of layered soils, the capability of GPIEnKF for the parameter estimation
of multi-dimensional cases with high heterogeneities needs further in-
vestigation.

4. Conclusions

We propose a Gaussian Process-based Iterative Ensemble Kalman
Filter method for parameter estimation. The proposed method com-
bines the advantage of the high computational efficiency of the GP
surrogate with the advantage of dealing with the uncertainty problem
by the EnKF method. Since the number of original model evaluations is
equal to the number of training base points, which is much smaller than
the ensemble size, the calculation time of the GPIEnKF method can be
greatly reduced in comparison with the standard Iterative Ensemble
Kalman Filter method. We verified the accuracy and efficiency of the
proposed method using two synthetic cases and a real dataset involving
a field experiment with drip irrigation. For a homogeneous soil profile,
the results show that the number of training base points has little effect
on parameter estimation. Soil water movement needs to be described
well by the layout scheme of observation points so that the surrogate
model can correctly emulate the original model, thereby leading to
more accurate parameter estimation and pressure head predictions.
Increasing the number of observation points provides more observation
information for the assimilation system and improves the prediction
accuracy of the surrogate model, thereby resulting in more accurate
parameter estimation. For the layered soils, the GPIEnKF method can
obtain accurate results for multi-parameter conditions. However, the
accuracy of predictions is affected by the uncertainty of the boundary
conditions and the soil spatial heterogeneity. In comparison with the
standard Iterative Ensemble Kalman Filter method, the GPIEnKF
method can obtain comparably accurate results with a greatly reduced
computational cost. The proposed method is an effective tool for
parameter estimation for high-dimensional soil water flow problems. In
this study, we only considered unsaturated flow model, but the pro-
posed method can also be easily adapted for other hydrologic models.

The parameters were assumed to be constant over time in this study.
However, due to climatic variations and human activities, this as-
sumption may result in large simulation errors. As a sequential assim-
ilation method, the GPIEnKF method can update the state variables and
parameters in real time according to observed data. In future research,

Fig. 15. Daily reference evapotranspiration (ETo) and precipitation during the growing season.

Fig. 16. The computational domain, boundary conditions, and observation
points for the field case.

Table 3
Parameters of the van Genuchten–Mualem model for different soil layers.

Soil depths (cm) θr (cm3/cm3) θs (cm3/cm3) α (cm−1) n (-) Ks (cm/day)

0–20 0.0815 0.456 0.0066 1.569 15.37
20–40 0.0703 0.431 0.0053 1.619 18.25
40–60 0.0790 0.447 0.0066 1.562 15.82
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we will explore the potential of the GPIEnKF method for estimating
time-varying parameters.
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