
Water table rise in urban shallow aquifer with vertically-heterogeneous soils: 
Girinskii’s potential revisited
A. R. Kacimov a, A. Al-Maktoumi a,b and J. Šimůnek c

aDepartment of Soils, Water and Agricultural Engineering, Sultan Qaboos University, Muscat, Oman; bWater Research Centre, Sultan Qaboos 
University, Muscat, Oman; cDepartment of Environmental Sciences, University of California Riverside, Riverside, California, USA

ABSTRACT
Seepage through an aquifer, the hydraulic conductivity of which varies vertically, is studied using the 
Dupuit-Forchheimer approximation (Girinskii’s potential) and numerically by FDM-MODFLOW and FEM- 
HYDRUS-2D. In urban water hydrology, the effect of compaction of the top stratum of an aquifer on the 
flow rate and the position of the water table (characterized by an integral quantity of the saturated/dry 
area) is analysed. The area of the saturated zone is evaluated as a function of the conductivity ratio of the 
two strata, and their thicknesses. Conductivity varying linearly and exponentially is also analytically 
studied. Boundary-value problems are solved for a linear (nonlinear) ordinary differential equation if 
the evaporation rate is constant (decreasing exponentially with depth). The MODFLOW and HYDRUS-2D 
simulations give consistent fields of the piezometric head, pressure head, and Darcian velocity, as well as 
the water table position, which may have a global minimum (watershed).
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“From the earliest traceable cosmical changes down to the latest 
results of civilization, we shall find that the transformation of the 
homogeneous into the heterogeneous, is that in which Progress 
essentially consists.” 

Spencer, H., 1875. Illustrations of Universal Progress: A Series of 
Discussions. New York: D. Appleton & Company.

1 Introduction

In urban hydrology, one concern regards alterations to the 
groundwater system with anthropogenic impacts in general 
and moisture fluxes, water table dynamics and piezometric 
surface variations in sub-city soils, vadose zone and aquifers 
in particular (see e.g. Lerner 2003, Vázquez-Suñé et al. 2005, 
Lerner and Harris 2008, Naik et al. 2008, Quan et al. 2010, 
Kazemi 2011, Chaudhary 2012, Howard and Israfilov 2012, Jha 
et al. 2012, Barron et al. 2013, Schirmer et al. 2013, Preene and 
Fisher 2015, Attard et al. 2016, McGrane 2016, Porse et al. 
2016, Vogwill 2016, Medovar et al. 2018, Coda et al. 2019). 
Howard (2017, p. 207) asked: Does urbanization of soils ele-
vate or depress the pristine water table? We recall Burghardt 
(1994, p. 207):

In many cases the groundwater-table drops in urban areas.

As a reason for this the reduction of water infiltration by sealing 
was suggested (Brechtel 1982). But there exist also results from 
Berlin, which show the opposite effect due to a diminishing of the 
evapotranspiration. An enhancement of the renewal of ground-
water takes place (Renger et al. 1987).

Changes of “virgin” hydrological conditions/storage under 
cities trigger numerous phenomena when the subsurface becomes 
wetter (damage to the waterlogged footings-foundations of build-
ings, heaving of roads and other urban structures, increased flash 
flood amplitudes, exfiltration of groundwater into local depres-
sions and breeding of harmful insects, de-aeration of the root 
zone of urban parks and gardens; salinization of the topsoil if 
groundwater is saline, among others). A critical rise of shallow 
water tables (also called “groundwater inundation”) in arid urban 
zones is caused by several factors (leaks from breached subsurface 
pipes and tanks, irrigation return from over-watered city parks/ 
gardens, paving of ground surface and ensued hampering of 
evaporation, among others; see e.g. Abu-Rizaiza et al. 1989, Al- 
Rawas and Qamaruddin 1998, Abu-Rizaiza 1999, Al-Sefry and 
Şen 2006, Kreibich and Thieken 2008, Al-Senafy 2011, Al-Senafy 
et al. 2015, Bob et al. 2016). Similarly, groundwater recharge in 
humid regions can increase significantly when these areas are 
growing, in particular due to a significant loss of evapotranspira-
tion (Minnig et al. 2018).

In this paper, we analyse the impact of a special type of 
heterogeneity, viz. vertically varying soil hydraulic properties, 
on a shallow unconfined aquifer. In the Muscat Metropolitan 
area, groundwater pumping stopped decades ago (when farms 
vanished), concomitant with heavy irrigation of expanding city 
parks and urban water supply coming from desalination 
plants. In contrast, ornamental vegetation is watered by ter-
tiary treated water provided to Muscat Municipality via cen-
tralized subsidies. Large areas of Big Muscat are now covered 
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by urban structures (buildings, roads, car parks, etc.). Most 
urban areas in the world, since the earliest epochs of trans-
forming civilizations (see the epigraph above), are subject to a 
heavy load of these structures that causes compaction of cities’ 
substrate and subsidence (i.e. topsoil’s bulk density and capil-
larity increase and its permeability decreases). We answer the 
following question: Do these changes increase or decrease the 
natural location of the phreatic surface?

The structure of our paper is as follows. In Section 2, we 
revisit analytical solutions of Polubarinova-Kochina (1962, 
1977) (hereafter abbreviated as PK-1962 and PK-77) to one- 
dimensional (1D) Dupuit-Forchheimer (hereafter abbreviated 
as DF) groundwater flows through a soil layer, the hydraulic 
conductivity of which varies with depth as follows:

● piece-wise continuously (Subsection 2.1 – no evapora-
tion; Subsection 2.2 – with evaporation from the water 
table),

● exponentially (Subsection 2.3, no evaporation), and
● linearly (Subsection 2.4, no evaporation).

In Section 3, we apply MODFLOW to model flow in a two- 
layered aquifer – in particular, one subject to evaporation from a 
shallow water table. In Section 4, we use HYDRUS-2D to model 
the same two-layered aquifer as in Subsection 2.1 and Section 3, 
taking into account the capillarity of the two strata. In Subsection 
4.1, we consider topsoil as an impermeable boundary, and in 
Subsection 4.2, we assume a given flux and pressure head along 
this boundary.

2 Analytical solutions for two-layered aquifers – DF 
approximation

A vertical cross-section of the pristine (pre-compaction) 
groundwater flow is shown in Fig. 1(a). We assume a horizontal 
bedrock on the horizontal scale of a city, a (tens to hundreds of 
metres), and an unconfined aquifer with hydraulic conductivity 
K0 subtended by a horizontal impermeable bedrock OD. As 
commonly conceptualized at such a scale, we ignore capillarity. 
City hydrologists usually monitor (with piezometers) a steady- 
state (or quasi-steady-state) groundwater motion over annual 
periods. Two piezometers in Fig. 1(a) show the water levels h1 
and h2. At a prototype site in Oman (the Sultan Qaboos 
University campus), the water table depth under the ground 
surface varies from about 10 cm to 2 m within a few hundred 
metres (size a in Fig. 1) between observation points.

Polubarinova-Kochina (1962, p. 1977) solved a free boundary 
problem analytically for a partial differential equation (the 
Laplace equation), which models a two-dimensional (2D) flow 
in Fig. 1(a) (the so-called “dam problem”), which involves a 
seepage face on the tailwater slope of the dam. If the slope of the 
phreatic surface is large, then a three-dimensional (3D) seepage 
face emerges also in monitoring boreholes (piezometers), which 
gauge 1D regional flows. As an interpose, we refer to figs 5.4, 5.6, 
and 5.8 of Yeh et al. (2015), where unconfined flows in aquifers 
are sketched analogously to fig. 217 of PK-62, which illustrates 
seepage through an embankment.

We assume a horizontal bedrock OD and a flat ground 
surface AE (Fig. 1(b,c)). We consider vertically averaged flow 

Figure 1. Vertical cross-sections of (a) a homogeneous aquifer, (b) a two-layered aquifer with no evaporation from AE, and (c) a two-layered aquifer with evaporation 
from the ground surface.
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in the x-direction of Fig. 1(b), i.e. we employ the DF approx-
imation (valid for sufficiently small h1/a). Mathematically, a 
boundary value problem (BVP) for a linear DF-ODE ignores 
the seepage face above point C (Fig. 1(b)). We examine three K 
(y) functions. The Charny formula (PK-62, PK-77) for a 
homogeneous case (K0) and extensions of this formula to 
arbitrary K(y), even for flows subtended by an interface 
above subjacent static saline water (Strack 2017, Toller and 
Strack 2019), give an exact value of the flow rate q through the 
saturated zone (Fig. 1(a)). Remarkably, the DF approximation 
results in the same value of q as the 2D theory, albeit the 
phreatic lines in the two models are different. In this paper, 
we select the area of the dry zone above the phreatic surface 
(Fig. 1) as a criterion of groundwater inundation.

2.1 Two-strata unconfined aquifer with no evaporation

In this subsection, we revisit the Girinskii potential (see PK-62, 
her chapter X, section 4, Example 21), which is used for solving 
the DF flow problem depicted in Fig. 1(b). The total saturated 
thickness and a commanding piezometric head of the aquifer are 
h1, the thickness of the bottom layer of conductivity K0 is h0. The 
downstream head, h2, obeys the double inequality h1 > h0 > h2. No 
accretion (evaporation) takes place along the water table, which is 
a smooth curve, except at point B (the abscissa of this point is x0), 
where the phreatic line ABC crosses a horizontal interface I1I2 
between the two strata. The upper layer has conductivity K1.

Obviously, in the two limits of the thickness d of the top 
layer, bounded by the double inequality 0 � d � h1, viz. at 
d = 0 and d = h1, the water table is the same because in 

homogeneous formations (e.g. earth dams, Fig. 1(a)) the shape 
of the phreatic surface does not depend on the conductivity. We 
can use the fully saturated area Aw(d) under the curve AC as a 
quantifier of waterlogging. Obviously, Aw(0) = Aw(h1), therefore, 
from the Rolle’s theorem, there should be a certain value of d at 
which Aw attains at least one minimum or maximum. This is 
also apparent from a geotechnical engineering practice: standard 
anti-seepage measures in earth dams (clay cores, sheet pilings, 
impermeable barriers inside the dam bodies, colmation, etc.) 
reduce the seepage flow rate through the dam. However, 
upstream of an engineered low-permeable zone (barrier), loca-
lized inside the dam, the phreatic surface is hoisted (as com-
pared with a “pristine,” homogeneous soil), while downstream 
of this “lens of altered permeability,” the water table drops. 
Consequently, Aw may either increase or decrease as compared 
with the homogeneous case. In this subsection, we find such an 

extremum of Aw(d) for the layering in Fig. 1(b). Philosophically, 
we prove that the pinnacle of Spencer’s Progress (see the epi-
graph) is attained at a certain hierarchical organization of the 
composite in Fig. 1(b).

The Girinskii potential is: 

F xð Þ ¼ ò
h xð Þ
0 y � h xð Þð ÞK yð Þdy (1) 

that for the two-strata aquifer in Fig. 1(b) yields: 

F xð Þ ¼
� Ko

2 h2; 0 � y � ho;
K0
2 h2

0 � 2hh0
� �

� K1
2 h � h0ð Þ

2
; ho � y � h1:

�

(2) 

Without evaporation, F(x) obeys a linear ODE, which inte-
grates twice: 

d2F
dx2 ¼ 0;) F ¼ q xþ C (3) 

where the two constants of integration (q and C) are deter-
mined from the BVP: 

F 0ð Þ ¼ C ¼
K0

2
h2

0 � 2h1h0
� �

�
K1

2
h1 � h0ð Þ

2
;

F að Þ ¼ � K0
h2

0
2
) q ¼

K0

2a
2h1h0 � h2

0 � h2
2 þ

K1

K0
h1 � h0ð Þ

2
� �

(4) 

Physically, q in Equation (4) is the groundwater inflow rate 
through AO in Fig. 1(b). Because evaporation, infiltration, and 
leakage through OD are ignored in Equation (3), q is the flow 
rate along the whole distance0 � x � a.

The water table is described by the following equation: 

From Equation (5), x0 is evaluated at h = h0. The area of the 
saturated zone under ABC and above the horizontal line y = h2 
in Fig. 1(b) is expressed as: 

Aw ¼ ò

h1

h0

xu hð Þdhþ ò

h0

h2

xb hð Þdh (6) 

where the integrands xu and xb are taken from the first and 
second parts of Equation (5).

We introduce the octad of dimensionless quantities: 
h�;x�;h�2;h�0;a�
� �

¼ h;x;h2;h0;a
h1

; F�¼F
K0h2

1
;kr ¼ K1=K0;q� ¼ q= k0h1ð Þ;

A�w ¼ Aw=h2
1 and, for the sake of brevity, drop the * superscript. 

We evaluate the integrals in Equation (6) and obtain: 

Aw h0; a; kr; h2ð Þ ¼
a
3

h3
0 kr � 1ð Þ � 3h0 kr � 1ð Þ þ 2kr

h2
0 kr � 1ð Þ � 2h0 kr � 1ð Þ þ kr � h2

2
(7) 

x ¼
1
q

K1
2 h1 � h0ð Þ

2
� h � h0ð Þ

2� �
� K0h0 h � h1ð Þ

� �
; 0 � x � xo; h0 � h � h1;

1
2q K1 h1 � h0ð Þ

2
� K0 h2 þ h2

0 � 2h1h0
� �� �

; xo � x � a; h2 � h � h0

(

(5) 

1In PK-77 this example is dropped.
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It is obvious from Equation (7), as well as from Yakimov’s 
comparison theorems (see e.g. Ilyinsky et al. 1998), that variations 
of three independent variables in the tetrad, viz. a; kr; and h2, 
generate monotonic variations of Aw. For example, if h2 increases 
from 0 to 1 (i.e. h2 = h1) (provided a and kr are fixed), then Aw 
increases. As mentioned in Section 1, the function Aw(h0) is less 
trivial. Specifically, the first derivative test 

Equation (8) is a quartic equation with respect to h0. Two 
complex roots are discarded. We evaluated two real roots of 
Equation (8) using the routine Solve of Wolfram’s (1991) 
Mathematica.2 According to the Ferrari formula, the first 
root is h0 = 1, which is the limit of a homogeneous aquifer. 
The second root (dropped here for the sake of brevity) gives a 
nontrivial internal extremum.

Next, we differentiated Equation (8) and used the second 
derivative test for Aw(h0). We found that the two real roots of 
Equation (8) give two global extrema: end and internal ones. 
The extrema are either minima or maxima, depending on 
whether kr > 1 or kr < 1. At the smallest possible value of 
h0 = h2, we have another end extremum (local).

Figure 2 (top panel) shows Aw(h0) for the dyad (h2,a) = (0.1, 
2) and kr = 0.01, 0.1, and 0.3 (curves 1–3, respectively). For curve 
3, for example, the minimum and maximum are indicated by 
arrows on the third curve. These extrema are in comport with 
the analytical values: the global internal minimum is attained at 
(Aw,h0) = (1.25,0.25), the end local minimum is at (Aw,h0) = (1.28, 
0.1), and the end global maximum is (Aw,h0) = (1.35, 1) (here-
after we retain two significant digits in computed values). In Fig. 
2 (bottom panel), the curves Aw(h0) are plotted for the dyad (h2, 
a) = (0.1, 2) and kr = 10, 6, and 2 (curves 1–3, respectively). A 
dimensionless dry area, Ad, in Fig. 1(b) equals a(1 − h2) − Aw, i.e. 
the extrema of Ad(h0) can be inferred from the analysis above, 
modulo a linear transformation.

Usually, an equivalent (also called “effective” or “apparent”) 
hydraulic conductivity of heterogeneous aquifers is defined for 
confined flows (see chapter 6 in Yeh et al. 2015). We define this 
quantity for an unconfined flow in Fig. 1(b) as: 

Keq ¼
q

h1 � h2
(9) 

From Equation (4) we know q for a two-strata aquifer 
(Fig. 1), which we put into Equation (9). From the Dupuit 
formula and Equation (9) we obtain Keq0 for a homoge-
neous aquifer. Then we obtain the ratio of equivalent 
conductivities: 

λ ¼
Keq

Keq0
¼

2 h0 � h2
0 � h2

2 þ kr 1 � h0ð Þ
2

1 � h2
2

(10) 

If little information is known about the vertical heterogeneity, 
then (considering a two-layered formation in Fig. 1(b)) the 
value of λ in Equation (10) assesses a relative error in the 
conceptualization of the aquifer as a homogeneous massif. 
For example, for a dyad (h0, h2) = (0.7,0.5), the ratios λ are 
0.88 and 12.88 for kr = 0.01 and 100, respectively. Therefore, 
for a compacted (less permeable) top layer, the error in the 
conceptualized “homogenization” is much less than for the 
case of a more permeable top stratum.

2.2 Two-strata aquifer with evaporation

In this subsection, we consider the case h1 > h2 > h0, i.e. 
the DF water table is located above I1I2 in Fig. 1(c), and 
add evaporation (of a constant intensity e) from AC. As 
compared with fig. 5.9 of Yeh et al. (2015), the direction of 
arrows (fluxes) is reversed. Although the curve h(x) is 

Figure 2. Areas Aw of the saturated zone under ABC as a function of h0 for (top) (h2, a) = (0.1, 2) and kr = 0.01, 0.1, and 0.3 (curves 1–3, respectively) and (bottom) (h2, 
a) = (0.1, 2) and kr = 10, 6, and 2 (curves 1–3, respectively).

dAw h0ð Þ

dh0
¼

h0 � 1ð Þ � 3 h2
2 � 3 h0 h2

2 � kr
� �

� 3 h2
0 kr � 1ð Þ þ h3

0 kr � 1ð Þ � kr
� �

kr � 1ð ÞÞ

3ð� h2
2 � 2h0 kr � 1ð Þ þ h2

0 kr � 1ð Þ þ krÞ
2 ¼ 0 (8) 

2All programs, which we wrote in Wolfram’s Mathematica, Visual MODFLOW, and HYDRUS-2D, are open-access files and are available from the authors upon request.
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smooth, for sufficiently high values of e, a trough emerges 
on the water table (Fig. 1(c)). The deepest point of the 
trough is Rs, the abscissa and ordinate of which are xm and 
hm, respectively. Moreover, if e exceeds a certain threshold 
value, then this trough point drops below I1I2. Then two 
corner points emerge on the water table (for the sake of 
brevity we do not consider such intense evaporation). The 
trough in Fig. 1(c) also implies a stagnation point Ps and a 
watershed RsPs (vertical segment), i.e. groundwater fluxes 
from OA and DC horizontally infiltrate into the aquifer 
from the left and right, respectively, and collide along RsPs 
such that no cross-flow from OA to DC (as in Fig. 1(a,b)) 
takes place.

Physically, the evaporation intensity depends on the thickness 
d(x) (Fig. 1(c)) of the vadose zone. PK-77 and Kacimov et al. 
(2019a) considered a linearly and exponentially varying e[d(x)] 
that resulted in BVPs for linear and nonlinear ODEs. A constant e 
is a reasonable approximation for shallow water tables, i.e. small 
d(x).

The governing ODE (3) and its solution are transformed as 
follows: 

d2F
dx2 ¼ � e;) F ¼ � e

x2

2
þ q xþ C (11) 

where the Girinskii function is given by the second line in 
Equation (2).

We add the constant e* = e/K0 to dimensional quantities of 
Section 2.1, solve BVP for the parabolic function F(x) (11), and 
obtain: 

q ¼
e a
2
þ

1 � h2

2a
2h0 þ kr 1þ h2 � 2h0ð Þ½ �;

2q x � e x2 ¼ 2h0 1 � hð Þ � kr h � h0ð Þ
2
þ kr 1 � h0ð Þ

2
(12) 

Equation (12) manifests a DF hyperbola as the water table. 
Obviously, for the ODE (11) with a “sink term,” q in Equation 
(12) is the groundwater flow rate only through the commanding 
segment OA. This rate, as is evident from Equation (12), 
decreases with x, can attain zero (at RsPs in Fig. 1(c)), and can 
even change the sign. This is illustrated in Fig. 3(a) where the 
water tables h(x) are shown for the tetrad (h0, h2, e, a) = (0.8, 0.9, 
0.1, 2) and four values of kr = 100, 10, 1, and 0.01 (curves 1–4, 
correspondingly). We skip over a routine analysis of extrema of 
h(x). The water table for the selected tetrad becomes nonmono-
tonic, even for a homogenous aquifer (curve 3). We report the 
final minimum only for curve 4: (hm, xm) = (0.87, 1.4).

The dimensionless areas of the whole saturated zone, AW, 
and of the dry zone, Ad, are defined as: 

AW ¼ ò
a

0
h xð Þdx; AW ¼ a � AW (13) 

The integrand in the integral (13) is expressed by solving the 
quadratic equation in Equation (12). We substitute the physi-
cally meaningful root h(x) into Equation (13) and integrate. 
For the sake of brevity, we skip over the explicit expression for 
AW(h0, h2, kr, e, a). In Fig. 3(b), we plot the function AW(h0) for 
the triad (h2, e, a) = (0.9, 0.1, 2) and three conductivity ratios 
kr = 0.1, 0.5, and 10 (curves 1–3, respectively). The first two 
curves depict increasing functions, and the third curve repre-
sents a decreasing function. Figure 3(c) shows AW(kr) for the 

Figure 3. Two-layered aquifer with evaporation: (a) water tables h(x) for (h0, h2, e, a) = (0.8, 0.9, 0.1, 2) and kr = 100, 10, 1, and 0.01 (curves 1–4, respectively); (b) area of 
the saturated zone AW(h0) for (h2, e, a) = (0.9, 0.1, 2) and kr = 0.1, 0.5, and 10 (curves 1–3, respectively); and (c) areas of the saturated zone AW(h0) for (h2, e, a) = (0.9, 0.1, 
2) and h0 = 0.1, 04, and 0.7 (curves 1–3, respectively).
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same triad as in Fig. 3(b) and three values of h0 = 0.1, 04, and 
0.7 (curves 1–3, respectively). Figure 3(c) manifests that the 
saturated area is more sensitive to the variations of the thick-
ness of the top layer d = h1 − h0 at kr < 1, i.e. just for the case of 
compaction (which is fairly trivial). We emphasize that one 
must check that the water table (Equation (12)) lies above I1I2 
of the two strata, because otherwise a three-branched water 
table has to be found, i.e. Equation (12) is not valid.

2.3 Aquifer with hydraulic conductivity varying 
exponentially with depth

In this subsection, similarly to Ameli et al. (2016) and Toller 
and Strack (2019), we tackle the case of K = K0e−r y, where r is 
an arbitrary real constant. We add to the list of dimensionless 
variables of Subsection 2.1 the quantity r* = r h1 (and drop the 
superscript). For no evaporation, ODE (3) holds and integrates 
as in Section 2.1, where Equation (1) is expressed as 

F xð Þ ¼
1
r2 1 � e� r h xð Þ 1þ r h xð Þð Þ
� �

þ
h xð Þ

r
e� r h xð Þ � 1
� �

;

0 � h � 1; 0 � x � a
(14) 

The constants of integration in Equation (3) are: 

Fð0Þ ¼ C ¼ 1
r2 1 � e� rð Þ � 1

r ;

q ¼ 1
r a

e� r ð1þrÞ� e� r h2 ð1þrh2Þ

r þ e� r h2 h2 � e� r þ 1 � h2

� �
(15) 

The water table and the wetted area above the horizontal line 
y = h2 are: 

x ¼
1

r q
e� r 1þ rð Þ � e� r h 1þ r hð Þ

r
þ e� r hh � e� r þ 1 � h

� �

Aw ¼ a
2er � er h2 2þ r � 2þ rer h2 � 1ð Þð Þ h2 � 1ð Þð Þ

2r er þ er h2 � 1þ rer h2 � 1ð Þð Þð Þ

(16) 

Figure 4(a) illustrates the water tables calculated using Equation 
(16) for the dyad (h2, a) = (0.5, 2) and r = −10, 0.1, and 10 (curves 
1–3, respectively). For too-steep water tables, like curve 1 in Fig. 4 
(a), the DF approximation is poor because it ignores a seepage 
face, which physically emerges on DE (Fig. 1(b)).

The dependence of Aw on r is plotted in Fig. 4(b) for a = 2 
and h2 = 0.2, 0.5, and 0.8 (curves 1–3, respectively).

2.4 Aquifer with hydraulic conductivity varying linearly 
with depth

In this subsection, we present calculations for Example 1 from 
PK-62 (see her chapter X, section 4), i.e. K = K0 (1 + b y), where 
b is a parameter quantifying the linear change of conductivity 
with depth (we add a dimensionless parameter b* = b h1 to 
those in Section 2.1 and drop the “*” superscript) and where 
evaporation is neglected. Obviously, � 1 � b � 1. We pre-
sent only the final solution for the BVP: 

q ¼
1 � h2

2 þ b=3 1 � h3
2

� �

2a
;

x ¼ a
1 � h2 þ b=3 1 � h3

� �

1 � h2
2 þ b=3 1 � h3

2ð Þ
; 0 � x � a; h2 � h � 1;

Aw ¼ a
1 � h2ð Þ 8þ 4h2 þ b 3þ 2h2 þ h2

2
� �� �

12 1þ h2ð Þ þ 4bð1þ h2 þ h2
2Þ

(17) 

We used Equation (17) and plotted in Fig. 5 (top) the 
qubic parabolas x(h) for the dyad (h2, a) = (0.1,2) and 
b = −0.99, 1, and 10 (curves 1–3, respectively). The areas 
of the wetted curvilinear triangle between the water table 
and the horizontal line y = −h2 are shown in Fig. 5 
(bottom) as Aw(b) for h2 = 0.7, 0.8, and 0.9 (curves 1– 
3, respectively).

2.5 Evaporation rate varying with depth

In this subsection, we consider the evaporation rate 
decreasing with d (Fig. 1). Linear or nonlinear functions 
e(d) were studied (see e.g. Hu et al. 2008, Kats 1968, PK- 
77). Without any loss of generality, here we select the 
exponential function (Kacimov et al. 2019a). We consider 
the same two-layered aquifer as in Subsection 2.2 but 
with h2 > h0. Then Equation (11) is transformed into 

Figure 4. An aquifer with exponential K(y): (a) water tables h(x) for h2 = 0.5, a = 2, 
and r = −10, 0.1, and 10 (curves 1–3, respectively); and (b) areas Aw(r) of the 
saturated zone for a = 2 and h2 = 0.2, 0.5, and 0.8 (curves 1–3, respectively).
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d2F
dx2 ¼ � e0 exp½� f h1 � h xð Þð Þ�

F xð Þ ¼
K0

2
h2

0 � 2hh0
� �

�
K1

2
h � h0ð Þ

2
; ho � y � h1

(18) 

where (e0, f) is a dyad of empirical positive constants (the 
evaporation rate from the saturated soil surface and an expo-
nential decay factor). Equation (18) represents a BVP for a 
nonlinear ODE. We used the routine NDSolve of 
Mathematica to solve it.

We used dimensional quantities because the right-hand side 
(RHS) in Equation (18) is an empirical evaporation function 
(Kats 1968, Hu et al. 2008). Specifically, we selected h1 = 10 m, 
a = 50 m, h0 = 5 m, h2 = 6 m, e0 = 0.01 m/d, K0 = 7 m/d, and 
K1 = 5 m/d. Curves 1 and 2 in Fig. 6 present the water table for 
f = 0 and 0.5 1/m, respectively. The two curves are almost 
identical (e.g. at the middle point x = 25 m, the values of h are 
8.14 and 8.17 m, respectively). We note that the “sink” term, i.e. 
the RHS in Equation (18), can be any other nonlinear function.

3 MODFLOW modeling of an aquifer consisting of 
two strata

In this section, we numerically simulate the problem presented 
in Fig. 1(b), using a finite difference method (FDM) 

Figure 5. Water table depths (top) and wetted areas above the tailwater horizon (bottom) for an aquifer with a linearly varying conductivity. Water table depths are for 
(h2, a) = (0.1,2) and b = −0.99, 1, and 10 (curves 1–3, respectively). Wetted areas are for a = 2 and h2 = 0.7, 0.8, and 0.9 (curves 1–3, respectively).

Figure 6. The water table in a rectangular composite having h1 = 10 m, a = 50 m, 
h0 = 5 m, h2 = 6 m, e0 = 0.01 m/d, K0 = 7 m/d, and K1 = 5 m/d. Curves 1 and 2 
correspond to f = 0 (a constant evaporation rate) and an exponentially decaying 
rate with f = 0.5 1/m, respectively.
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implemented in the code MODFLOW 2005 (Simcore Software 
2005). The model runs for steady-state seepage. We compare 
the MODFLOW results with those obtained by analytical 
solutions derived in Section 2.

Figure 7 depicts a vertical cross-section of the MODFLOW 
domain. The dyad of saturated conductivities is (K0, 
K1) = (7.13, 0.25) m/d (selected from the HYDRUS soil catalog 
for sand and loam, respectively). The effective porosity of both 
layers is ϴs = 0.43. The domain is gridded with 50 layers and 
250 columns, forming a total of 12 500 active cells, with cell 
sizes of Δy = Δx = 0.2 m. The generalized conjugate gradient 
method with preconditioning, involving a “modified incom-
plete Cholesky” solver, was selected with a convergence criter-
ion of 0.001. The constant head on the left and right 
boundaries have h1 = 10 m and h2 = 6 m, respectively (Fig. 
7). The model was run for different thicknesses d of the 
compacted top layer (Fig. 1(b)): 0, 0.4, 0.8, 1.6, 2.4, and 3.8 m.

In Fig. 8, Curve 1 presents the MODFLOW discharge q 
converted into dimensionless quantities of Section 2.1 and 

plotted by the ListPlot of Mathematica using the six above- 
listed values of h0 = h1 − d. The dimensional value of q in 
MODFLOW for all simulated cases was extracted from the 
water budget output file. Curve 2 in Fig. 8 is an analytical 
function q(h0) plotted by the non-dimensional Equation (4). 
Curves 1 and 2 are very close (the vertical scale in Fig. 8 
exaggerates the differences). For instance, at h0 = 0.84, the 
numerical and analytical values are 0.0601 and 0.0615, respec-
tively, i.e. the difference is less than 3%.

The results of MODFLOW simulations for the case of 
aquifer flow with evaporation are shown in Fig. 9(a–c). 
Figure 9(a) illustrates the piezometric heads, and Fig. 9(b) 
plots the analytical and MODFLOW-computed water tables. 
In Fig. 9(c), MODFLOW predicts the water table, which inter-
sects the horizon I1I2 (Fig. 1(c)) at two “corner points,” i.e. the 
trough (Fig. 1(c)) descends into the substratum. This has been 
achieved by lowering h2 from 9 (Fig. 9a) to 8.2 m. We note that 
the analytical solution for this case of the water table dipping 
under I1I2 is not available.

Figure 7. A vertical cross-section of a rectangular flow domain for the problem simulated by MODFLOW.

Figure 8. The dimensionless seepage flow rate q as a function of h0 for a = 5, h2 = 0.6, computed by MODFLOW and analytically (Equation 4) (curves 1 and 2, 
respectively).
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Figure 10 presents the MODFLOW streamlines for the 
scenario in Fig. 9(a). “Seeding points” (marked particles) 
are released at depths of 3, 5, 7, and 9 m and distin-
guished by contrasting colours. The deepest water table 

point calculated from the dimensionless value in Section 
2.2 is 8.3 m, while MODFLOW gives 8.2 m. The x-coor-
dinates of the minimum are 30.52 m and 30.6 m, 
correspondingly.

Figure 9. MODFLOW total heads, H(x,y), for (a) e = 0.0075 m/d, h0 = 8 m, a = 50 m, h1 = 10 m, h2 = 9 m, and (K0,K1) = (7.13, 0.25) m/d); (b) dimensionless water table 
calculated analytically by Equation (12) and using MODFLOW for e = 0.0075 m/d, h0 = 8 m, a = 50 m, h1 = 10 m, h2 = 9 m, and (K0, K1) = (7.13, 0.25) m/d; and (c) 
MODFLOW total heads, H(x,y), for e = 0.0075 m/d, h0 = 8 m, a = 50 m, h1 = 10 m, h2 = 8.2 m, (K0, K1) = (7.13, 0.25) m/d c).
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4 HYDRUS modeling of an aquifer consisting of two 
strata

In this section, we use HYDRUS-2D (Šimůnek et al. 2016), which 
takes into account a saturated-unsaturated flow in the two-layered 
formation of Fig. 1(b). A standard notation for the HYDRUS 
ordinate axis is z. We will use non-standard (for HYDRUS) 
notations: p for the pressure head and H = p − z for the total 
(piezometric) head.

4.1 No evaporation from AE

In this subsection, we use the same composite rectangle as in the 
MODFLOW model above. Specifically, h1 = |OA| = 10 m,  
|OD| = 50 m, h0 = |OI1| = |OI2| = 7.5 m, h2 = 6 m (the origin of 
HYDRUS coordinates is at point O and all notations are the same 
as in Fig. 1). The upper layer and substratum are loam and sand, 
respectively, from the HYDRUS Soil Catalogue (Carsel and 
Parrish 1988). The two pentads of soil hydraulic parameters for 

sand and loam are (Ks, ϴs, ϴr, α, n) = (7.13 m/d, 0.43, 0.045, 14.5 
1/m, 2.68) and (0.25 m/d, 0.43, 0.078, 3.6 1/m, 1.56), respectively.

In the HYDRUS project, we select the following boundary 
conditions: no flow along OD, and AE, H = 10 m and H = 6 m 
along OA and DC, respectively. The vertical segment CE is a 
no-flow boundary. The regular finite element discretization 
was used with a horizontal step of 20 cm and a vertical step 
of 10 cm. The number of mesh entities is characterized by the 
tetrad (nodes, 1D elements, 2D elements, boundary mesh 
nodes) = (25 351, 700, 50 000, 700). The simulation time is 
100 d to reach the steady-state condition. The triad of iteration 
criteria is (a maximum number of iterations, the water content 
tolerance, the pressure head tolerance) = (10, 0.0001, 0.1 cm).

Steady-state seepage is established in about 17 d (the results 
presented below are for t = 100 d). While Fig. 11(a) shows the 
streamlines, Fig. 11(b,c) present the fields of the vertical and 
horizontal components, respectively, of the Darcian velocity 
vector. From Fig. 11(b,c) one can infer that groundwater flow 
is prevalently horizontal. In other words, the capillarity of the 
topsoil layer does not lead to a significant violation of the 
assumptions of the DF model, which we used in Section 2. 
Figure 11(d) illustrates the spatial field of the volumetric water 
content. From this coloured map, one can see a dry zone above 
the water table, which dips under the line I1I2 (Fig. 1) at 
x0 = 32.8 m. Remarkably, for x > x0 in Fig. 11(c), the loam 
cap is wetter than the unsaturated zone in the sand substratum.

An intriguing question was also raised: Can the HYDRUS 
flow rate q through the two layers in Fig. 11 be a nonmonotonic 
function of d? We recall that in Kacimov et al. (2019b), non- 
trivial extrema of the flow rate were discovered for 1D vertical 
evaporation in a two-layered soil. In contrast, for basically 
horizontal and prevalently saturated flow in Fig. 11, the 
HYDRUS computations gave only a monotonic function q(d).

Figure 10. Streamlines with “seeding points” (marked particles) released at 
depths of 2, 4, 6, and 8 m for e = 0.0075 m/d, h0 = 8 m, a = 50 m, h1 = 10 m, 
h2 = 9 m, and (K0,K-1) = (7.13, 0.25) m/d, computed by MODFLOW.

Figure 11. Streamlines (a), vertical (b) and horizontal (c) components of the Darcian velocity, and volumetric water contents (d) in the HYDRUS simulation for a two- 
layered domain 50 m long and 10 m tall, without evaporation.
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4.2 Evaporation from AE

In this subsection, we use a composite rectangle different 
from the rest of our paper. Specifically, h1 = |OA| = 20 cm, 
|OD| = 100 cm, h0 = |OI1| = |OI2| = 10 cm, h2 = 15 cm. 
The upper layer and substratum are again loam and sand, 
respectively. Such a small size of the domain was selected 
to amplify the effect of the soil capillarity, which is not 
immediately visible on the much larger scale used in the 
article so far. It is well known (see e.g. experiments of 
Silliman et al. 2002) that the impact of the capillary fringe 
and the unsaturated zone on groundwater flow is not 
scalable.

In the first HYDRUS project (Fig. 12), we select the follow-
ing boundary conditions: no flow along OD, H = 20 cm and 
H = 15 cm along OA and DB, respectively. Along AE, we 
impose the pressure head boundary condition with 
p = −100 cm.

In Fig. 12(a), we selected a horizontal segment AA1 (z = 20 cm, 
0 < x < 8.05 cm), along which we imposed a no-flow condition. 
This condition is physically justified by a very shallow water table 

position in this area (Fig. 1). Indeed, Riesenkampf (see PK-62) 
used a potential model of 2D seepage from a channel of a small 
depth and inserted into his analytical model a horizontal no-flow 
segment, along which tension-saturated water spreads laterally 
from a point where p = 0 (the channel’s rim is analogous to point 
C in our Fig. 1(b,c) to a point on the upper boundary of the 
capillary fringe where p = −pc (pc is a soil capillary constant 
inversely related to van Genuchten’s α).

Similarly, the vertical segment CE in Fig. 12a (Fig. 1(c)) is also 
a no-flow line. Segments AA1 and CE correspond to the stream-
lines in the Vedernikov-Bouwer steady-state model (see e.g. 
Vedernikov 1949, Kacimov et al. 2019c). They separate segments 
of constant but contrasting piezometric heads – i.e. without these 
no-flow segments, a non-physical “shortcut” would take place.

The size of finite elements is about 2 cm, and the number of 
mesh entities is characterized by the tetrad (nodes, 1D elements, 
2D elements, and boundary mesh nodes) = (7468, 507, 14,576, 
358). The simulation time is 60 min. The triad of iteration criteria 
is (a maximum number of iterations, the water content tolerance, 
and the pressure head tolerance) = (10, 0.0001, 1 cm).

Figure 12. Water flow in a composite rectangle having |OA| = 20 cm, |OD| = 100 cm, |OI1| = |OI2| = 10 cm and a pressure head boundary condition along A1E with 
p = −100 cm for t = 60 min: (a) HYDRUS velocity vectors field, (b) HYDRUS velocity distribution along OD, (c) HYDRUS water content field, (d) HYDRUS isobars 
sandwiching the water table p = 0, and (e) the analytically calculated (Equation 12) water table in dimensionless variables corresponding to dimensional parameters in 
Fig. 11(a).
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A steady-state seepage is established in about 30 min. Below, 
the results are presented for t = 60 min. Figure 12(a) shows the 
vector field of Darcian velocities. Figure 12(b) presents the 
distribution of velocities along OD. Point Ps (x = 70 cm, z = 0) 
in Fig. 12(a) corresponds to a stagnation point in Fig. 12(b). The 
water content field is shown in Fig. 12(c). Figure 12(d) illustrates 
the phreatic surface AB, which is shown as a “thin band” plotted 
in HYDRUS by selecting the pressure heads varying in the 
bounds: −1 cm < p < 1(c)m. Point Rs (Fig. 1(c)) has the coordi-
nates xm = 70 cm and z = hm = 12.2 cm. For comparison, an 
analytical water table (Section 2) is shown in Fig. 12(e) (in 
dimensionless quantities). The analytical trough (point Rs) is 
characterized, upon conversion to dimensional quantities, by 
coordinates of xm = 61.54 cm and z = hm = 14.5 cm.

In another HYDRUS project of this subsection, illustrated 
in Fig. 13(a,b), the following boundary conditions were used: 
no flow along OD, H = 20 cm and H = 15 cm along OA and 
DB, respectively. Along AE, we imposed the atmospheric 
boundary condition with the evaporative flux e = 0.01 cm/ 
min (which involved the minimum allowed pressure head 
hCritA = 1000 m). The vertical segment CE was a seepage 
face. Figure 13(a) shows the water table sandwiched between 
the isobars p = 0.1 cm and p = −0.1cm. A cross-section line 
chart plotted between the points (0, 12.86 cm) and (100 cm, 
12.86 cm) (i.e. along a horizontal line with z = 12.86 cm) is 
shown in Fig. 13(b). From this curve, we evaluated the ordinate 
of point Rs as xm = 75.86 cm. For comparison, we did 
MODFLOW simulations for the small rectangular composite 
of the same sizes as in HYDRUS, with grid sizes dx = dz = 0.25 cm 
(80 layers and 400 columns). Note that the main difference 
between HYDRUS and MODFLOW simulations is that 
HYDRUS considers flow in the unsaturated zone and assumes 
that evaporation occurs at the soil surface, while in 
MODFLOW, evaporation occurs at the groundwater table. 
Figure 13(c) represents the water table, which has hm = 12.82 cm 
at xm = 75.3 cm. From comparing Fig. 13(a and c), we can 
conclude that capillarity has a relatively minor impact on the 
water table.

5 Concluding remarks

Soils, the vadose zone, and aquifers have vertically varying 
hydraulic (saturated conductivity) and capillary (van 
Genuchten parameters) properties that are determined by 
natural processes of soil formation and anthropogenic altera-
tions of the subsurface, e.g. by urban development, that fall 
within Spencer’s paradigm. In this paper, we used analytical 
and numerical models to answer the main question: how the 
vertical variation of hydraulic-capillary properties of an aquifer 
and a superjacent unsaturated zone affects a shallow water 
table and other Darcian flow characteristics (velocity, total 
and pressure head, water content) as compared with what the 
Dupuit parabola predicts for a homogeneous aquifer in a 1D 
steady state flow. We used the Girinskii potential and analyti-
cally (quasi-analytically) solved ODEs, which gave the water 
table in a two-layered aquifer and an aquifer with conductivity 
linearly and exponentially varying with depth.

Both constant-rate evaporation from the water table and the 
evaporation rate decreasing with the depth of the water table 
under the ground surface were tackled. In the case of strong 
evaporation (a shallow water table or evaporation exacerbated 
by transpiration of Prosopis trees growing in the study area), 
the water table has a global minimum between two vertical 
segments with constant piezometric heads. Also, a nontrivial 
extremum of the area of the saturated zone (a curvilinear 
trapezium bounded by the inlet and outlet segments, the 
water table, and the bedrock) is found for a two-strata aquifer. 
The MODFLOW and HYDRUS-2D modeling of the two- 
layered aquifer without and with evaporation from the water 
table or the soil surface, respectively, gave results consistent 
with the analytical model. Waterlogging caused by ground-
water inundation in arid climates is a daunting problem for 
city managers and civil engineers, who can employ mathema-
tical models as tools for the following:

(a) Prediction of saturated-unsaturated flow characteristics 
at various h1 and h2 values in Fig. 1.

Figure 13. Water flow in a composite rectangle having |OA| = 20 cm, |OD| = 100 cm, |OI1| = |OI2| = 10 cm and a flux boundary condition along A1E with e = 0.01 cm/min 
for t = 60 min: (a) HYDRUS isobars sandwiching the water table p = 0, (b) HYDRUS pressure head distribution p(x) at a horizontal cross-section z = 12.86 cm, and (c) 
MODFLOW water table.
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(b) Contemplation of engineering measures of managed 
aquifer recharge for mitigation of waterlogging, e.g. 
horizontal or vertical drains, hydraulic barriers against 
groundwater, and bioengineering (e.g. cultivation of 
salt-tolerant plants like Australian reeds, aimed at 
intensive transpiration), among others.

Applicability of the analytical and numerical models in this 
paper to real-world aquifers depends on the quality of the field 
data to be collected from boreholes of a network of monitoring 
wells (depths h1 and h2, thicknesses d and h0 of the strata, their 
conductivities (see Fig. 1), and capillary constants of the top 
layer in case of the HYDRUS-based analysis). Empirical con-
stants r and b for the hydraulic conductivity, varying continu-
ously with depth, are, to the best of our knowledge, not 
measured in the field or lab but are tackled as fitting constants 
(see e.g. Toller and Strack 2019) that require an intricate 
upscaling of discretely observed values of hydraulic properties 
of core samples and piezometric heads collected from different 
depths in differential piezometers.

An empirical coefficient f of depth-dependent evaporation 
from a non-horizontal water table is another fitting parameter of 
the DF model, which has never before been correlated with field 
measurements of the moisture content (or capillary pressure) of 
the topsoil and HYDRUS-2D simulations – which, ideally, 
should involve atmospheric boundary conditions. If the size a 
in Fig. 1 is large enough (say, tens of kilometres), then these 
boundary conditions should be collected from several weather 
stations located along AE in Fig. 1. What is an optimistic aspect 
of a generally pessimistic view on the feasibility of collecting 
such extensive hydrologic and hydraulic data on subsurface 
characteristics of the aquifers? Our models in this paper – both 
analytical and numerical – are simple and can be easily realized 
by an urban hydrologist. The results from our models illustrate 
non-trivial extrema and, as back-of-an-envelope estimates, can 
guide practitioners in their programme of data collection and 
field experiments.

Highlights

● Numerically and analytically, the impact of vertical variation of 
hydraulic-capillary properties in an unconfined aquifer and a super-
jacent unsaturated zone on velocity, total and pressure head, and water 
content fields is evaluated.

● The water table can have a global minimum in the case of strong 
evaporation.

● A nontrivial extremum of the area of the saturated zone (a curvilinear 
trapezium bounded by the inlet and outlet segments, the water table, 
and the bedrock) is found for a two-strata aquifer.
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