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A B S T R A C T   

Darcian, 2-D flows to subterranean holes are studied analytically (by the methods of complex analysis) and 
numerically (by HYDRUS). For flow towards two circular or quasi-circular tunnels, reconstructed as isobars 
generated by two sinks under a ponded homogeneous soil surface, the flow nets, the velocity vector fields, and 
Riesenkampf’s seepage force vectors are found. The position of the two tunnels is optimized using a criterion of 
the total area of the empty space comprised by the isobars with the admissible seepage flow rate as a constraint 
and the locus of the tunnels as a control variable. The case of a partially-filled tunnel, the contour of which is 
composed of two conterminous isobaric and equipotential arcs, is also analyzed. For a grouted tunnel, the 
refraction problem for two potential fields in two subdomains of the half-plane of the seepage flow domain is 
solved for an arbitrary contrast between the hydraulic conductivities of the liner and ambient soil. The tunnel 
grouting is, generally, eccentric with respect to the tunnel contour. High hydraulic gradients in the grouting are 
detected, which is a long-term seepage-harbinger for any liner materials used by geotechnical engineers.   

List of abbreviations and notations  

Symbol Description Unit   
- 

PK-62,77 Polubarinova-Kochina (1962). Theory of Ground 
Water Movement. 

- 

VG van Genuchten  
Н Ponded water depth m 
θ Volumetric soil water content [-] 
θr Residual water content [-] 
θs Saturated water content (porosity) [-] 
K, Kg Saturated hydraulic conductivities m/day 
n, α VG soil parameters [-], m− 1 

p Pressure head m 
h Total (piezometric) head =p+y in analytical and p+z in 

HYDRUS models 
m 

t Time day 
x,y Cartesian coordinates in analytical solutions m 
x,z Cartesian coordinates in HYDRUS m 
V Specific discharge (Darcian velocity) m/day 
Q1, Q2 Intensities of sinks (seepage flow rates of tunnels) m2/day 
d, dc Depth of the sink and centre of circular tunnel under 

the ponded soil surface 
m 

(continued on next column)  

(continued ) 

w=ϕ+iψ, 
z=x+iy 

Complex potential, complex physical plane varaibles in 
analytical solutions 

m2/day, 
m 

ϕ,  ψ Velocity potential and stream function m2/day 
R Radius of circular tunnel m  

1. Introduction 

Subterranean openings, as man-made structures, appeared at the 
dawn of human civilizations, viz.:  

• holes (quasi-cylindrical in shape and about 2 × 1 m in sizes) into 
which coffins (Christian) or wrapped dead bodies (Islam) are placed 
and backfilled, at a depth of 1− 2 m from the ground surface of 
cemeteries;  

• metro, highway, sewage network tunnels at depths of 100− 101 m;  
• horizontal wells, in particular, qanat (falaj in Oman) tunnels tapping 

unconfined alluvium aquifers, at depths of 101− 102 m;  
• Repositories of nuclear waste in deep rock at depths of 102− 103 m, 
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• civil defense bunkers of WWI-WWII in the urban infrastructure, at 
depths of 100− 101 m; 

among others. These openings (hereafter called tunnels) are of a regular 
shape and well-known loci-orientation with respect to the vector g of 
gravitational acceleration. 

Natural (uncontrolled) subsurface openings intersperse the soil and 
rock continuum:  

• large gardens’ and crop fields’ areas have an intricate network of 
holes made by subterranean mammals, e.g., shrewmice, pocket go-
phers, moles, opossums, voles, and raccoons (10− 1-100 m);  

• holes made by social insects in their nests and adjacent soils (10− 3- 
10− 2 m);  

• wild desert trees and shrubs generate multiple holes made by plants 
roots, which in arid deserts can span 60− 70 m deep;  

• catacombs of karst caves and cavities; 

among others. These holes, unlike engineered entities, are irregular in 
their location and orientation (see, e.g., photos in the chapter “Tunnel 
erosion” in Zhu and Xu, 2021). 

All types of the abovementioned openings (hereafter called tunnels) 
are subject to seepage of ambient pore water, which commonly perco-
lates down. The soil water interacting with the tunnels can originate 
from rainfall, irrigation, and ponding of the ground surface by flash 
floods, among others. Moreover, some tunnels are often purposely 
constructed deep in the beds of shallow lakes, lagoons, or even seafloors 
(e.g., for masking the ICBM structure or storing nuclear wastes, e.g., the 
Swedish Final Repository near Forsmark, 60 m deep under the floor of 
the Baltic Sea). 

Seepage flows into tunnels (and in their vicinity) is a crucial phe-
nomenon determining their very sustainability and operational effi-
ciency. For example, seepage into a tunnel of a London tube is a great 
nuisance. Intensive seepage of the highest possible flow rate is the only 
motivation to construct a qanat (falaj) hydraulic structure. Railroad, 
highway, urban, dam, and water transportation tunnels vary in their 
technical specifications (see, e.g., Ashjari et al., 2019; British, 2014, 
Chen et al., 2017, 2016; Hornero et al., 2021; Jin et al., 2016; Li et al., 
2022, 2021; Preene and Chrimes, 2021; Wang et al., 2019; Wu et al., 
2020; Xu et al., 2021; Xue et al., 2021) but most of them are subject to 
the inrush of the ambient groundwater with ensued hazards to the 
structures and ambient environment-ecosystems (e.g., subsidence of the 
ground surface). 

Hydrologists, hydrogeologists, soil physicists, and civil (geotech-
nical, groundwater) and military engineers studied (numerically and 
analytically) 2D, 3D, steady-state or transient seepage into a solitary 
tunnel or a cluster of 2-3 tunnels, either grouted or not, placed in ho-
mogeneous or heterogeneous, isotropic or anisotropic soils, which were 
posited to be porous (double-porous or fractured) media (continua). The 
skeleton was assumed to be either rigid or deformable and groundwater 
either compressible or incompressible (see, e.g., Aghdam et al., 2021; 
An et al., 2021; Butscher, 2012; Dassargues et al., 2021; El Tani, 2003, 
2010; Farhadian and Katibeh, 2017; Fernandez and Moon, 2010a, b; 
Font-Capó et al., 2011; Fujii and Kacimov, 1998; Gattinoni and Scesi, 
2010; Gokdemir et al., 2021, 2022; Gong et al., 2018; Guo et al., 2021; 
Hassani et al., 2018; Houben et al., 2022; Huang et al., 2021; Huangfu 
et al., 2010; Kacimov, 2005, 2007a, 2009; Kolymbas and Wagner, 2007; 
Lei, 1999; Li et al., 2018; Liu and Li, 2021; Maleki, 2018; Mityushev and 
Adler, 2019; Park et al., 2008a, b; Perrochet, 2005a, b; Perrochet and 
Dematteis, 2007; Qin et al., 2020; Shahbazi et al., 2021; Su et al., 2017; 
Sweetenham et al., 2017; Tang et al., 2018a, b; Wang et al., 2008; Wu 
et al., 2021; Yang and Yeh, 2007; Yang et al., 2016, 2021; Ying et al., 
2018; Wang et al., 2014; Zhang and Franklin, 1993; Zhang et al., 2020a). 

While the Darcy law for the saturated or unsaturated pore water 
motion is postulated, the hydraulic gradients close to tunnels’ contours 
are often so high that non-Darcian corrections are necessary (see, e.g., 

He et al., 2021; Zhang et al., 2019, 2020b). Mathematically, boundary 
value problems (BVPs) to the elliptic (e.g., Laplace’s, advective disper-
sion, and modified Helmholtz’s) or parabolic (e.g., nonlinear 
Richards-Richardson and linear/nonlinear Boussinesq diffusion) PDEs 
are formulated. The tunnel itself and the seepage-feeding boundary are 
commonly assumed to be a horizontal equipotential (and therefore 
isobaric) line or surface. A slightly curved water table with accretion is 
commonly approximated by a horizontal isobar. The tunnel itself is 
assumed to be either a circular or quasi-circular isobar or equipotential 
contour. When the seepage BVP is solved, i.e., the flow net, the scalar 
field of pore pressure, and the vector-field of the Darcian velocity are 
determined, the analysis of strains-stresses determines the stability of 
the tunnel’s slopes (the tunnel’s roof zone is most risky) and near-tunnel 
skeleton for stability. All types of soils’ deformations, erosion, and 
collapsing (suffusion, colmation, heaving, sliding, etc., see, e.g., 
Fernández and Alvarez, 1994; Ivars, 2006; Lee and Nam, 2001, 2004; 
Lee et al., 2006; Pand and Dias, 2016; Verruit and Booker, 2000; Zhang 
et al., 2014) should be avoided. If this geomechanical examination of the 
tunnel and its soil vicinity detects unstable conditions-regimes (seep-
age-induced deformations or soil’s degradation), then protection mea-
sures (drainage and lining) are designed-constructed. 

However, a rigorous mathematical analysis of seepage into clusters 
of tunnels and grouted tunnels is missing. Specifically, in this paper, we 
present new analytical and numerical solutions to BVPs for seepage 
flows towards:  

a) two empty tunnels,  
b) a tunnel partially filled with water,  
c) a grouted tunnel. 

We answer the following main questions:  

• How much pore water seeps into the tunnels?  
• Are the soils and liners around the tunnel able to withstand the pore 

pressures, their gradients, hydraulic gradients, and seepage forces? 

Moreover, from the ontological azimuth, we believe that most 
modern modelers in subsurface mechanics (except Strack, 2017, and his 
group and a few others, like Tong et al., 2022) have abandoned the 
powerful methods of the theory of holomorphic functions, developed, 
mastered, and applied to the problems of agricultural horizontal 
drainage by Vedernikov (1939) and Polubarinova-Kochina (1962, 1977) 
(hereafter abbreviated as PK-62,77). Indeed, most of the 
above-reviewed analytical solutions to BVPs are obtained by the 
methods of images and Fourier series expansions applied to a harmonic 
function (piezometric head). Our analytical and HYDRUS solutions 
presented below give the spectrum of seepage characteristics simulta-
neously: the flow net (piezometric head and stream function), pore 
pressure distributions, vector fields of the Darcian velocity (hydraulic 
gradients), and the Riesenkmapf’s seepage force function (see PK-77). 
Thus, in this paper, we expand and – despite our focus on the subsur-
face (Gaya-Pluto’s realms) - astronomize the analysis of seepage to 
tunnels (including ones, still invisible from the space, on Mars, but 
mathematically acting as equipotential and isobars (Kacimov et al., 
2022a), engaging two synergetic modeling weapons: the theory of hol-
omorphic functions and HYDRUS. 

2. Analytical solution for empty and partially-filled tunnels 

We introduce the gauge pressure of pore water, P, P= γw p, where p is 
the pressure head, γw =ρ g, ρ is a constant water density, and g is the 
magnitude of gravity acceleration. The Richards-Richardson equation 
(see, e.g., Radcliffe and Šimůnek, 2010) governs the dynamics of pore 
water in both saturated and unsaturated forms: 
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∂θ
∂t

= ∇(K(p)∇h). (1) 

In Eq. (1),∇ is the nabla operator in Cartesian coordinates (Oxy) (see 
Fig. 1a, which illustrates a vertical cross-section), θ(t, x, y) is a volu-
metric water content, k(p) is the hydraulic conductivity function, and h 
(t, x, y) = p + y is the total (piezometric) head. In fully saturated ho-
mogeneous isotropic soils, k(p) = K = const (the saturated hydraulic 
conductivity). Then for steady-state or transient flows without free 
boundaries (e.g., phreatic surfaces), Eq. (1) is reduced to the Laplace 
equation 

Δϕ(t, x, y) = Δψ(t, x, y) = Δp(t, x, y) = 0, (2)  

where Δ is the Laplacian operator, (φ(t, x, y), ψ(t, x, y)) is the dyad of 
harmonic functions, viz. ϕ(t,x,y) = − Kh =∇V→is the specific discharge 
potential (also called “velocity potential” by PK), h(t, x, y) = p + y is the 
total (piezometric) head, V→(t, x, y) is the vector of specific discharge, 
and ψ is the stream function, conjugated with φ via the Cauchy-Riemann 
conditions (see, e.g., PK-62, 77, and Strack, 2017). We introduce a 
complex physical coordinate z = x+i y, complex potential w = φ + iψ, 
and complexified Darcian velocity V=u +i v, where u(t,x,y) and v(t,x,y) 
are the horizontal and vertical components of the specific discharge 
vector. The function w(z) is holomorphic, and V(z) is antiholomorphic 
(PK-62). We also introduce the Riesenkampf force per unit volume of a 
saturated porous medium (see PK-77 for more details), which is the 
vector FR(t, x, y) = γw I→− (1 − θs)(γs − γw) j

→
= ∇Ξ where Ξ(t, x, y) = − p 

− γ0y, γ0 = θsγw + (1 − θs)γs, and γw,γs, and θs are the specific weights of 
water, solid particles, which make the porous medium, and porosity, 
respectively. The force potential, Ξ(t, x, y), is also a harmonic function. 
This force was evaluated in Kacimov and Obnosov (2016) for problems 
of subsurface irrigation where seepage from buried emitters can cause 
the heaving of the soil surface above them. In tunnels, which are under 
construction, 3-D effects of seepage near an advancing (not lined and not 
grouted) tip of the tunnel (see, e.g., Chen et al., 2022; Hong et al., 2010; 

Zingg and Anagnostou, 2018), are ignored in our analysis. 

2.1. Two empty staggered tunnels with their centers-connecting segment 
collimated with gravity 

In this Subsection, we study analytically the case of two empty cir-
cular tunnels staggered in such a manner that the line connecting their 
centers, C1 (the upper tunnel) and C2 (the lower tunnel), is parallel with 
the vector of gravity, g (see similar settings in Guo et al., 2021; Huang 
et al., 2020). The emptiness of the tunnels is engineeringly ensured by 
perfect drainage of water dripping (exfiltrating) into them. 

The distance between the tunnels’ centers is a, their radii are R1 and 
R2, and the depths of the centers, counted from the horizontal soil sur-
face Ox, are d1 and d2. Water seeps in the lower half-plane of Fig. 1, with 
two circles cut of this half-plane, i.e., the flow domain Gz is mathe-
matically triply-connected, bounded by two circles and a straight line Ox 
(a degenerated circle). 

In Fig. 1a, we show the case of a soil surface, ponded by a layer of 
static water of a depth H. Obviously, p = H and φ = − KH along Ox, and p 
= 0 along the tunnels’ circumferences. We recall that vacuum drainage 
has been tested in clayey soils (see, e.g., Grigor’ev, 1973). In vacuumed 
tunnels, the boundary condition along the tunnels’ contours should be p 
=-pv, where pv is a positive constant determined by the vacuum-creating 
air pump. Vice versa, if flooding-ponding of soil is fast, then the pore air 
can be piston-displaced by imbibing water into the tunnel, and there-
fore, the excess positive pressure p = pv can be maintained in a 
“dead-end” subterranean opening like a dead root hole in Fig. 1b. 

We follow PK-62 and select point I (infinity) as fiducial, i.e., assume 
that at this point ψ = 0, w = − KH. On the Riemann sphere, the infinity 
is imaged by a single point I, albeit this point triplicates in the physical 
plane of Fig. 1a and our HYDRUS models below. We also follow PK-62 
and Vedernikov (1939) and assume that the pore water is stagnant at 
infinity, i.e., V→(∞) = 0, which hydrogeologically means that soil is 
subtended by an impermeable horizontal bedrock (no-flow boundary). 

Fig. 1. Vertical cross-sections. Two empty circular tunnels, placed one above another, under a ponded soil surface (a). An empty tunnel under accreted phreatic 
surface (b). 

A.R. Kacimov et al.                                                                                                                                                                                                                             



Advances in Water Resources 164 (2022) 104182

4

In other words, if there are no tunnels, then there is no seepage. A deep 
drainage layer or a deep water table can be alternative infinity condi-
tions (Kacimov et al., 2022b, PK-62). 

Instead of a ponded soil surface, we can also consider the case of 
tunnels placed under a phreatic surface, which is formed by recharge of 
intensity e from the vadose zone (Fig. 1b, where only one tunnel is 
depicted) through which the rain or irrigation water infiltrates. In the 
case of a deep tunnel and free deep drainage to infinity (the “Free 
Drainage” boundary condition in HYDRUS, see Simunek et al., 2018), a 
steady-state phreatic line (a dashed curve in Fig. 1b) is only mildly 
depressed above a seeping tunnel. Hence this curve can be approximated 
by a straight horizontal line, and mathematically, we arrive at the case of 
flow in Fig. 1a (see, e.g., Butscher, 2012). If e and the tunnel sizes are 
small, then unsaturated flow takes place near what in soil physics is 
commonly interpreted as a subsurface cavity, which can act as an 
impermeable barrier (Philip, 1998; Kacimov, 2007a; Kacimov et al., 
2022b). Yucca Mountain deep subsurface structures in Nevada (where e 
is small) were also investigated as potentially impermeable subterra-
nean openings (see, e.g., Philip, 1998). 

The topology of seepage flow in Fig. 1a is characterized by a four- 
branched separatrix and a stagnation point S. The two separatrix 
branches, the curved streamlines SlS and SrS, start from the soil surface 
and end at point S (located between the tunnels). The remaining 
branches (straight streamlines) SB1 and SA2 start at S and end at the 
bottom point B1 of the upper tunnel and apex A2 of the lower tunnel, 
respectively. The segment SlSr of the ponded surface feeds the upper 
tunnel with the flow rate Q1. The lower tunnel is fed by the rays ISl and 
ISr with the flow rate Q2. Shi et al. (2020) studied topologically similar 

seepage regimes to vertical wells, i.e., ignoring gravity and zero-pressure 
boundaries. 

For a single tunnel (drain), Vedernikov (1939) and later PK-62 used 
the method of images and showed that a strictly circular drain 
completely filled with water (i.e., a constant piezometric head drain) can 
be modeled by a line sink placed at a certain depth d. Such a sink gen-
erates a family of equipotential lines-circles, each centered at a certain 
depth larger than d. Two families of streamlines (semi-circles) are 
orthogonal to the equipotential circles. Fujii and Kacimov (1998) 
(hereafter FAK-98) used the Vedernikov solution and showed that the 
isobar p = 0 generated by a line sink, albeit not exactly circular, can be 
considered as a “quasi-circle” of a vertical diameter dv and a horizontal 
diameter dh. Fig. 2 sketches these isobars as solid-line ovals. Strictly 
circular tunnels’ contours (modeled in Section 4 below) deviate from 
these ovals in the same sense as the Vedernikov (1939) (see also PK-62, 
77) equipotentials generated by line sinks deviate from strict circles, 
which physically model the lines of contact between gravel packs of 
horizontal drains and the ambient saturated soil. If deviations of isobars 
in our paper or Vedernikov’s equipotentials from circles is insignificant, 
then empty tunnels or drains can be approximated by line sinks. In other 
words, if – at a given sink’s depth d – its strength Q is not too high, then 
the isobar is almost circular, i.e., dv ≈ dh ≈ 2R, and the depth of the sink 
is almost the same as the depth of the center of the circular tunnel. 
FAK-98 also optimized the placement of an empty quasi-circular tunnel 
under the ponded surface, viz. they proved that an empty tunnel of a 
given size (diameter or cross-sectional area) seeps at a minimal flow rate 
Qm if placed at a depth dm. Such an optimum is intuitively clear and 
follows from the Rolle theorem. Indeed, if in Fig. 1, for a given solitary 

Fig. 2. A vertical cross-section with two empty tunnels (the left panel) and a complex potential domain (the right panel). The physical flow domain, Gz, is the fourth 
quadrant of the z-plane. Seepage is symmetric with respect to the Oz axis. In Fig. 2 (right panel), the complex potential domain, Gw (a half-strip with a horizontal cut 
E2SE1) corresponds to Gz. A dashed horizontal segment SrS in Gw corresponds to a curved branch of the water divide (separatrix) SSr in Gz. The solid curves A1B1 and 
A2B2 in Gw are the images of tunnels’ right half-contours in Gz. 
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circular tunnel d1 → R1, then obviously Q1 → ∞, while at d1 → ∞, the 
flow rate also blows up, Q2 → ∞. 

The method of superposition of singularities (real and fictitious) for 
modeling of saturated and unsaturated flows is implemented (see 
Appendix A), similarly to Kacimov (2007b), Kacimov and Al-Maktoumi 
(2019), Kacimov and Obnosov (2016, 2018), and Kacimov et al. (2018a, 
b, 2019, 2020). Since p = − (φ/K + y), obtaining the contours of tunnels’ 

isobars from Eq. (A2) in Appendix A is reduced to the solution of the 
following implicit equation: 

F(x, y) =
Q1

2π ln

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + (y − d1)
2

x2 + (y + d1)
2

√

+
Q2

2π ln

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + (y − d2)
2

x2 + (y + d2)
2

√

− H + y = 0. (3) 

We introduce dimensionless quantities:  

Fig. 3. Isobars p = 0 and 0.4, and streamlines ψ = 0, ±0.5, ±1, ±1.5, ±1.8, ±2 for d1 = 0.7, d2 = 1.2, q1 = Q1/2 = 1, and q2 = Q2/2 = 1.25 (a); isobars p = 0, 
±0.5for d1 = 0.7, d2 =1.2, q1 = Q1/2 = 1, and q2 = Q2/2 = 1.9988 (b); vicinity of the isobar p = 0, flow net in the right half of Fig. 3b (c). 

(
h*, p*, x*, y*, d*

1 , d*
2 , d

*
S , a

*, dv*
1, dv*

2, dh*
1, dh*

2

)
= (h, p, x, y, d1, d2, dS, a, dv1, dv2, dh1, dh2)

/
H,

Ar* = Ar
/

H2,
(
Q*

1,Q*
2,ϕ

*,ψ*,w*) = (Q1,Q2,ϕ,ψ ,w)
/
(KH),V* = V

/
K,F*

r = Fr
/

γw   
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and, for the sake of brevity, drop “*”s from them. 
We used the routine ContourPlot of Wolfram’s Mathematica (1991) 

and in Fig. 3a plotted the dimensionless isobars p = 0, and 0.4, for d1 =1, 
d2 = 2, q1 = Q1/2 = 1, q2 = Q2/2 = 2, as well as the streamlines1. The 
two contours p = 0, are almost circular and, therefore, can serve as an 
excellent approximation of circular tunnels in Fig. 1a. Obviously, the 
streamlines in Fig. 3a are not orthogonal to isobars. The segment A1O 
(between the surface and top of the upper tunnel) is a branch cut. 

Fig. 3b shows the isobar p = 0 and p = ±0.5 for the same d1, d2, q1 as 
in Fig. 3a but for a relatively large value of q2cr = 1.9988. In this critical 
case, the isobar p = 0 is made of two “coalescing” contours. In Fig. 3c, 
the vicinity of the two “osculating” components of this tunnel is zoomed. 
The flow net is shown for the right half of the flow domain, with equal 

and regular increments of 0.26 and 0.35 for the equipotential lines and 
streamlines, which are shown by dashed and solid lines, respectively. At 
the point In indicated in Fig. 3c, the streamline ψ = -2.1 and equipo-
tential line ϕ =1.04 cross the tunnel contour. At this point, it is evident 
that the streamline is not orthogonal to the line p = 0. 

With a further increase of q2 (keeping other parameters in this 
example constant), one can not get two disconnected isobaric contours p 
= 0, i.e., two staggered tunnels in Fig. 1a can not even be approximated 
by two mathematical sinks. Still, the equation p(0,x) is solvable but with 
only two roots. If q > q2cr, a single p = 0 subsurface opening of a fancy 
dumbbell shape can be modeled by two sinks. Two or more log singu-
larities could be used to model an elongated isobaric shape that might 
look like the cross-section of a typical qanat tunnel (Ebrahimi et al., 
2021), similarly to what is done by the superposition of a line source and 
a line sink when impermeable “Rankine bodies” are obtained as 
streamlines-separatrices (see, e.g., Kacimov and Obnosov, 1997; War-
rick and Fennemore, 1995). 

Similarly to variation of q2 up to its upper bound q2c, we varied q1 
and d1 in the range 0 < d1 < d1cr and d2 in the range d2cr < d2 < ∞. These 
results are skipped over for the sake of brevity. 

We used the FindRoot routine of Mathematica to solve Eq. (3), in 
which we put x = 0, with respect to y. We find yA1, yB1, yA2, yB2 and 
vertical “diameters” of the tunnels, dv1 and dv2. Fig. 4a shows dv1(d2) for 
q1 = 1, d1 = 1, and q2 = 2 (curve 1) and q2 = 1 (curve 2). Fig. 4b shows 
dv1(d1) for q1 = 1, d2 = 5, and q2 = 2 (curve 1) and q2 = 1 (curve 2). In 
Fig. 4c, the curves dv2(d2) are plotted for q1 = 1, d1 = 1, and q2 = 2 
(curve 1) and q2 = 1.5 (curve 2). In Fig. 4d, the curves dv2(d1) are plotted 
for q1 = 1, d2 = 2, and q2 = 2.2 (curve 1) and q2 = 2 (curve 2). 

The horizontal sizes of the tunnels are determined slightly differently 
from FAK-98. Specifically, we have to find both the ordinates and 
abscissae dh1/2 and dh2/2 of M1 and M2, i.e., the tunnel’s contour points 
most “protruding” to the right in Fig. 2. For this purpose, we used 
Mathematica to evaluate the function F1(x,y) = dx/dy along the isobars p 
= const. We skip over the lengthy explicit expression for F1. For the 

Fig. 4. Vertical size dv1 of the upper tunnel made by the sink as a function of d2 for q1=1, d1=1, and q2=2 (curve 1) and q2=1 (curves 2) (a). Vertical size dv1 of the 
upper tunnel made by the sink as a function of d2 for q1 = 1, d1 = 1, and q2 = 2 (curve 1) and q2 = 1 (curves 2) (a), and for q1 = 1, d2 = 5, and q2 = 2 (curve 1) and q2 
= 1 (curve 2) (b). Vertical size of the lower tunnel dv2 as a function of the depth of the generating sink d2 for q1 = 1, d1 =1, and q2 = 2 (curve 1) and q2 = 1.5 (curve 2) 
(c), and as a function of the depth of the upper generating sink d1 for q1 = 1, d2 = 2, and q2 = 2.2 (curve 1) and q2 = 2 (curve 2) (d). 

Fig. 5. The horizontal sizes of both tunnels, dh1 and dh2, as functions of the 
depth of the upper sink (curves 1 and 2, respectively) for q1 = 1, q2 = 1, and d2 
= 2. 

1 All our Mathematica programs are open codes and can be shared with the 
referees/readers. 
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isobar p = 0, the points M1 and M2 have the derivative dx/dy = 0. 
Consequently, for a given d1, d2, q1, q2, we solved the system of two 
equations: 

F(x, y) = 0, F1(x, y) = 0 (4)  

with respect to x and y. The FindRoot routine of Mathematica solved the 
system (4) with an initial guess point close to (0, -d1) for the upper 
tunnel (point M1) and another initial guess point close to (0, -d2) for the 
lower tunnel (point M2). The roots xM1 and xM2, computed by Mathe-
matica, were eventually doubled to get dh1 and dh2 in Fig. 2. 

Fig. 5 shows the horizontal sizes of both tunnels, dh1(d1) and dh2(d1) 
(curves 1 and 2, respectively) for q1 = 1, q2 = 1, and d2 = 2. 

The dimensionless area, Ar = π(dv1dh1 + dv2dh2)/4, of both tunnels 
was evaluated by approximating their shapes as ellipses having semi- 
axes (xM1, dv1/2) and (xM2, dv2/2). Fig. 6a illustrates the dependence 
Ar(d1) for q1 = 1, d2 = 2, and q2 = 1, 0.8, and 0.6 (curves 1-3, respec-
tively). The curves have a global maximum, local minimum, and two 
end extrema. For example, curve 2 has a global (end) minimum at d1 =

0 and a global maximum at d1 = 0.425 that comports with the optimi-
zation in FAK-98. The local minimum and the local end maximum are, 
however, surprising. In Fig. 6b, Ar(d1) is plotted for q1 = 1and q2 = 2 and 
1 (curves 1-2, correspondingly) with the distance a between tunnels’ 
centers fixed. Again, analogously to FAK-98, a single maximum is 
attained at a certain depth of the dyad of tunnels, e.g., Armax= 0.051 at 

d1max = 0.66 for the first curve. 
There is a limitation for the quasi-elliptic approximation of tunnels’ 

shapes, which we used. The isobar p = 0, at the values of tetrad’s pa-
rameters close to the critical, can resemble axial sections of a teardrop 
(see Fig. 3b) or beetroot, which is weird in the application to tunnels. 

The ordinate of the stagnation point yS =-dS is found as the solution 
of the equation V(0,y)=0. The complexified specific recharge is V(z) =

dw/dz, where the overbar means complex conjugation (PK-62). Then 
from Eq. (A1) we get: 

V(z) =
Q1

π
d1

z2 + d2
1
+

Q2

π
d2

z2 + d2
2
. (5) 

From Eq. (5) at x = 0, we get an equation with respect to y for 
detection of point S: 

v(y) =
Q1

π
d1

y2 − d2
1
+

Q2

π
d2

y2 − d2
2
= 0. (6) 

Unlike the previous transcendent equations above, which we 
tinkered by FindRoot, Eq. (6) is a quadratic equation that has two 
explicitly found real roots. We selected a physically meaningful value 
(negative): 

yS = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

d1d2
2q1 + d2d2

1q2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
d1q1 + d2q2

√ . (7) 

Fig. 6. Area of both tunnels Ar(d1) for q1 = 1, d2 = 2, and q2 = 1, 0.8, and 0.6 (curves 1-3, respectively) (a), and for q1 = 1, a = 1, and q2 = 2 and 1 (curves 1-2, 
respectively) (b). Magnitude of dimensionless Riesenkampf’s resultant force |Fr| along the ordinate axis for d1 = 1, d2 = 2, q1 = 1, q2 = 2, γs/γw = 2.65, and θs = 0.4, 
segment OE1 (c), segment E1E2 (d), segment E1I (e). 
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For the parameters d1 = 1, d2 = 2, q1 = 1, and q2 = 2, this gives dS =

1.27. Next, we put the root (7) back into Eq. (A2) where we also set x =
0 and get the potential at point S. For the parameters in Fig. 3a, this gives 
ϕS = 0.63 that - in the complex potential plane - determines the locus of 
the tip of the cut Gw (Fig. 2). 

The distribution of the magnitude of the dimensionless Rie-
senkampf’s resultant force |Fr| along the y-axis is plotted for d1 = 1, d2 =

2, q1 = 1, q2 = 2, the ratios of specific gravities of water and solid 
particles γs/ γw = 2.65, and porosity θs = 0.4. Fig. 6c, d, and e show the 
modulus of the Riesenkampf force along the rays OE1, E1E2, and E2I, 
respectively. The maximum force occurs along the perimeters of the two 
tunnels at four points, which are found by solving the equation p(0,y)=0. 
The roots of these equations are yr =-0.97, -1.03, -1.93, -2.06, depending 
on the initial guess point along the ordinate axis. The dashed rays 
intersecting the curves in Fig. 6c–e are called the tunnel perimeters on 
the graphs. For these six parameters, the force attains a minimum value 
of zero at two points on the symmetry line: y = -1.152 and y = -2.624. 
These minima are found by the FindMinimum routine of Mathematica. 

2.2. Single partially-filled tunnel 

In this Subsection, we consider a single tunnel partially filled with 
static-free water. We use Vedernikov’s (1939) solution, a special case of 
Q1 = Q, Q2 = 0, d1 = d, see Eq. (A1). The source of this water inside the 
tunnel can be either seepage from a saturated ambient soil or convey-
ance of water from somewhere in the direction perpendicular to the Oxy 
plane. 

The trick now is to combine the isobar p = 0, generated by a single 
sink of intensity Q = 2q and placed at the depth d, with certain equi-
potential lines φ = φ1, φ2, φ3, φ4,.... These lines are circles centered 
at points z = − de1,− de2,− de3,− de4,... and have the radii R1e, R2e, R3e, R4e, 
… (see Vedernikov, 1939). Obviously, there is a double-inequality lim-
itation φm < φi < φM, i.e., not all equipotential circles − 1 < φi < ∞ 
generated by a sink and determined by parameters Q, d intersect the 
contour p = 0 generated by this sink. 

Fig. 7a and b shows the case of q = 5 and d = 1. The dashed contour is 
the isobar p = 0. A complete flow net is presented in Fig. 7a with 
streamlines labeled for the right half of the flow domain. The isobar p=0 
is plotted as a dashed line. Three equipotential lines ϕ=0.7, 1.4, and 1.6 
are also plotted. Fig. 7a illustrates that the streamlines (Vedernikov’s, 
1939 circles) are not orthogonal to the quasi-circular isobaric tunnel 
contour, while they are orthogonal to the equipotentials (also Vederni-
kov’s circles). 

In Fig. 7b, we sketched the right half of Fig. 7a. A segment of the 
equipotential line ϕ =0.7, together with the upper part of the isobar 
p=0, makes a tunnel contour, which is filled with water up to the point 
T1. This point is an intersection of the two curves, ϕ =0.7 and p=0. Thus, 
the contour AT1 BT seeps as a line sink. The horizontal segment T1T2 
represents the free surface of static water in the tunnel. Another partially 
filled tunnel of the same q is made by a segment of the equipotential line 
ϕ =1.4, which together with the upper part of the same isobar p=0 
makes another tunnel contour. This tunnel is filled with water up to 
point N1, which is an intersection of the two curves, ϕ =1.4 and p=0. 
Thus, the contour AN1BN in Fig. 7b seeps as a line sink. The horizontal 
segment N1N2 represents the free surface of static water in the second 
tunnel. 

The futile equipotential ϕ =1.6 is shown in Fig. 7a but not in Fig. 7b, 
because this equipotential contour does not intersect with the isobar p =
0, i.e. this equipotential line is physically useless. We used the Mathe-
matica routine FindRoot to solve a system of two equations: φ(x, y) = φi, 
p(x, y) = 0 with respect to x and y. For example, for φ = φN = 1.4, we got 
xN1 = 0.36 and yN1 = -1.4. The maximum φM for this sink is 1.517 (the 
equipotential circle touches the isobar “internally”, i.e., there is almost 
no static water in the tunnel) and the minimum φm for this sink is 0.419 
(the equipotential circle touches the isobar “externally”, i.e., the tunnel 
is almost full of water). 

Fig. 7. A partially filled solitary tunnel for d = 1 and q = 5, streamlines with an increment of 1 (labeled for the right half of the flow domain), isobar p = 0 (dashed 
contour), and three equipotential lines φ = 0.7, 1.4, 1.6(a); right halves of compound tunnels, the upper part of which is made of a segment p = 0, and the bottom part 
is made of segments φ = 0.7 and 1.4 (b). Partially-filled tunnel AT1BT2A with the water level T1T2, seepage face T2AT1, and a constant piezometric level arc T1BT2 
reconstructed for sink’s. 

Fig. 8. Vertical cross-section of a grouted tunnel.  
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Fig. 9. The grouted tunnel with the centre of the liner circle d = 1.1 m and a radius R = 0.5 m. Sink’s depth dc =1 m and sink’s strength Q = 5 m2/day in (a) and (b). 
The streamlines ψ1 and ψ2 = 0, ±0.5, ±1, ±1.5, ±2, ±2.5 m2/day for conductivity ratios kr = 0.3 (a) and 0.1 (b). Sink’s depth d =1.25 m and d = 0.6 (kr = 0.1) in (c) 
and (d). Isotachs |V1,2| = const [m/day], for R = 0.5 m, d = 1.3 m, dc = 1 m, Q = 2 m2/day, and kr = 0.01 (e). 
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3. Analytical solution for saturated seepage to grouted tunnel 

In this Section, we present an explicit and rigorous analytical solu-
tion to 2-D steady saturated seepage towards a solitary grouted tunnel 
placed under a ponded surface Ox (Fig. 8). The soil hydraulic conduc-
tivity is now K, and the hydraulic conductivity of the grouting (also 
modeled as a Darcian porous medium) is Kg. These quantities are arbi-
trary, but unlike the problems of seepage to horizontal drains or vertical 
wells, for which gravel packs (filters) are made of materials with Kg>>K 
(see, e.g., Kacimov and Obnosov, 2018) in wells with skin-effect 
(Obnosov et al., 2010) and for grouted or lined tunnels, an opposite 
inequality holds, K>>Kg, i.e., seepage into the tunnel is inhibited. 

The two porous media are separated by a circumference of a radius R 
(in dimensional quantities), centered at point z = -i dc. An empty tunnel 
is modeled by an isobar p = 0 (Fig. 8). This contour is generated by a line 
sink of intensity Q = 2q. The sink is placed at a depth d (eccentric with 
the interface between the two media). The seepage domain Gz is made of 
two subdomains: S1 = {z : |z+ idc| > R, Imz< 0}, and S2 = {z: |z + idc| 
< R}. Obviously, 0 < dc − R < d < dc + R. 

The solution trick is the same as in Section 2: we reconstruct an 
isobar p = 0 and, if it is almost circular, then this line is interpreted as a 
contour of an empty tunnel. By varying d, we get an almost annular or 
eccentric grouting zone of conductivity Kg, while the interior of the 
dashed contour in Fig. 8 is discarded. Similarly, Zhukovsky placed a 
vortex in the interior of his airfoils (Zhukovsky, 1949) and discarded a 
subdomain of his flow domain, which is demarcated by a separatrix 
obtained by superposition of the vortex and dipole at infinity (ambient 
unidirectional flow of an ideal fluid). 

In the notations of this Section, the solution is written in terms of two 
complex potentials, and Darcy’s laws with two contrasting hydraulic 
conductivities: w1 = φ1 + iψ1, φ1 = − Kh1, V

→
1 = ∇ϕ1 and w2 = φ2 + iψ2, 

φ2 = − Kgh2, V→2 =∇ϕ2, p1 = − φ1/K − y, p2 = − φ2/Kg − y, defined in the 
exterior and interior of the circle in Gz of Fig. 8a. For further compari-
sons with HYDRUS below, we will keep dimensional quantities. Along 
the interface between S1 and S2, the refraction conditions hold: 

ϕ1
/

K = ϕ2
/

Kg, ψ1 = ψ2. (8) 

The derivatives of the complex potentials are V1 = dw1/dz and V2 =

dw2/dz. Functions V1 and V2 should obey the conditions of the abscissa 
axis acting as an equipotential line and static pore water at infinity: 

ImV1(x) = 0, − ∞ < x < ∞, V1(∞) = 0.

The refraction boundary condition, written in a complex form, 
should be met along the circular interface between S1 and S2, viz.: 

2KgV1(τ)= (K +Kg
)
V2(τ)+ (Kg − K

)
R2(τ + idc)

− 2v2(τ), |τ+ idc| = R,
(9)  

where τ  is a complex variable along the circumference in Fig. 8, which - 
we recall - is the line of mechanical contact between the soil and 
grouting medium. The refraction condition in this form is common in the 
theory of holomorphic functions (see, e.g., the review by Zverovich and 
Litvinchuk, 1968, and the book by Litvinchuk, 2000, p.135, Eq. (I)). Eq. 
(9) incorporates two refraction conditions (8), usually formulated in real 
rather than complex variables, viz. the continuity of the pressure 
(piezometric) head and the normal component of the two flux vectors 
across the interface (see, e.g., PK-62, and Strack, 2017). 

Our problem is closely related to the refraction problem for two 
arbitrary circles with conductivity contrasting with that of the plane. An 
exact analytical solution of the latter problem was obtained by Obnosov 
(2011) for a general case of arbitrary singularities (not only 
sinks-sources). We solved the problem (8) and (9) using the same 
method as in Obnosov (2011). The details of derivations are presented in 
Appendix B. 

In S2, the complexified Darcian velocity is an antiholomorphic 

function everywhere except a simple pole at z = - i d. Therefore, its 
complex conjugate function V2 (z) can be represented as follows: 

V2(z) =
− Q

2π(z + id)
+ V20(z), (10)  

where V20 (z) is holomorphic in S2. The characteristic function V20 is 
written as: 

V20(z) =
− QΛ

2π(z − ia− 1)
+

Q
(
1 − Λ2)

2π
∑∞

n=0

Λn

z − ian
. (11) 

The following notations are introduced in Eq. (11): 

Λ = (kr − 1)
/
(kr + 1), an = T

(
u2na

)
, T(z) = s(1 + z)

/
(1 − z),

s =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

d2
c − R2

√

, a = (d − s)
/

(d + s), u2 = (dc − s)
/

(dc + s),

(12)  

where kr=Kg/K is a dimensionless conductivity ratio. Points ± is are 
symmetrical to each other about the real axis and the circle ∂S1; an → s 
when n tends to infinity. The characteristic function V1 in S1 is: 

V1(z) =
Q(1 − Λ)

2π
∑∞

n=0
Λn
(

1
z − ian

−
1

z + ian

)

. (13) 

The complex potentials in S1 and S2 are obtained by integration of 
Eqs. (10), (11), and (13) with respect to z. Integration of Eq. (13) is done 
from z = 0 to z. Point z = 0 is fiducial, i.e., at this point w1(0) = − 1. Then 
we get: 

w1(z) =
Q(1 − Λ)

2π
∑∞

n=0
Λnlog

ian − z
ian + z

− 1. (14) 

In Eq. (14), the branches of logarithmic functions are fixed in the z- 
plane with a branch cut from − ian to ian through infinity; the branches 
vanish at the point z = 0. 

Integration of Eqs. (10) and (11) is done from the point Ag in Fig. 8, 
viz. from z = − i(dc − R) to z. At point Ag, the refraction conditions (see 
PK-62) have to be met: Imw1( − i(dc − R)) = Imw2( − i(dc − R)) = 0, 
krRew1( − i(dc − R)) = Rew2( − i(dc − R)). Then we obtain: 

w2(z) = −
Q
2π log

(
z + id

i(d + R − dc)

)

−
QΛ
2π log

(
z − ia− 1

i(R − dc − a− 1)

)

+

Q
(
1 − Λ2)

2π
∑∞

n=0
Λnlog

(
z − ian

i(R − dc − an)

)

+ krw1( − i(dc − R)).
(15) 

In Eq. (15), the branches of all logarithmic functions vanish at the 
point − i(dc − R). All branches are fixed in the z-plane with a cut from 
the points ian up to infinity, except for the first term on the RHS of Eq. 
(15). For this logarithm, the branch cut extends from the point z = − id 
down to infinity. 

We note that analytical solutions for seepage to an empty grouted 
tunnel reported and used by Fernandez and Moon (2010a), Li et al. 
(2018), Qin et al. (2020), Wang et al. (2008), Wu et al. (2021), Yang 
et al. (2016), and Ying et al. (2018) do not take into account (and do not 
even articulate) the phenomenon of refraction on the interface between 
soil and grouting. Specifically, seepage to either a sink (and 
sink-generated zero pressure quasi-circular isobar in our solution above) 
or a circular isobar with an annular liner “sheath” is always 2-D, in both 
S1 and S2 subdomains of the half-plane of Fig. 8. This is evident from 
Eqs. (11) and (13) (or Eqs. (14) and (15)), which represent the super-
position of an infinite number of sinks and sources for each of which 
flow is 2-D. 

In Fig. 9, we show the grouting circumference of a radius R = 0.5 m 
(dimensional quantities are used for further comparisons with HYDRUS 
results in Section 4). In Fig. 9 a and b, computations were carried out for 
d = 1.1 m, dc =1 m, and Q = 5 m2/day. The series are truncated by N =
50 terms. The streamlines ψ1 and ψ2 = 0,  ± 0.5,  ± 1,  ± 1.5,  
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± 2,  ± 2.5 m2/day (thin lines) are found by the separation of the 
imaginary part in Eqs. (14) and (15). The tunnel contour p = 0 (labeled 
dashed line) is determined using φ1 and φ2 obtained by the separation of 
the real part in Eqs. (14) and (15). Panels a) and b) in Fig. 9a and b 
illustrate the cases of kr = 0.3 and 0.1, respectively. Obviously, the 
streamlines inside the dashed curve, i.e., in the air zone of the tunnel, are 
unphysical. 

The reconstructed “quasi-circular” tunnel contour has the vertical 
size, Dv, which is evaluated as the difference in the ordinates of the 
uppermost point At on the isobar p = 0 and its lowermost point Bt. We 
used again the Mathematica routine FindRoot to solve the equation p2(0, 
y)=0 and determined the loci of these points. For panels a) and b) in 
Fig. 9, the roots, i.e., the y-coordinates of At and Bt, are -0.689 m and 
-1.41 m for a) and -0.577 m and -1.72 m for b). Consequently, the cor-
responding tunnels’ “diameters” Dv are 0.72 m and 0.87 m. 

One has to be cautious with the above-described procedure of 
reconstruction of the p = 0 isobar. Specifically, if Q in the examples of 
Fig. 9 increases above a certain critical value, then a negative pressure 
zone emerges in the soil beneath point Bg in Fig. 8. In this case, the whole 
solution (14) and (15), albeit mathematically (formally) correct, can not 
be applied to the problem of seepage to a grouted tunnel, since the basic 
assumption in the conceptual model of this Section is that the soil and 
grouting seep under non-negative pore pressures. 

To illustrate this, we placed the sink in Fig. 9c and d as: d =1.25 and 
d = 0.6, respectively. In Fig. 9c, the isobar p = 0 is slightly below point 
Bg. In Fig. 9d, with a sink “hoisted” with respect to the center of the 
grouting circle, the isobar p = 0 is “bulging” above point Ag in Fig. 8, i.e., 
protruding into the aquifer. Both cases in Fig. 9c and d can be considered 
as a “failed” grouting, albeit mathematically dc and d in Fig. 8, and our 
analytical solution can be arbitrary. 

Fig. 9e presents Mathematica-plotted (with the help of the Con-
tourPlot routine) isotachs |V1,2| = const, for d = 1.3 m, dc = 1 m, Q = 2 
m2/day, and kr = 0.01. The circular interface between the soil and 
grouting is a circle of a radius R = 0.5 m. The grouting-air interface is 
plotted as a dashed quasi-circle, which has Dv = 0.92 m. 

In this case, the contrast in hydraulic conductivities of two porous 
subdomains of Gz is so high that N = 50 is not enough in Eqs. (10), (11), 
and (13). We increased summation in the series up to N = 150 terms to 
achieve the following convergence criterion: at points Ag and Bg, the 
velocities (V1 and V2) from the soil and grouting sides of the interface 

have to coincide up to the third digit. Obviously, the isotachs |V2| inside 
the dashed contour in Fig. 9c have to be discarded in the context of the 
tunnel problem. The computed isotachs clearly show that thicker” 
grouting of the tunnel in its “roof” zone helps in reducing the Darcian 
velocities there, which, however, remain dangerously high in the vi-
cinity of point Bg (the tunnel floor where the grouting is “thin”). We 
recall that PK-77 formulated a criterion-inequality of seepage-induced 
instability in Darcian flows: the magnitude of the hydraulic gradient 
in an unconsolidated soil obeys |V1 /K| > 1 (in our dimensionless 
quantities). If the gradient is less than 1 (e.g., between the contour and 
the grouting-soil interface in Fig. 9e where 1 > |V1 /K | = 0.8), then the 
soil may still be unstable to internal erosion (suffusion). 

In the degenerate case of kr = 1 (no grouting, Section 2), for the set of 
parameters in Fig. 9c, i.e., a single tunnel generated by a sink at d = 1.3 
m and Q = 2 m2/day, we have a much smaller size Dv = 0.0038 m, i.e., 
grouting does comprise a large tunnel’s area of the same Q. On the other 
hand, if we fix Dv = 0.92 m, then a tunnel without grouting will have a 
much larger Q = 8.2 m2/day, as compared with the grouted case in 
Fig. 9c, i.e., kr = 0.01 is an efficient counter-seepage measure. It is 
noteworthy that - unlike the case of “formation damage” and skin effect 
in aged wells (see, e.g., Houben and Treskatis, 2007), which is detri-
mental to wells’ productivity, suffusion, and translocation of finest 
particulates of a porous medium (lessivage in the vernacular of soil 
pedology) towards the grouting circle in Figs. 8 and 9 is a positive 
phenomenon. Indeed, if the near-grouting soil gets extra clogging 
accrued by a long-lasting seepage, this will only bolster the main mission 
of the anti-seepage aim of grouting. By shifting the sink up and down 
with respect to the center of the grouting circle in Fig. 8 (which can also 
be an engineering design parameter), i.e., by the effects of eccentric 
boundaries, we can fortify the tunnel from seepage where it is critical. 
Optimization of the liner thickness and of the locus of the tunnel itself 
with purely seepage-related criteria for a rigid porous skeleton of S1 and 
S2 can be a preamble of a geomechanical optimization (see, e.g., Li and 
Zhou, 2015) that can be carried out similarly to Section 2 (we skip over 
this analysis for the sake of brevity). 

4. HYDRUS modeling 

In this Section, we use the finite element model (FEM) HYDRUS-2D 
(Radcliffe and Šimůnek, 2010; Šimůnek et al., 2018) with the following 
intentions: 

Fig. 10. The transport domain with two tunnels (the upper one is half empty, the lower one is empty), and its discretization using triangular finite elements in 
HYDRUS-2D (left), and the domain detail (right). 
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a) cross-compare the FEM results with those obtained analytically in 
the previous Sections; 

b) incorporate various boundary conditions (e.g., tunnels partially fil-
led with water rather than empty ones);  

c) model clusters of tunnels, centers of which are not on the same 
vertical line. 

Generalizations b)-c) are not amenable to analytical considerations 
for circular tunnels. 

Without any loss of generality, we assume that the two tunnels are 
perfectly circular in their vertical cross-sections (Fig. 1a). In all our 
computations, we consider the van Genuchten’s (VG) soils (Šimůnek 
et al., 2018), characterized by parameters θr,θs,α, n, K, where θris the 
irreducible volumetric water content, and α, n represent the VG shape 
parameters. We changed the notation for the vertical Cartesian coordi-
nate to z, which is more common in soil hydrology. 

4.1. Tunnels with partial filling and their center-connecting line 
collimated with gravity 

In this Subsection, seepage is symmetric with respect to the line 
connecting the tunnels’ centers, and therefore in HYDRUS, only the right 
half of the flow domain is modeled. In Fig. 10, we assume that the lower 
tunnel is empty, while the upper one is partially filled with trickled 
exfiltrated water, which accumulates at tunnel’s bottom (e.g., due to 
poor drainage). 

We assume that both tunnels have a radius R = 1 m. The upper tunnel 
is half-filled with static-free water, and C1M1 is a horizontal air-water 
interface. The tunnel centers are placed at z = -10 and -15 m. In HYD-
RUS, the flow domains are always finite, and the following rectangle 
sizes in Fig. 10 are used: Lh = 20 m and Lv = 30 m. These values are large 
enough (as compared with R) to mimic the infinity in Fig. 1a. Instead of a 
single point I on the Riemann sphere, we have points I1, I2, and I3 in 
Fig. 10. The segment OI1 is ponded, i.e., a constant pressure head p = 1 m 
boundary condition is imposed there. There is no flow across the seg-
ments I1I2, I2I3, I3B2, A2B1, and A1O. In the upper tunnel, p decreases 
hydrostatically from ht = R/2 to 0 along the quarter circle B1M1. Here 
and in Section 4.2, we consider the VG loam with (θr,θs,α, n, K) = (0.078, 
0.43, 3.6 1/m, 1.56, 0.25 m/day). 

A topological peculiarity of flow in this Subsection is the shape and 
position of the separatrix. Unlike the case of two empty tunnels in Sec-
tion 2, the stagnation point St is now located on B1M1, i.e., the constant 
piezometric head segment of the bottom of tunnel 1. The branch SrSt1 
divides all infiltrated water into two parts. Ponded water on the left of 
point Sr seeps into the upper tunnel, while segment SrI1 feeds the lower 
tunnel. The separatrix branch St1St2 demarcates a zone of seepage from 
the upper tunnel to the lower tunnel. At point St1, the separatrix kinks if 
the flow is governed by the Laplace equation (Section 2). From the 
hodograph analysis, Kacimov and Youngs (2005) showed that the angle 
between the separatrix branches at St1 is θ = 900, i.e., this streamline is 
not orthogonal to the equipotential line (B1M1 in Fig. 10). 

We skip over the details of the finite element meshing and the iter-
ative solution of the Richardson-Richards equation2. We solved the 
above-stated boundary value problem (BVP) for this PDE with the 

Fig. 11. Streamlines (a) in the transport domain displayed in Fig. 10, and the flow velocity field (b) and velocity vectors (c) in a zoomed domain around the 
two tunnels. 

Fig. 12. Vertical cross-section with two arbitrary circular tunnels.  

2 All our HYDRUS-2D projects are publicly available and can be shared with 
the referees/readers. 
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following initial condition: p(z) decreasing hydrostatically from 31 m to 
1 m when z increased from -30 m to 0. The steady-state flow velocity 
field and streamlines are shown in Fig. 11. 

Fig. 11a illustrates the HYDRUS streamlines, and Fig. 11b zooms the 
vicinity of the tunnels where the magnitude of Darcian velocity is color- 
mapped. The point St1n with zero velocity is located between the FE node 
having coordinates x = 0.59 m and z = -10.81 m and an outflow velocity 
V = 0.0826 cm/d and the FE node having coordinates x = 0.81 m and z 
= -10.59 m and an inflow velocity V = 0.095 cm/d. Along the arc A1St1n, 
the velocity decreases from the apex (tunnel’s roof) to the “quasi-stag-
nation” point. Along St1nB1, the velocity increases again to 0.21 m/day. 
For the lower tunnel, HYDRUS detects a red zone of high velocities near 
the exfiltrating seepage face. Remarkably, the velocity magnitude in-
creases from the apex A2, where V = 0.58 m/day, to B2, where V = 0.84 
m/day. Despite the seepage plume from its ponded bottom, the upper 
tunnel actually hydraulically “shades” its lower “brother,” which in-
tercepts this plume. Indeed, HYDRUS shows that the bottom of the 
second tunnel is more susceptible to seepage erosion than the roof, 
provided the criterion of seepage-induced instability is based on the 
magnitude of the hydraulic gradient, as PK-77 conceptualized in her 
condition |∇h| > 1of instability of saturated porous massifs. 

We used the Boundary Fluxes option of HYDRUS and retrieved the 
infiltration and exfiltration fluxes as follows. From the ponded soil 
surface, a standard infiltration flux qOI1 = 3.4285 m2/day. The exfil-
tration flux through A1M1St is qin1 = 0.836 m2/day. This quantity is a 
sum of what comes through both the seepage face A1M1 and a constant 
total head arc M1St. The “hidden” infiltration flux through B1St to the 
lower tunnel is qout1 = 0.128 m2/day. The upper tunnel is hydrologically 
a “flow-through” entity. The total flow rate into the second tunnel is a 
sum of qout1 and qsin2 = 2.414 m2/day, which is the quantity seeping 
through St2B2 directly from the ponded soil surface. The second tunnel is 
a “gaining” hydrological actor. 

In HYDRUS, any degree of filling ht (not only R/2 as in the example 
above) in any tunnel can be easily modeled. Moreover, at a specific value 
ht in Fig. 10, the upper tunnel acts as a “passive” entity, for which 

qin1=qout1, i.e., all water seeped into the tunnel from above is oozed back 
“downstream.” 

For natural holes made by decayed roots of dead plants, such a 
“passive” regime is the only one possible because, unlike gaining- 
loosing-flow through lacustrine hydrology entities (Ilyinsky and Kaci-
mov, 1992; Kacimov, 2000, 2007b), from which water evaporates, or 
tunnels (usually equipped with pumps for dewatering of dripped water), 
macropores in soils do not have mechanisms to uptake the in-hole water 
(except macropores under ant domes where social insects consume 
trickled water). 

4.2. Arbitrarily staggered tunnels 

In this Subsection, we consider the case of tunnels of radii R1 and R2 
whose centers C1 and C2 are arbitrarily located at depths dc1 and dc2 
(Fig. 12). There is no symmetry in this problem, and we have to consider 
the whole flow domain. Without any loss of generality with respect to 
tunnels’ boundary conditions, we consider two empty unlined tunnels, 
the centers of which are located distance j apart in the horizontal 
direction. 

The HYDRUS Cartesian coordinate system I4xz is selected such that 
both tunnels are located sufficiently far from the sides I1I2, I2I3, and I3I4 
of the simulation rectangle having sizes Lh and Lv and selected large 
enough to avoid the “wall effect” (Fig. 12). 

Fig. 13a presents the streamlines for seepage from I4I1 (ponded to the 
depth of H =1 m) towards this tunnel couple in a VG loam for Lh = 20 m, 
Lv = 30 m, R1 = 1.5 m, and R2 = 2 m, and the coordinates of tunnels’ 
centers (7 m, -10 m) and (13 m, -13 m). In Fig. 13b, the magnitude of the 
Darcian velocity is color-plotted. Remarkably for both tunnels, the 
maximum Darcian velocity shifted from point A1 to the right and from 
point A2 to the left for the upper and lower tunnels, respectively. This 
can be attributed to the mutual hydrodynamic shading of this tunnel 
dyad. However, these maxima (about 0.35 m/day along both tunnels’ 
contours) are dangerously high because the gradients at this point are 
0.35/0.25 >1, which is above the PK limit of erosional instability of 

Fig. 13. Seepage to two arbitrarily located empty tunnels in a VG loam for H = 1 m, Lh = 20 m, Lv = 30 m, R1 = 1.5 m, R2 = 2 m, C1 (7 m, -10 m), and C2 (13 m, -13 
m). Streamlines (a), Darican velocities (b). 
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soils. A stagnation point S (numerically a zone rather than a point) is 
indicated beneath the upper tunnel. The total flow rate into the tunnel is 
Q1 + Q2 = 5.21 m2/day and Q2 = 3.46 m2/day. 

4.3. Grouted tunnels modeled by HYDRUS 

In this Subsection, we model in HYDRUS a solitary empty tunnel of a 
radius Ri grouted by an eccentric annular liner, a “sheath” of a radius Re 
such that the depths of the circles’ centers are d = -4 m and dc = -3.5 m, 
respectively. The ponding depth H = 1 m. 

The ambient soil and grouting material are made of hypothetical 
soils, in which the hydraulic conductivity, Kg = 0.1 m/day, which is 1/ 
10 of that of the soil, K = 1 m/day. We selected Lh = 7.5 m, Lv = 10 m, Ri 
= 1 m, and Re = 2 m, i.e., the thickness of the grouting is 1.5 m at the 
apex, while it is only 0.5 m at the bottom. The HYDRUS-simulated flow 
rate into the tunnel is Q/2 = 1.962 m2/day. 

Fig. 14a presents the streamlines with a palette of the magnitude of 
velocity. Obviously, the grouting near the bottom of the tunnel is at 
extremely high hydraulic gradients. 

A pressure head distribution along the vertical ordinate axis is shown 
in Fig. 14b. The grouting, especially the segment B1Bg (see also Fig. 8), is 
subject to extremely high pressure head gradients. The |v(x)| plotted in 
Fig. 14c is needed for controlling the horizontal size of the HYDRUS 
domain, viz. Lh should be large enough to avoid the “wall effect” with the 
criterion v → 0. at point I1. 

For comparisons, we modeled the same tunnel and grouting using 
the analytical formulae of Section 3, where we use Q = 3.924 m3/day 
and the depth of the sink d = 4 m. A quasi-circular isobar p = 0 has yA1 =

-2.62 m, yB1 = -4.81 m and, therefore, Dv = 2.19 m, i.e., slightly higher 
than that of the HYDRUS tunnel circle. The analytical velocity at the 
origin of coordinates is vO = -0.23 m/day, while HYDRUS gives vO = -0.2 
m/day. The analytical pressure heads at the interface points at the 
ordinate axis are pA g= 2.16 m and pBg = 5.04 m, while HYDRUS results 
are pAg = 2.03 m and pBg = 4.4 m. If we place the sink deeper in the 
analytical model at d = 4.5 m, then (for the same Q) yA1 = -2.98 m, yB1 =

-4.99 m, and therefore Dv is almost the same as the HYDRUS circle. The 
value of vO is now exactly the same as one in HYDRUS, pAg = 2.22 m and 
pBg = 4.76 m. Moreover, the maximum of velocity in Fig. 14c is the same 
as in the analytical solution. Thus, HYDRUS results and this solution 
match well. Consequently, HYDRUS can be used as a design tool when 
the sizes of a circular tunnel and liner “sheath” are fixed, and one wants 
to determine the seepage flow rate. The analytical solution can be used 
in an “inverse” mode: if Q is fixed and the tunnel position with respect to 
OI1 and the grouting circle are flexible (provided that a posteriori, the 
quasi-circular shape of the p = 0 isobar is checked, and seepage is 
verified to be at positive pressures everywhere in the porous “depression 
zone” close to the tunnel bottom). 

4.4. Phreatic flow with accretion 

In this Subsection, we consider a grouted tunnel placed under a soil 
surface with a given infiltration flux e, which is sufficiently small not to 
generate surface ponding (Fig. 1b). A vadose zone is formed above the 
phreatic line p = 0. A phreatic fringe forms above this line and below the 
line p = -pca where pca is a positive constant, which characterizes this 
fringe as a tension-saturated zone in the Vedernikov-Bouwer model (see 

Fig. 14. Streamlines (top), pressure head distribution along OI3 (b), and flux distribution along OI1 (c) for d = -4 m, dc = -3.5 m, H = 1 m, Ri = 1 m, Re = 2, Kg = 0.1 
m/day, and K = 1 m/day. 
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PK-62,77 and Kacimov et al., 2019). The same HYDRUS flow domain 
and soils as in Fig. 14 are modeled, with the following modification of 
the boundary condition: along the soil surface OI1, we now do not 
specify a constant ponding depth but rather a constant infiltration rate e 
= μ K, where μ <1 is a constant determined by the rain intensity. 
Obviously, μ should be small enough for such a condition to be physi-
cally realistic. If μ is above a certain threshold value, ponding of a 
horizontal ground surface (or runoff) takes place. 

Fig. 15a shows isobars as contour lines plotted in the range -0.12< p 
< 0.2 for infiltration factor μ = 0.08.The water table p = 0 is a “standard” 
curve with an inflection point. The contour p=0.2 is a fancy “double- 
ogive”. The wiggling curve p = -0.12 can be considered as a kind of 
capillary fringe boundary. The phreatic line (as well as the capillary 
fringe) “caves” towards the tunnel, qualitatively similar to the shapes of 
phreatic lines in seepage through homogeneous soils in Ilyinsky and 
Kacimov (1992) and Kacimov and Obnosov (2021). In Fig. 15b, the 
streamlines are shown for μ = 0.08. This Figure illustrates that imme-
diately under the soil surface, infiltration is vertical, but closer to the 
water table, the streamlines deflect to the right. The shape of some 
streamlines is quite whimsical, reflecting the impact of a draining tunnel 
and a refracting effect of the grouting. In Fig. 15c, isobars are plotted for 
μ = 0.06. In this case, the infiltration rate is relatively low such that the 
phreatic line does not “overhang” the tunnel. An unsaturated “gap” is 
positioned above the tunnel apex. Above the water table, a purely un-
saturated (but 2-D) seepage occurs. If μ > 0.09, ponding of the soil 
surface occurs in the right upper part of the HYDRUS domain. 

If Kg is increased (keeping μ constant), then “caving” of the water 
table becomes more pronounced such that it “cusps” towards the tunnel. 

5. Concluding remarks 

The case of a single quasi-circular tunnel modeled by a line sink, 
placed under a horizontal ponded soil surface, is amenable to analytical 
treatment both if the soil is homogeneous (Vedernikov, 1939) or 
piece-wise homogeneous (Fujii and Kacimov, 1998, PK-77, and Section 
3 above). The constraints and simplifications in the models used are: a 
rigid porous matrix, incompressible, one-phase, and fully steady-state 
saturated flows, which –despite potentially high hydraulic gradients 
near the modeled tunnels – are assumed to be Darcian. Transience can be 
taken into account via boundary conditions, provided no free (phreatic) 
surfaces emerge.” 

If the tunnel is strictly circular, then the theory of holomorphic 
functions still gives an analytical solution for isobaric contours in ho-
mogeneous soils (Mityushev and Adler, 2019). Moreover, a tunnel of any 
(noncircular) shape can be conformally mapped onto a concentric cir-
cular annulus (see the Bieberbach theorem, 1953), as Verruijt and 
Booker (2000) demonstrated for a circular tunnel. After that, the 
Dirichlet problem for a harmonic velocity potential can be explicitly 
solved by the Villa formula in terms of Schwarz’ integrals (see, e.g., 
Abubakirov and Aksent’ev, 2015; Akhiezer, 1970; Bieberbach, 1953). 
Tong et al. (2022) demonstrated this procedure for the case of a rect-
angular tunnel. In the future, we plan to utilize this technique of solving 
a mixed, rather than Dirichlet, boundary value problem for a strictly 
circular but partially-filled tunnel. 

For the case of two circular tunnels (Fig. 1a), the problem seems 
prohibitively complex for analytical treatment. A triply-connected 
seepage flow domain in Fig. 1a still can be conformally mapped onto 

Fig. 15. HYDRUS-modeled seepage through an accreted water table and a grouted tunnel of Fig. 14. Isobaric contours sandwiched as -0.12< p < 0.2 for the 
infiltration intensity e = 0.08 m/day from the soil surface (a); streamlines for e = 0.08 m/day (b), isobars for e = 0.06. 
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a canonical domain (Bieberbach, 1953), e.g., a half-plane with two slits 
(the so-called Zhukovsky drains, see PK-62,77). However, to the best of 
our knowledge, there is no explicit integral formula, similar to the Villa 
one, which would solve the Dirichlet problem in any triply-connected 
domain. Consequently, using numerical models, such as HYDRUS, is 
the only solid method to examine 2-D seepage towards two, three, and 
more circular tunnels. 

The results obtained above illustrate that HYDRUS and analytical 
solutions match well. The method of images (Vedenrikov, 1939, PK-62) 
is used for circular interfaces between soil and air (a flat ponded ground 
surface) and soil and grouting. These interfaces are considered as 
“mirrors” with respect to which lines-sinks (and more general hydro-
dynamic singularities) are placed in such a manner that the physical, e. 
g., the Dirichlet, refraction, Robin, and other types of boundary condi-
tions are exactly satisfied. HYDRUS is versatile and can model any 
domain boundaries and interfaces for steady or transient, saturated and 
unsaturated seepage in soils with an arbitrary type of layered hetero-
geneities. The dyad of HYDRUS and the machinery of holomorphic 
functions allows one to model (behold) the intricate details of fluxes, 
pore pressures, and forces in the vicinity of invisible subterranean 
entities. 

CRediT authorship contribution statement 

A.R. Kacimov: Conceptualization, Formal analysis, Funding 

acquisition, Investigation, Methodology, Project administration, Re-
sources, Software, Visualization, Writing – original draft, Writing – re-
view & editing. Yu V. Obnosov: Conceptualization, Formal analysis, 
Funding acquisition, Investigation, Methodology, Resources, Software, 
Visualization, Writing – original draft, Writing – review & editing. J. 
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Appendix A 

The method of superposition of line sinks is widely used in analytical studies of Darcian flows in well hydraulics (see, e.g., Vuković and Soro, 1997). 
Since the seminal Zhukovsky (1949) ideas, potential flows of an ideal fluid around an airfoil or their cascades are modeled by combining two sin-
gularities: a real dipole (which is equivalent to a unidirectional flow at infinity) and a fictitious vortex (placed inside the airfoil). The method simplifies 
the analytical treatment of multiple connected domains by reducing them to a simple-connected one but with compensated singularities. Below, we 
follow this Zhukovsky-laid avenue and extend the FAK-98 analysis to multiple (staggered) tunnels, starting from a dyad of line sinks shown in Fig. 2. 
The flow domain Gz is now a simply-connected domain, viz. the half-plane z < 0. The characteristic function w(z) has two logarithmic singularities: one 
at point E1 (z = -d1) and another at point E2 (z = -d2). The function V(z) is antiholomorphic in the half-plane, except points z = -d1, z = -d2, z = -dS, and z 
= ∞. Superposition of Vedernikov’s (1939) complex potentials for two-line sinks with two fictitious line sources yields: 

w =
Q1

2π ln
z − id1

z + id1
+

Q2

2π ln
z − id2

z + id2
− kH. (A1) 

We select the branches of function (A1) as follows. Due to the symmetry of flow and the flow domain Gz, we consider only its right half (the right 
bottom quarter-plane in Fig. 2). In further HYDRUS modeling, this will save computation time. The corresponding complex potential domain Gw is a 
half-strip of a height (Q1+Q2)/2 with a cut E2SE1 (Fig. 2). Obviously, from Eq. (A1), ψ = 0 along the streamline IE2. The curved streamline SrS bi-
furcates at point S. Along the cut in Gw and along the straight segments SE1 and SE2 in Gz, we have ψ = − Q2/2. Along the straight segments OE1 in Gz, 
the stream function is ψ = − (Q1 + Q2)/2. The value of potential K hS (where hS=const <H) at the stagnation point is a part of the solution. 

The FAK-98 trick is: the isobars A1B1 and A2B2 in Gz are determined by solving the equation p(x,y) = 0. In Gw (Fig. 2), the images of these two 
isobars are shown as two “thick” curves. The loci of points A1, B1, A2, and B2 are computed by solving the equation p(0,y) = 0. 

We will show below that this equation can have four or two roots. In a special case of three roots, the contours of two conterminous empty tunnels 
“coalesce,” In the case of four roots, the corresponding tetrad (yA1, yB1, yA2, yB2) is used for obtaining the vertical “diameters” of the two tunnels as yA1 - 
yB1 and yA2 - yB2. If the reconstructed curves A1B1 and A2B2 in Gz are close to half-circles, then the two generated isobars p = 0 approximate well the 
genuinely-circular contours of the tunnels in Fig. 1a. 

Thus, we separate the real part in Eq. (A1) to obtain the potential: 

ϕ =
Q1

2π ln

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + (y − d1)
2

x2 + (y + d1)
2

√

+
Q2

2π ln

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + (y − d2)
2

x2 + (y + d2)
2

√

− KH. (A2) 

Similarly, we separate the imaginary part in Eq. (A1) to get the stream function. 
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Appendix B 

In this Appendix, we provide full details of the solution to the problem of seepage in a two-component composite made of an aquifer half-plane of 
one conductivity and a circular inclusion of a contrasting conductivity where a line sink, which generates a quasi-circular isobar as a tunnel contour, is 
placed. Specifically, we prove the validity of Eqs. (11) and (13) in Section 3. 

The boundary conditions along the real axis and the circular interface between S1 and S2 are 

ReV1(x) = 0, − ∞ < x < ∞, V1(∞) = 0,
V1(t) = AV2(t) + BR2(t + idc)

− 2V2(t), |t + idc| = R, (B1)  

here A = (K + Kg)/2Kg, B = (Kg − K)/2Kg, and there is a line sink of intensity Q = 2q at the point –id, i.e. 

V2(z) = −
q

π(z + id)
+ V20(z), (B2)  

where the function V20(z)is holomorphic in the domain S2. 
We consider the Mőbius transformations of the z-plane and of the ζ-plane onto each other by the functions 

ζ = T − 1(z) =
z + is
z − is

, z = T(ζ) = is
ζ + 1
ζ − 1

, (B3)  

where the points ± is are symmetric about both the real x-axis and circumference ∂S2, i.e. 

s =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

d2
c − R2

√

. (B4) 

The first function (B2) maps conformally the lower half of the z-plane onto the unit disk of the ζ-plane and T− 1: Sk → Ωk, k = 1, 2 (see Fig. B1). We 
introduce the notations 

T − 1( − id) =
d − s
d + s

= a, u2 =
dc − s
dc + s

, T(ζ) + ia = i(d + s)
ζ − a
ζ − 1

= T2(ζ),

T(ζ) + idc = i(dc + s)
ζ − u2

ζ − 1
= i(dc + s)T1(ζ).

(B5) 

We introduce new unknown functions V*
k(ζ) = Vk(T(ζ)), k =1,2 and omit the superscript * below. Then, using conditions (B1) and notations (B2)– 

(B5), we obtain 

ReV1(τ) = 0, |τ| = 1, V1(1) = 0,
V1(τ) = AV2(τ) − Bu2/T1(τ)2V2(τ), |τ| = u, (B6)  

and 

V2(ζ) = −
q

πT2(ζ)
+ V20(ζ). (B7) 

According to the first boundary condition (B6), the function V1(ζ) can be analytically continued into the ring u < |ζ| < 1/u via the symmetry 
principle. Therefore, the continued function (we keep the same notation for it) satisfies the condition V1(ζ) = − V1(1/ζ) and can be represented as 

V1(ζ) = V+
1 (ζ) − V+

1 (1/ζ), (B8)  

where the function V+
1 (ζ)is holomorphic in the circle|ζ| < 1/u. Without any loss of generality, we can assume that V+

1 (1) = 0. 
Next, we consider the following function 

Fig. B1. Physical (left panel) and reference (right panel) planes for the problem of seepage to grouted tunnels.  
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F(ζ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

V+
1 (ζ) − AV20(ζ) −

Bqu2

πT1(ζ)2T2
(
u2/ζ

), |ζ| < u,

−
Aq

πT2(ζ)
+ V+

1 (1/ζ) − B
u2

T1(ζ)2V20
(
u2/ζ

)
, |ζ| > u.

(B9) 

It satisfies the continuity condition F+(τ) = F− (τ) for |τ| = u according to the second equality (B6) and due to representations (B5) has a simple pole 
at the point ζ = u2. Additionally, the function F(ζ) is bounded at infinity and F(1) = 0. In comport with Liouville’s theorem, we have F(ζ) = C/T1(ζ), 
where C is a constant to be determined. Clearly 

C = lim
ζ→1

T1(ζ)F(ζ) = −
Bqu2

πT1(1)2T2(u2)
= − i

Bq
π(dc + s)

.

Then from Eq. (B9) we obtain (simple algebra is omitted): 

V+
1 (ζ) − AV20(ζ) −

iBq(dc − d)(ζ − 1)
π(d + s)(aζ − 1)

= 0, |ζ| < u

−
Aq

πT2(1/ζ)
+ V+

1 (ζ) − B
u2

T1(1/ζ)
2V20

(
u2ζ
)
= i

Bq

π(dc + s)T1(1/ζ)
, |ζ| < 1

/

u.
(B10) 

Exclusion of the function V+
1 (ζ) from the system (B10) leads to the relation 

V20(ζ) =
Λu2(ζ − 1)2

(u2ζ − 1)2 V20
(
u2ζ
)
− i

q
π

(
Λ(dc − d)(ζ − 1)

(d + s)(dc − s)(au− 2ζ − 1)
−

(ζ − 1)
(d + s)(aζ − 1)

−
Λ(ζ − 1)

(dc + s)(u2ζ − 1)

)

Let 

V20(ζ) = (ζ − 1)V21(ζ). (B11) 

Then we get the following functional equation with respect to V21(ζ) 

V21(ζ) = Λu2L1(ζ)V21
(
u2ζ
)
− i

q
π(ζ − 1)

f0(ζ), (B12)  

where, 

fj(ζ) = c1Mj− 1(ζ) − c2Mj(ζ) − c3Lj+1(ζ). (B13) 

Consequently, 

Lj(ζ) =
ζ − 1

u2jζ − 1
, Mj(ζ) =

ζ − 1
au2jζ − 1

, c1 =
Λ(dc − d)

(d + s)(dc − s)
, c2 =

1
d + s

, c3 =
Λ

dc + s
. (B14) 

From the definitions (B13), (B14) follows: 

Lj(ζ)L1
(
u2jζ
)
= Lj+1(ζ), Lj(ζ)M− 1

(
u2jζ
)
= Mj− 1(ζ),

Lj(ζ)M0
(
u2jζ
)
= Mj(ζ), Lj(ζ)f0

(
u2jζ
)
= fj(ζ).

(B15) 

We replace ζ with u2ζ in Eq. (B12). The result of this substitution we put into the RHS of Eq. (B12) and using the relations (B15), we arrive at: 

V21(ζ) =
(
Λu2)2L2(ζ)V21

(
u4ζ
)
− i

q
π(ζ − 1)

(
Λu2L1(ζ)f1(ζ)+ f0(ζ)

)
.

We replace ζ with u4ζ in Eq. (B12) and substitute the result into the RHS of the last equation. And so on. At the n-th step we obtain 

V21(ζ) =
(
Λu2)nLn(ζ)V21

(
u2nζ

)
− i

q
π(ζ − 1)

∑n− 1

j=0

(
Λu2)jLj(ζ)fj(ζ).

In the limit, when n → ∞, taking into account Eq. (B11), the last relation gives the required solution in the form of a series uniformly and absolutely 
convergent in the domain Ω2: 

V20(ζ) = − i
q
π
∑∞

j=0

(
Λu2)jLj(ζ)fj(ζ). (B16) 

We rewrite this solution as 

V20(ζ) = − i
q
π

(

c1M− 1(ζ)+
∑∞

j=0

(
Λu2)j(Λu2c1Lj+1(ζ)Mj(ζ) − c2Lj(ζ)Mj(ζ) − c3Lj(ζ)Lj+1(ζ)

)
)

.

Returning now to the z-plane we use relations (B3)–(B5), (B14), (B16) and obtain 

c1M− 1(ζ(z)) =
− iΛ

z − ia− 1
, Λu2c1Lj+1(ζ)Mj(ζ) =

− iΛ2

u2j

(
1

z − aj
−

1
z − bj+1

)

,

c2Lj(ζ)Mj(ζ) =
− i
u2j

(
1

z − aj
−

1
z − bj

)

, c3Lj(ζ)Lj+1(ζ) =
− iΛ
u2j

(
1

z − bj
−

1
z − bj+1

)

,
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where 

aj = s
1 + au2j

1 − au2j, bj = s
1 + u2j

1 − u2j, a0 = d, b0 = ∞.

Thus, 

V20(z) = −
q
π

(
Λ

z − ia− 1
+
∑∞

j=0
Λj
(

Λ2
(

1
z − iaj

−
1

z − ibj+1

)

−

(
1

z − iaj
−

1
z − ibj

)

− Λ
(

1
z − ibj

−
1

z − ibj+1

)))

=

−
q
π

(
Λ

z − ia− 1
− (1 − Λ)

∑∞

j=0
Λj
(

1 + Λ
z − iaj

−
1

z − ibj
+

Λ
z − ibj+1

))

= −
qΛ

π(z − ia− 1)
+

q
(
1 − Λ2)

π
∑∞

j=0

Λj

z − iaj  

or due to Eq. (B2) 

V2(z) = −
q

π(z + id)
−

qΛ
π(z − ia− 1)

+
q
(
1 − Λ2)

π
∑∞

j=0

Λj

z − iaj
.

From the first equality (B10), (B16) and (B8) one can obtain (we omit simple algebra) 

V1(z) =
q(1 − Λ)

π
∑∞

j=0
Λj
(

1
z − iaj

−
1

z + iaj

)

.

Thus, the validity of Eqs. (11) and (13) in Section 3 of the manuscript is proved. 
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