
 
 

Numerical Modelling of Hydrodynamics for Water Resources – Garcia-Navarro & Playán (eds) 
© 2008 Taylor & Francis Group, London, ISBN 978-0-415-44056-1 

 

 
95

 

1 INTRODUCTION 

We describe in this paper a number of numerical models for simulating water flow and move-
ment of heat and various solutes in the subsurface.  The models were developed during the past 
15 years or more in close collaboration between the University of California, Riverside, the U.S. 
Salinity Laboratory in Riverside, PC-Progress in Prague, Czech Republic, and SCK•CEN, Mol, 
Belgium. This manuscript serves as a companion paper to an article that will appear in the up-
coming “Vadose Zone Modeling” Special Section of Vadose Zone Journal (Šimůnek et al., in 
press). While that article qualitatively describes the various conceptual processes forming the 
basis of the different programs, here we focus on the implemented mathematical models. We 
provide the governing equations for the various water flow, heat transport, and solute transport 
modules, and discuss into which HYDRUS programs they were implemented. We additionally 
discuss the numerical techniques used to discretize the governing flow and transport equations, 
and the importance of the developed graphical user interfaces to ensure wide acceptance of the 
software packages. We further discuss selected applications of the HYDRUS programs to dem-
onstrate different features of the codes. Our primary focus is on the programs listed in Table 1, 
i.e., HYDRUS-1D, HP1, HYDRUS-2D, and HYDRUS (2D/3D).  
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ABSTRACT: HYDRUS and related software packages represent a system of numerical models 
for simulating variably-saturated water, heat and solute movement in the subsurface. The soft-
ware packages can simulate flow and transport in one-dimensional (e.g., HYDRUS-1D, HP1, 
SOILCO2, and UNSATCHEM), two-dimensional (SWMS_2D, CHAIN_2D, or HYDRUS-2D), 
and three-dimensional (SWMS_3D or HYDRUS (2D/3D)) transport domains. While water flow 
in all of the models is simulated in a relatively similar manner, different solute transport mod-
ules exist in the different codes. Some models can simulate only transport of solutes independ-
ent of one another, whereas other models include biogeochemical modules simulating complex 
interactions between the various solutes. For example, HYDRUS-1D and UNSATCHEM mod-
els can also consider the transport of major ions and their mutual reactions, such as dissolution-
precipitation, cation exchange, or aqueous complexation. The wetland module in HYDRUS 
(2D/3D) furthermore considers biochemical processes associated with the flow of wastewater 
through constructed or natural wetlands. Finally, HP1, a model resulting from coupling HY-
DRUS-1D and PHREEQC, accounts for a broad range of instantaneous and kinetic chemical 
and biological reactions, including aqueous complexation, precipitation-dissolution, cation ex-
change, surface complexation, and redox reactions. In this manuscript we review the various 
models and provide references to many of their applications. 
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Table 1. Synopsis of the HYDRUS suite of windows-based software packages.  ________________________________________________________________________________________________________ 
Model Ver Dim Brief Description Reference  ________________________________________________________________________________________________________  
HYDRUS-1D          3.0  1D Water flow, heat and solute transport, carbon dioxide Šimůnek et al. 
   transport, transport of major ions, major ion chemistry, (2005) 
   transport of colloids and bacteria.    
HP1 1.0 1D Water flow, transport of heat and multiple components, Jacques &  

mixed equilibrium/kinetic biogeochemical reactions. Šimůnek (2005) 
HYDRUS-2D 2.0 2D Water flow, heat and solute transport (discontinued, Šimůnek et al. 
   replaced with HYDRUS (2D/3D)). (1999) 
HYDRUS (2D/3D) 1.0 2/3D Water flow, heat and solute transport, transport of Šimůnek et al.  
   colloids and bacteria wetland module. (2006b), Šejna &

 Šimůnek (2007)  ________________________________________________________________________________________________________ 
Ver – version, OS – operating system, Dim – dimensions, DOS – Disc Operating System, 1D – one-
dimensional, 2D - two-dimensional and axisymetrical three-dimensional, 3D – three-dimensional. 

2 WATER FLOW 
2.1 Uniform flow 

Uniform variably-saturated water flow in all of these models is described using the Richards 
equation: 

( ) ( ) - ( )A A
ij iz

i j

h h K h  + S hK Kt x x
θ ⎡ ⎤⎛ ⎞∂ ∂ ∂

= ⎢ ⎥⎜ ⎟⎜ ⎟∂ ∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦
 (1) 

where θ = volumetric water content [L3L-3]; h = pressure head [L]; K = unsaturated hydraulic 
conductivity [LT-1]; Kij

A = components of a dimensionless anisotropy tensor KA (which reduces to 
the unit matrix when the medium is isotropic); S = general sink/source term [L3L-3T-1] accounting 
for root water uptake; t = time [T]; and xi = spatial coordinate [L]. 

Because of strongly nonlinear makeup of the Richard equation, only a relatively few simpli-
fied analytical solutions can be derived. Most practical applications of (1) require a numerical 
solution, which can be obtained using a variety of methods such as finite differences or finite 
elements. Equation (1) is generally referred to as the mixed form of the Richards equation since 
it contains two dependent variables (i.e., the water content and the pressure head). Solutions of 
(1) require knowledge of two soil hydraulic functions describing the soil water retention and 
hydraulic conductivity properties of the porous material. The soil water retention curve (or also 
called the soil water characteristic curve, the capillary pressure-saturation relationship, or the pF 
curve) describes the relationship between the water content and the pressure head. The HY-
DRUS packages permit the use of analytical functions suggested by Brooks & Corey (1964), 
van Genuchten (1980), Kosugi (1996), and Durner (1994): 
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respectively, where Se = effective saturation [-];θr and θs = residual and saturated water contents 
[L3L-3], respectively; he = air-entry value [L]; λ = pore-size distribution index that characterizes 
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the width of the pore-size distribution (or the steepness of the retention function); α [L-1], n [-] 
and m=1/1/n [-] = empirical shape parameters; hm = median pressure head [L] for which 
Se(hm)=0.5 and corresponding to the median pore radius; σ = standard deviation of the log-
transformed soil pore radius [-] characterizing the width of the pore-size distribution; and wi =  
weighting factors for the overlapping regions. 

Equation (1) contains the hydraulic conductivity function which characterizes the ability of a 
soil to transmit water, and as such is inversely related to the resistance to water flow. Similarly 
as for the soil water retention curve, HYDRUS allows analytical models for the hydraulic con-
ductivity function as suggested by Brooks & Corey (1964), van Genuchten (1980), Kosugi 
(1996), and Durner (1994): 
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respectively, where Ks = saturated hydraulic conductivity [LT-1]; and l = pore-connectivity pa-
rameter [-]. 

2.2 Nonequilibrium flow 
The Richards equation (1) predicts a uniform flow process in the vadose zone, although possibly 
modified macroscopically by allowing the use of spatially variable soil hydraulic properties 
(e.g., as dictated by different soil horizons, or varying laterally). Unfortunately, the vadose zone 
can be extremely heterogeneous at a range of scales, from the microscopic (e.g., pore scale) to 
the macroscopic (e.g., field scale). Some of these heterogeneities can lead to a preferential flow 
process that is very difficult to capture macroscopically with the standard Richards equation. 
One obvious example of preferential flow is the rapid movement of water and dissolved solutes 
through macropores (e.g., between soil aggregates, or caused by earthworm pathways or de-
cayed root channels) or within rock fractures, with much of the water bypassing (short-
circuiting) the soil or rock matrix. However, many other causes of preferential flow exist, such 
as flow instabilities caused by soil textural changes or water repellency (Hendrickx & Flury 
2001; Šimůnek et al. 2003), as well as lateral funneling of water due to inclined or other textural 
boundaries (e.g., Kung 1990). 

Preferential flow in macroporous soils and fractured rocks can be described using a variety of 
dual-porosity or dual-permeability models (Gerke & van Genuchten 1993; Šimůnek et al. 2003). 
Dual-porosity and dual-permeability models both assume that the porous medium consists of 
two interacting pore regions, one associated with the inter-aggregate, macropore, or fracture sys-
tem, and one comprising the micropores (or intra-aggregate pores) inside soil aggregates or the 
rock matrix. Dual-porosity models assume that water in the matrix is stagnant, while dual-
permeability models allow also for water flow within the soil or rock matrix. 

2.2.1 Dual-porosity model 
The dual-porosity models implemented in the HYDRUS-1D and HYDRUS (2D/3D) packages 
assume that water flow is restricted to the macropores (or the inter-aggregate pores and frac-
tures), and that water in the matrix (the intra-aggregate pores or the rock matrix) does not move 
at all. This conceptualization partitions the liquid phase into mobile (flowing, inter-aggregate), θmo, 
and immobile (stagnant, intra-aggregate), θim, regions [L3L-3]: 

mo im = +θ θ θ  (4) 
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The dual-porosity formulation for water flow is then based on a mixed formulation of the 
Richards equation (1) to describe water flow in the macropores (the preferential flow pathways) 
augmented with a mass balance equation to describe the moisture dynamics in the matrix as fol-
lows (Šimůnek et al. 2003): 
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where him and hmo = pressure heads for both regions [T-1]; Sim and Smo = sink terms for both re-
gions [T-1]; and Γw = transfer rate for water from the inter- to the intra-aggregate pores [T-1]. 

Examples of applications of dual-porosity models to a range of laboratory and field data in-
volving transient flow and solute transport are given by Šimůnek et al. (2001), Castiglione et al. 
(2003), Zhang et al. (2004), Köhne et al. (2004a, 2005), Kodešová et al. (2005) and Haws et al. 
(2005). 

2.2.2 Dual-permeability model 
Research versions of HYDRUS-1D and the two-dimensional computational module of HY-
DRUS (2D/3D) implement the dual-permeability approach suggested by Gerke & van Genuch-
ten (1993). This approach applies Richards equations to each of two pore regions. The flow 
equations for the macropore or fracture (subscript f) and matrix (subscript m) pore systems in 
this approach are given by: 
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respectively, where w = ratio of the volumes of the macropore or fracture domain and the total 
soil system [-]. Note that the water contents θf and θm in (1) have different meanings than in (5) 
where they represented water contents of the total pore space (i.e., θ = θmo + θim), while in (6) 
they refer to water contents of the two separate (fracture or matrix) pore domains such that θ = 
wθf + (1-w)θm. 

Examples of applications of dual-permeability models to a range of laboratory and field data 
involving transient flow and solute transport are given by Pot et al. (2005), Kodešová et al. 
(2005), and Köhne et al. (2006). 

2.3 Water flow and vapor transport 
The Richards equation (1) considers only water flow in the liquid phase and ignores the effects 
of the vapor phase on the overall water mass balance. While this assumption is justified for the 
majority of applications, a number of problems exist in which the effect of vapor flow can not 
be neglected. Vapor movement is often an important part of the total water flux when the soil 
moisture becomes relatively low. Scanlon et al. (2003) showed that water fluxes in deep vadose 
zone profiles of the arid and semiarid regions of the western U.S. are often dominated by ther-
mal vapor fluxes. Nonisothermal liquid and vapor flow in an unpublished research version of 
HYDRUS is described using the equation (e.g., Saito et al. 2006): 
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where θ = total volumetric water content, being the sum (θ=θl +θv) of the volumetric liquid wa-
ter content, θl, and the volumetric water vapor content, θv (both expressed as an equivalent water 
content), T = temperature [K]; K = isothermal hydraulic conductivity for the liquid phase [LT-1]; 
KLT = thermal hydraulic conductivity for the liquid phase [L2K-1T-1]; Kvh = isothermal vapor hy-
draulic conductivity [LT-1]; KvT = thermal vapor hydraulic conductivity [L2K-1T-1]. Overall water 
flow in (7) is given as the sum of isothermal liquid flow, isothermal vapor flow, gravitational 
liquid flow, thermal liquid flow, and thermal vapor flow. Since several terms of (7) are a func-
tion of temperature, this equation should be solved simultaneously with the heat transport equa-
tion (11) to properly account for temporal and spatial changes in soil temperature. 

Examples of HYDRUS-1D applications that consider the simultaneous movement of water in 
the liquid and vapor phases are given by Scanlon et al. (2003) and Saito et al. (2006). Scanlon et 
al. (2003) evaluated response of several semiarid (High Plains, Texas) and arid (Chihuahuan 
Desert, Texas; Amargosa Desert, Nevada) sites to paleoclimatic forcing using water-potential 
and Cl profiles, and by modeling nonisothermal liquid and vapor flow and Cl transport. They 
used HYDRUS-1D to show that upward nonisothermal liquid and vapor flow for at least 1 to 2 
kyr in the High Plains and for 12 to 16 kyr in the Chihuahuan and Amargosa desert sites is re-
quired to reproduce measured upward water potentials and Cl profiles. Saito et al. (2006) addi-
tionally combined a numerical solution of the water flow (7) and heat transport (11) equations 
with water and energy balances at the soil surface. Their analyses of the distributions of the liq-
uid and vapor fluxes versus depth showed that the soil water dynamics close to the soil surface 
is strongly associated with the soil temperature regime. 

2.4 Water flow with freezing and thawing 
Although considering both liquid and vapor flow, equation (7) still neglects one phenomenon 
that is important in cold climatic regions, i.e., freezing and thawing. To include freezing and 
thawing processes, (7) needs an additional term that accounts for frozen water (e.g., Hansson et 
al. 2004) as follows: 
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where θi = volumetric ice content [L3L-3]; ρi = density of ice [ML-3] (931 kg m-3); and ρw = den-
sity of liquid water [ML-3] (~1000 kg m-3). This equation is even more tightly coupled with the 
heat transport equation (12) through the second term on the left side, since the change in the 
volumetric ice content depends on temperature and can be expressed using the generalized 
Clapeyron equation. 

2.5 Overland flow 
Traditionally, surface and subsurface flow processes have been considered mostly separately, 
with some of the processes being severely simplified when coupled surface and subsurface flow 
is simulated. For example, existing surface irrigation models typically still use empirical infiltra-
tion functions such as the Philip, Kostiakov, modified Kostiakov, and Branch infiltration equa-
tions, rather than rigorously simulating subsurface water flow and solute transport using the 
Richards equation for variably-saturated flow, and advection-dispersion type equations for sol-
ute transport. To overcome this deficiency, the following overland flow equation has been in-
corporated in HYDRUS-2D for use in combination with the atmospheric boundary condition at 
the surface boundary (Šimůnek 2003): 
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where h = unit storage of water (or mean depth for smooth surfaces) [L]; Q = discharge per unit 
width [L2T-1], x = distance coordinate over the soil surface [L]; q(x,t) = rate of local input, or lat-
eral inflow (i.e., local precipitation minus local infiltration) [LT-1]; α [L2-mT-1] and m [-] = pa-
rameters related to slope, surface roughness, and the flow conditions (laminar or turbulent flow), 
usually evaluated using Manning’s hydraulic resistance law; S = slope [-]; and n = Manning’s 
roughness coefficient for overland flow [-].  

Figure 1 shows a simple application of the overland flow module in HYDRUS-2D to simulate 
flow in a hillside transect in which the soil material in the middle third of the transect (between 
33 and 66 m) has a 100 times higher saturated hydraulic conductivity than the remaining soil (25 
versus 0.25 m d-1). Because of this, the middle section can accommodate the infiltration of water 
from both the rainfall itself and from runoff from the upgradient part of the hillslope. The soil 
transect had a slope of 0.01, while the roughness coefficient n was assumed to be equal to 0.01. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 1. Calculated contours of the water content in a hillside 
transect following rainfall and overland flow (Šimůnek 2003).  

2.6 HYDRUS package for MODFLOW 
Although computer power has increased tremendously during the last few decades, large scale 
three-dimensional applications evaluating water flow in the vadose zone are often still prohibi-
tively expensive in terms of computational resources. To overcome this problem, Seo et al. 
(2006, 2007) developed a computationally efficient one-dimensional unsaturated flow HY-
DRUS package and linked it to the three-dimensional modular finite-difference ground water 
model MODFLOW-2000 (Harbaugh et al. 2000). The HYDRUS unsaturated flow package used 
HYDRUS-1D to simulate one-dimensional vertical variably-saturated flow. MODLOW zone ar-
rays were used to define the cells to which the HYDRUS package was applied. MODFLOW 
used the time-averaged flux from the bottom of the unsaturated zone as recharge, and calculated 
a water table depth which was then used as a pressure head bottom boundary for HYDRUS. 
Twarakavi et al. (in press) provided a comparison of the HYDRUS package to other MOD-
FLOW packages that evaluate processes in the vadose zone and presented a field application 
demonstrating the functionality of the package. 
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3 HEAT TRANSPORT 
3.1 Heat transport without vapor transport 

All HYDRUS models consider heat transport due to conduction and convection with flowing wa-
ter. Neglecting the effects of water vapor diffusion, the heat transport can be described as: 

( ) ( )ij w i
i j i

T T TC = - C q  
t x x x

θ λ θ
⎛ ⎞∂ ∂ ∂ ∂
⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

 (10) 

where λij(θ) = apparent thermal conductivity of the soil [MLT-3K-1] (e.g. Wm-1K-1); C(θ) and Cw = 
volumetric heat capacities [ML-1T-2K-1] (e.g. Jm-3K-1) of the porous medium and the liquid phase, re-
spectively; and qi = fluid flux density [LT-1]. The HYDRUS models at each time step first numeri-
cally solve the Richards equation (1) and then the heat transport equation (10) using calculated val-
ues of the water content and the fluid flux. 

3.2 Heat transport with vapor transport 
When the effects of water vapor diffusion can not be neglected, the heat transport must be expanded 
to the form (e.g., Saito et al. 2006): 

0 0( ) ( )v vi vi
ij w i v
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 (11) 
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Figure 2. Water content (a), total flux (b), temperature (c), and solute concentration 
(d) distributions in a 10-cm long vertical soil sample with zero water fluxes across 
the top and bottom boundaries, and with temperature increasing from top to bottom. 
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where L0 = volumetric latent heat of vaporization of liquid water [ML-1T-2] (e.g., Jm-3); and qvi = 
vapor flux density [LT-1]. In equation (11), the total heat flux density is defined as the sum of the 
conduction of sensible heat as described by Fourier’s law (the first term on the right side), sen-
sible heat by convection of liquid water (the second term) and water vapor (the third term), and 
of latent heat by vapor flow (the forth term) (de Vries 1958). 

As an example, Figure 2 shows calculated water content, total flux, temperature and concen-
tration profiles for a 10-cm long soil sample with zero water fluxes at both top and bottom 
boundaries, and with a temperature gradient along the sample. Increasing temperatures (Fig. 2c) 
from the top to the bottom of the sample cause vapor flow (Fig. 2b) from the warmer bottom end 
of the sample toward the colder end. Water evaporates at the warmer end, flows upward as va-
por and condensates at the colder end. Water contents correspondingly decrease at the warmer 
end and increase at the colder bottom (Fig. 2a). As a consequence of changing water contents, a 
pressure head gradient develops in the sample, leading to water flow in a direction opposite to 
vapor flow. A steady-state is eventually reached when the upward vapor flow fully balances the 
downward liquid flow (Fig. 2b). Since water evaporates at the bottom of the sample and conden-
sates at the top, solute becomes more concentrated near the bottom and more diluted near the top 
(Fig. 2d). Also, the concentration profile should eventually reach steady-state, although at a 
much larger time, when the advective downward solute flux balances the upward diffusive flux. 

3.3 Heat transport with freezing and thawing 
Similar to water flow, considering freezing and thawing in the heat transport equation requires 
an additional term to account for the energy stored in the frozen water (e.g., Hansson et al. 
2004): 
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where Lf = latent heat of freezing [L2T-2] (~3.34e+5 J kg-1). The first term on the left-hand side 
represents changes in the energy content, whereas the second and third terms represent changes 
in the latent heat of the frozen and vapor phases, respectively. Terms on the right-hand side repre-
sent respectively, soil heat flow by conduction, convection of sensible heat with flowing water, 
transfer of sensible heat by diffusion of water vapor, and transfer of latent heat by diffusion of water 
vapor. Hansson et al. (2004) discussed the extreme nonlinearity of (12) caused by the depend-
ency of the apparent volumetric heat capacity ( /f i iC L d dTρ θ= − ) on temperature. While the 
apparent heat capacity increases by about two orders of magnitude for silty clay when the freez-
ing point is reached, the increase for sand is almost five orders of magnitude (Fig. 3). For sands 
the increase in the apparent heat capacity due to freezing becomes negligible below about -0.05 
oC, which corresponds to a pressure head of -6.2 m. At that temperature almost all soil water is 
frozen, except for the residual water content. For fine-textured soils the increase in the apparent 
heat capacity extends to much lower temperatures, which reflects the fact that for these soils a 
significant amount of water remains unfrozen at slightly subzero temperatures.  

Hansson et al. (2004) used HYDRUS-1D to evaluate data from laboratory column freezing 
experiments. The experiments involved 20-cm long soil columns with an internal diameter of 8 
cm that were exposed at the top to a circulating fluid with a temperature of –6˚C. Water and soil 
in the columns froze from the top down during the experiment, with the freezing process induc-
ing significant water redistribution within the soil. Values of the total water content calculated 
with HYDRUS-1D compared well with measured values. 

Figure 4 shows temperatures, pressure heads, liquid water contents, and concentrations at dif-
ferent depths in a loamy soil profile subject to fluctuating surface temperatures. Surface tem-
peratures followed the sinusoidal curve with a mean value of -1oC and a daily amplitude of 5oC. 
Changes in temperature can be observed down to a depth of about 10 cm (Fig. 4a). The Clapey-
ron equation predicts that a temperature decrease of 1oC below zero corresponds to a pressure 
head decrease of about -120 m. This shows that negative temperatures can cause extremely 
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negative pressure heads in the soil profile (Fig. 4b). These pressure heads have their correspond-
ing water contents (Fig. 4c), which follow immediately from the soil water retention curve. The 
remaining water within the soil profile stays in a frozen state. From Figure 4 it is obvious that 
the process of freezing is very similar to drying, with frozen water remaining in the larger pores 
and liquid water in the smaller pores. Concentrations fluctuate in a similar fashion as the other 
variables since solutes are excluded from frozen water and remain in the liquid phase (Fig. 4d).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Apparent volumetric heat capacity (Jm-3K-1) for three soil textural  
classes (sand, loam, and silty clay). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Temperatures (a), pressure heads (b), water contents (c), and concentrations (d) at different 
depths in a loamy soil profile subject to fluctuating surface temperatures. 
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4 SOLUTE TRANSPORT 

While water flow in the various HYDRUS software packages is simulated in a relatively similar 
manner (i.e., using the Richards equation to describe uniform flow, or using dual-porosity or 
dual-permeability models for nonequilibrium flow), different solute transport modules exist in 
the different codes. Some modules simulate single-component transport, while others contain 
biogeochemical modules for simulating potentially very complex interactions between the vari-
ous solutes. In this section we provide brief descriptions of the various solute transport modules. 

4.1 Single component solute transport 
Most HYDRUS predecessors (e.g., SWMS_2D and SWMS_3D) allowed solutes to exist only in 

the liquid and solid phases. The newer windows-based HYDRUS models (i.e., HYDRUS-1D, HY-
DRUS-2D and HYDRUS (2D/3D)) assume that solutes can exist in all three phases (liquid, solid, 
and gaseous) and that the decay and production processes can be different in each phase. While in 
the HYDRUS predecessors solutes could be transported only by advection and dispersion in the liq-
uid phase, the more recent versions assume that they can be transported also by diffusion in the gas 
phase. In the various solute transport formulations below we will use the following general conser-
vation equation for solutes in a variably saturated rigid porous medium 

Si

i

M J=
t x

φ∂ ∂
− −

∂ ∂
 (13) 

where M = mass of solute [ML-3]; JSi = solute flux density [ML-2T-1]; and φ = coefficient represent-
ing various sinks and sources [ML-3T-1]. 

4.1.1 Equilibrium transport 
The SWMS_2D and SWMS_3D models (Šimůnek et al. 1994, 1995) assume that solutes reside 
only in the liquid and solid phases. The various terms of (13) are then given by: 

M = c sθ ρ+  

 w
Si ij i

j

cJ D q c
x

θ ∂
= − +

∂
 (14) 

+ -w s w s rc - s + Scφ μ θ μ ρ γ θ γ ρ= −  

where c, s = solute concentrations in the liquid [ML-3] and solid [MM-1] phases, respectively; μw, μs 
= first-order rate constants for solutes in the liquid and solid phases [T-1], respectively; γw, γs = zero-
order rate constants for the liquid [ML-3T-1] and solid [T-1] phases, respectively; ρ = soil bulk density 
[ML-3]; S = sink term in the water flow equation (1); cr = concentration of the sink term [ML-3]; Dij

w 
= dispersion coefficient tensor [L2T-1] for the liquid phase. 

The HYDRUS models allow solutes to exist also in the gaseous phase, as well as permit them 
to be involved in sequential first-order decay chain reactions. The different terms of (13) then be-
come: 

1,k k k v k sM = c s a g k Nθ ρ+ + =  

, , ,  w gk k
Si k ij k v ij k i k

j j

c gJ D a D q c
x x

θ ∂ ∂
= − − +

∂ ∂
 (15) 

( ) ( ) ( )
( )

' ' '
, , , , , , ,

' ' '
, 1 1 , 1 1 , 1 1 , , ,

- +k w k w k k s k s k k g k g k v k r k

vw k k s k k g k k w k s k g k v

c - s a g Sc

+ c s + g + + aa

φ μ μ θ μ μ ρ μ μ

ϑ μ θ μ ρ μ γ θ γ ρ γ− − − − − −

= − + + − +

+ +
 

where g = solute concentration in the gaseous phase [ML-3]; μg = first-order rate constant for 
solutes in the gas phase [T-1]; μw’, μs’, and μg’ = similar first-order rate constants providing con-
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nections between individual species in the decay chain; γg = zero-order rate constant for the gas 
phase  [ML-3T-1]; av = air content [L3L-3]; Dij

g = diffusion coefficient tensor [L2T-1] for the gas 
phase; and Ns = number of solutes involved in the chain reaction. The subscripts w, s, and g cor-
respond with the liquid, solid and gas phases, respectively; while the subscript k represents the 
kth chain number. The parameter ϑ  in (15) is zero for k=1. The indicial notation used above as-
sumes summations over indices i and j (i,j = 1,2,3), but not over index k.   

Interactions between the solid and liquid phases in the HYDRUS models may be described 
using nonlinear equations, while interactions between the liquid and gaseous phases are assumed 
to be linear and instantaneous, i.e., 

1
dK cs

c  

β

βη
=

+
 (16) 

gg = k c  (17) 

respectively, where Kd, β, η, kg = empirical coefficients [L3M-1], [-], [L3M-1], [-], respectively. The 
Freundlich, Langmuir, and linear adsorption equations are special cases of equation (16). When β=1, 
equation (16) reduced to the Langmuir equation, when η=0 the equation becomes a Freundlich iso-
therm, and when β=1 and η=0, equation (16) defines a linear adsorption isotherm. Solute transport 
without adsorption is described with Kd=0. We note here that the SWMS_2D and SWMS_3D mod-
els considered only linear sorption (i.e., β=1 and η=0). 

Typical examples of HYDRUS applications involving sequential first-order decay chains are 
the transport of nitrogen species (e.g., Hanson et al. 2006), pesticides, chlorinated aliphatic hy-
drocarbons (Schaerlaekens et al. 1999; Casey & Šimůnek 2001), hormones (Casey et al. 2003), 
and explosives (Dontsova et al. 2006). The ability of HYDRUS to account for diffusion in the 
gas phase was further used by Wang et al. (1997, 2000) to simulated the transport of volatile 
contaminants (fumigants) such as methyl bromine and 1,3-dichloropropene. 

4.1.2 Nonequilibrium transport 
HYDRUS-1D and the two-dimensional module of HYDRUS (2D/3D) offer a large number of 
options to deal with nonequilibrium flow and transport. A complete list of these options is given 
by Šimůnek et al. (in press) who divided them into three groups: a) physical nonequilibrium 
transport models, b) chemical nonequilibrium transport models, and c) physical and chemical 
nonequilibrium transport models. Physical nonequilibrium models include 1) the Mobile-
Immobile Water Model, 2) the Dual-Porosity Model, 3) the Dual-Permeability Model, and 4) 
the Dual-Permeability Models with Immobile Water. Chemical nonequilibrium models include 
1) the One Kinetic Site Model, 2) the Two-Site Model, and 3) the Two-Kinetic Sites Model. Fi-
nally, physical and chemical nonequilibrium transport models include 1) the Dual-Porosity 
Model with one Kinetic Site, and 2) the Dual-Permeability Model with Two-Site Sorption. 

An example of physical nonequilibrium transport as implemented in HYDRUS is the Mo-
bile-Immobile Water Model that uses the concept of two-region, dual-porosity type solute trans-
port (van Genuchten & Wierenga 1976). Solute exchange between the two liquid regions is then 
modeled as a first-order process:  

(1 )

( ) *

im im im
mo s im

s mo im w

c s+ f = -
t t

c c c

θ ρ Γ φ

Γ α Γ

∂ ∂
−

∂ ∂
= − +

 (18) 

where cmo and cim = concentrations of the mobile and immobile regions [ML-3], respectively; sim 
= sorbed concentration of the the immobile region [-]; φim = sink/source term that accounts for 
various zero- and first-order or other reactions in immobile region [ML-3T-1]; fmo = fraction of 
sorption sites in contact with the mobile water content [-]; α = mass transfer coefficient [T-1]; and 
Γs = mass transfer term for solutes between the mobile and immobile regions [ML-3T-1]. The 
first equation of (18) is a mass balance for the immobile (micropore) domain, while the second 
equation (Γs ) describes the rate of mass transfer between the mobile and immobile domains. 
The second (advective) term of Γs in Eq. (18) is equal to zero for the Mobile-Immobile Model 
since that model does not consider water flow between the two regions. In the Dual-Porosity 
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Model, c* is equal to cmo for Γw>0 and cim for Γw<0. Note that although the HYDRUS models do 
consider diffusive transport in the gas phase also for nonequilibrium applications, for simplicity 
we did not include this process in (18) and subsequent equations. 

Still much more sophisticated models for physical nonequilibrium transport may be formu-
lated. For example, Pot et al. (2005), Köhne et al. (2006), and Šimůnek et al. (in press) consid-
ered not only a dual-permeability model with flow and transport in both regions, but also a dual-
permeability model that additionally divides the matrix domain into mobile and immobile 
subregions. Pot et al. (2005) and Köhne et al. (2006) used the HYDRUS-1D model with these 
dual-permeability submodels to successfully simulate bromide transport in laboratory soil col-
umns at different flow rates or for transient flow conditions, respectively.  

An example of chemical nonequilibrium transport in HYDRUS is the Two-Site Model that 
assumes that the sorption sites can be divided into two fractions: 

e ks s s= +  (19) 
where sorption, se [MM-1], on one fraction of the sites (often referred to as type-1 sites) is assumed 
to be instantaneous, while sorption, sk [MM-1], on the remaining (type-2) sites is considered to be 
time-dependent. Sorption on the type-2 nonequilibrium sites is assumed to be a first-order kinetic 
rate process: 

- -
k

k k
k e k

s  s s
t

ρ α ρ φ∂ ⎡ ⎤= ⎣ ⎦∂
 (20) 

where αk = first-order rate constant describing the kinetics of the sorption process [T-1]; se
k = 

sorbed concentration that would be reached at equilibrium with the liquid phase concentration 
[MM-1]; φk = sink/source term that accounts for various zero- and first-order or other reactions at 
the kinetic sorption sites [ML-3T-1]. 

Although we listed the Two-Kinetic Sites Model above among the chemical nonequilibrium 
models, this model could equally well be viewed as a physical and chemical nonequilibrium 
transport model. This because both physical and chemical nonequilibrium processes could be re-
sponsible for solutes associated with each of the two sites. For example, while the chemical 
process of attachment/detachment could be associated with one fraction of sorption sites, the 
physical process of straining could be associated with the second fraction of sorption sites. In 
the Two-Kinetic Sites Model the sorption sites are again divided into two fractions: 

1 2
k ks s s= +  (21) 

but now both sorption sites are assumed to be kinetic. In (21), s1
k and s2

k = concentrations of the 
first and second fraction of kinetic sorption sites [MM-1], respectively. The kinetic processes are 
then described as follows: 

1
1 1 1 1

2
2 2 2 2

-

-

k
k

a d k

k
k

a d k

s k c k s
t

s k c k s
t

ρ θ ρ φ

ρ θ ρ φ

∂
= −

∂
∂

= −
∂

 (22) 

where ka1, ka2 = attachment coefficients for the first and second fraction of kinetic sorption sites 
[T-1], respectively; kd1, kd2 = detachment coefficients for the first and second fraction of kinetic 
sorption sites [T-1], respectively; and φk1, φk2 = sink/source terms for the first and second fraction 
of kinetic sorption sites [T-1], respectively. As mentioned above, the two kinetic sites may be 
used to describe different processes. While the first kinetic process could be used for chemical 
attachment, the second kinetic process could represent physical straining of colloids or patho-
genic microorganisms (e.g., Bradford et al. 2004, 2007; Gargiulo et al. 2007). Note that in (22) 
we do not give the nonlinear blocking coefficients to account for, for example, Langmuirian 
blocking to attachment or depth-dependent straining that are considered in the HYDRUS models 
(e.g., Bradford et al. 2004). 

Details about the remaining nonequilibrium models, as well as of various applications, can be 
found in the HYDRUS manuals as well as in Šimůnek et al. (in press). 
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4.2 Multicomponent Solute Transport 
The transport of reactive contaminants in the subsurface is generally affected by a large number 
of nonlinear and often interactive physical, chemical and biological processes. Proper simulating 
these processes requires a reactive transport code that couples the physical processes of water 
flow and advective-dispersive transport with a range of biogeochemical processes. The soil solu-
tion is always a mixture of many ions which may be involved in mutually dependent chemical 
processes, such as complexation reactions, cation exchange, precipitation-dissolution, sorption-
desorption, volatilization, redox reactions, and degradation (Šimůnek & Valocchi 2002; Appelo 
& Postma 2005). The transport and transformation of many contaminants is further mediated by 
subsurface aerobic or anaerobic bacteria. Bacteria for example can catalyze redox reactions in 
which organic compounds (e.g., chlorinated hydrocarbons) act as the electron donor and inor-
ganic substances (oxygen, nitrate, sulfate, or metal oxides) as the electron acceptor.  

To be able to evaluate these type of systems, several different multicomponent modules were 
developed for the HYDRUS models. In addition to the single component solute transport mod-
ule described above, HYDRUS-1D also includes the UNSATCHEM module (Šimůnek & 
Suarez 1993, 1994) that considers the transport of major ions, and their mutual reactions, such 
as dissolution-precipitation, cation exchange, or aqueous complexation. HYDRUS-1D has also 
been coupled with PHREEQC, resulting in the HP1 model (Jacques & Šimůnek 2005; Jacques 
et al. 2006) that accounts for a wide range of instantaneous and kinetic chemical and biological 
reactions, including aqueous complexation, precipitation-dissolution, cation exchange, surface 
complexation, and redox reactions. Finally, the CW2D wetland module (Langergraber & Šimů-
nek 2005, 2006) in HYDRUS (2D/3D) considers biochemical processes associated with the flow 
of wastewater through constructed or natural wetlands. Below we briefly review these models 
and indicate some of their applications. 

Šimůnek & Valocchi (2002) divided geochemical transport models into two major groups: 
those with specific chemistry and more general models. Models with specific chemistry are gener-
ally restricted to certain prescribed chemical systems and thus are usually constrained to specific 
applications. The major ion chemistry UNSATCHEM module in the HYDRUS-1D software pack-
age and the CW2D wetland module in HYDRUS (2D/3D) are typical examples of models with 
specific chemistry. On the other hand, models with generalized chemistry provide users with much 
more freedom in simulating chemical systems, and thus permit a much broader range of applica-
tions. Users then either can select species and reactions from large geochemical databases, or are 
able to define their own species with particular chemical properties and reactions. The HP1 model 
represents a typical example of a model with generalized chemistry. 

4.2.1 Major ion chemistry 
As an alternative to the single-component approach, a major ion chemistry module based on the 
UNSATCHEM model (Šimůnek & Suarez 1993, 1994) was incorporated in HYDRUS-1D. This 
module considers the transport of major ions and carbon dioxide in soils. CO2 transport is as-
sumed to be governed by diffusion in both the liquid and gas phases, by advection in the liquid 
phase, and by respiration by both soil microorganisms and plant roots (Šimůnek & Suarez 
1993):  

( )a v w a w a a w
v a w w

s p

c a +c c c q c qc= a D + D - - - Sc + P
t z z z z z z

P = +

θ θ

γ γ

∂ ∂ ∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠  (23) 

where cw, ca = volumetric concentrations of CO2 in the dissolved and gas phases [L3L-3], respec-
tively; Da = effective soil matrix diffusion coefficient of CO2 in the gas phase [L2T-1]; Dw = ef-
fective soil matrix dispersion coefficient of CO2 in the dissolved phase [L2T-1]; qa = soil air flux 
[LT-1]; q = soil water flux [LT-1]; Scw = dissolved CO2 removed from the soil by root water up-
take [L3L-3T-1]; P = CO2 production/sink term [L3L-3T-1]; and γs, γp = CO2 production rates by 
soil microorganisms or plant roots [L3L-2T-1], respectively (Šimůnek and Suarez, 1993).  

The major variables of the UNSATCHEM chemical system are Ca, Mg, Na, K, SO4, Cl, NO3, 
H4SiO4, alkalinity, and CO2. The model accounts for equilibrium chemical reactions between 
these components such as complexation, cation exchange and precipitation-dissolution, e.g., 
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 (24) 

respectively, where the parentheses denote ion activities, KCaCO3 = equilibrium constant of the 
CaCO3

0 complexed species [-]; KMg,Ca = Gapon selectivity coefficient for Mg2+ and Ca2+ [-]; and 
KSP

C = calcite solubility product [-]. Similar algebraic equations hold for all species of the 
chemical system. 

For the precipitation-dissolution of calcite (CaCO3) and the dissolution of dolomite 
(MgCO3⋅3H2O), either equilibrium or multicomponent kinetic expressions can be used, includ-
ing both forward and backward reactions. Other precipitation-dissolution reactions considered in 
the UNSATTCHEM models involve gypsum (CaSO4⋅2H2O), hydromagnesite 
(Mg5(CO3)4(OH)2⋅4H2O), nesquehonite (MgCO3⋅3H2O), and sepiolite (Mg2Si3O7.5(OH)⋅3H2O). 
Since the ionic strength of soil solutions can vary considerably in time and space and often reach 
high values, both the modified Debye-Hückel (Truesdell & Jones 1974) and Pitzer (Pitzer 1979) 
expressions were incorporated into the model, thus providing options for calculating single-ion 
activities. The module also considers the effects of solution composition on the unsaturated soil 
hydraulic properties. The new UNSATCHEM module of HYDRUS-1D enables quantitative 
predictions of processes involving major ions, such as simulations of the effects of salinity on 
root water uptake and plant growth, evaluation of alternative irrigation, salinity and crop man-
agement practices, evaluation of water suitability for irrigation, and estimation of the amount of 
water and amendment required to reclaim soil profiles to desired levels of salinity and ESP (ex-
changeable sodium percentage).  

A recent application of HYDRUS-1D and its major ion chemistry module is given by Gon-
çalves et al. (2005) who simulated solute transport in three lysimeters irrigated with different 
quality waters over a time period of three years. HYDRUS-1D successfully described field 
measurements of not only the overall salinity, but also of individual soluble cations as well as 
SAR (Sodium Adsorption Ratio) (Fig. 5) and ESP (Gonçalves et al. 2005).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Measured and simulated sodium adsorption ratios (SAR) for lysimeters A, B, and C  
(Gonçalves et al. 2005). 

4.2.2 Chemical and biological reactions in HP1 
HYDRUS-1D was recently coupled also with the PHREEQC geochemical code (Parkhurst & 
Appelo 1999) to create a new comprehensive simulation tool, HP1 (acronym for HYDRUS1D-
PHREEQC) (Jacques & Šimůnek 2005; Jacques et al. 2006; Šimůnek et al. 2006a). This new 
code contains modules simulating (1) transient water flow in variably-saturated media, (2) the 
transport of multiple components, (3) mixed equilibrium/kinetic biogeochemical reactions, and 
(4) heat transport. HP1 is a significant expansion of the individual HYDRUS-1D and PHRE-
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EQC programs by preserving most of their original features. The code still uses the Richards 
equation for simulating variably-saturated water flow and advection-dispersion type equations 
for heat and solute transport. However, the loosely coupled program can simulate also a broad 
range of low-temperature biogeochemical reactions in water, the vadose zone and in ground wa-
ter systems, including interactions with minerals, gases, exchangers and sorption surfaces based 
on thermodynamic equilibrium, kinetic, or mixed equilibrium-kinetic reactions. HP1 uses the 
operator-splitting approach with no iterations during one time step (a non-iterative sequential 
modeling approach). Jacques et al. (2006) evaluated the accuracy of the operator-splitting ap-
proach for a kinetic reaction network (i.e., sequential and parallel kinetic degradation reactions) 
by comparing HP1 with an analytical solution for TCE-degradation, as well as for mixed equi-
librium and kinetic reactions involving different flow conditions (steady-state and transient). 

Jacques & Šimůnek (2005), and Šimůnek et al. (2006a) and Jacques et al. (2006; in press), 
demonstrated the versatility of HP1 on several examples, which included a) the transport of 
heavy metals (Zn2+, Pb2+, and Cd2+) subject to multiple cation exchange reactions, b) transport 
with mineral dissolution of amorphous SiO2 and gibbsite (Al(OH)3), c) heavy metal transport in 
a medium with a pH-dependent cation exchange complex, d) infiltration of a hyperalkaline solu-
tion in a clay sample (this example considers kinetic precipitation-dissolution of kaolinite, illite, 
quartz, calcite, dolomite, gypsum, hydrotalcite, and sepiolite), e) long-term transient flow and 
transport of major cations (Na+, K+, Ca2+, and Mg2+) and heavy metals (Cd2+, Zn2+, and Pb2+) in 
a soil profile, f) cadmium leaching in acid sandy soils, g) radionuclide transport, and h) long 
term uranium migration in agricultural field soils following mineral P-fertilization. 

4.2.3 Wetland module 
A multi-component reactive transport model CW2D (Constructed Wetlands 2D) (Langergraber 
& Šimůnek 2005, 2006) was developed to model the biochemical transformation and degrada-
tion processes in subsurface-flow constructed wetlands. The model was incorporated into the 
HYDRUS (2D/3D) variably-saturated water flow and solute transport software package. Con-
structed wetlands have become increasingly popular for removing organic matter, nutrients, 
trace elements, pathogens, or other pollutants from wastewater and/or runoff water. Such wet-
lands involve a complex mixture of water, substrate, plants, litter, and a variety of microorgan-
isms to provide optimal conditions for improving water quality. The water flow regime in sub-
surface-flow constructed wetlands can be highly dynamic and requires the use of transient 
variably-saturated flow model. The biochemical components defined in CW2D include dis-
solved oxygen, three fractions of organic matter (readily- and slowly-biodegradable, and inert), 
four nitrogen compounds (ammonium, nitrite, nitrate, and dinitrogen), inorganic phosphorus, 
and heterotrophic and autotrophic micro-organisms. Organic nitrogen and organic phosphorus 
were modeled as part of the organic matter. The biochemical degradation and transformation 
processes were based on Monod-type rate expressions, such as for NO3-based growth of hetero-
trophs on readily biodegradable COD (denitrification):  

32 2

2 2 3 3 2 2

NODN,O DN,NO
DN

DN,O O DN,NO NO DN,NO NO

CR
N,DN

DN,CR CR
XH

cK K
r

K c K c K c

c f c
K c

μ=
+ + +

+

 (25) 

We refer to Langergraber & Šimůnek (2005, 2006) for a detailed discussion of the terms in (25).  
All process rates and diffusion coefficients were assumed to be temperature dependent. Hetero-
trophic bacteria were assumed to be responsible for hydrolysis, mineralization of organic matter 
(aerobic growth) and denitrification (anoxic growth), while autotrophic bacteria were assumed 
to be responsible for nitrification, which was modeled as a two-step process. Lysis was consid-
ered to be the sum of all decay and sink processes. Langergraber & Šimůnek (2005, 2006) dem-
onstrated the model for one- and two-stage subsurface vertical flow constructed wetlands. 
Model simulations of water flow, tracer transport, and selected biochemical compounds were 
compared against experimental observations.  
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5 NUMERICAL SOLUTIONS 

All models discussed in this manuscript are numerical models that use various techniques to 
solve the governing partial differential equations. While spatial derivatives are invariably ap-
proximated using the Galerkin-type linear finite element schemes, temporal derivatives in the 
models are approximated using finite differences. We always used a fully implicit (backward) fi-
nite difference scheme for water flow, and a Crank-Nicholson time-centered scheme for heat and 
solute transport. The mass-conservative method proposed by Celia et al. (1990) was used in all HY-
DRUS models. This method has been shown to provide excellent results in terms of minimizing the 
mass balance error. Time and space discretization of the Richards equation generally leads to a 
nonlinear system of algebraic equations. These equations are then linearized and solved using 
the Picard iteration method. Higher-order approximations for the time derivative as derived by van 
Genuchten (1976) are used for discretization of the transport equations. Depending upon the size of 
the problem, the matrix equations resulting from discretization of the governing equations are solved 
using either Gaussian elimination for banded matrices, or the conjugate gradient method for sym-
metric matrices and the ORTHOMIN method for asymmetric matrices (Mendoza et al. 1991). 

The operator-splitting approach with no iterations during one time step (non-iterative sequen-
tial approach) is used in all multicomponent models (i.e., for the major ion chemistry module of 
HYDRUS-1D, in HP1, and in the wetland CW2D module of HYDRUS (2D/3D)).  

Three-dimensional applications in general require a large number of finite elements to discre-
tize realistically large transport domains. Even with the fast personal computers currently avail-
able, it is still very difficult to solve within a reasonable time problems having more than about 
half million nodes. To decrease the required computational time, Hardelauf et al. (2007) paral-
lelized SWMS_3D to develop PARSWMS that distributes problems with a large number of ele-
ments over multiple processors working in parallel. The PARSWMS code was developed for the 
LINUX or UNIX workstations with installed free-wares MPI, PETSc and PARMETIS. Harde-
lauf et al. (2007) demonstrated that doubling the number of processors may lead to a decrease in 
the computational time of up to 48 %. 

6 GRAPHICAL USER INTERFACES 

One major problem often preventing the use of numerical codes is the extensive work required for 
data preparation, finite element grid design, and graphical presentation of the output results. Hence, 
a more widespread use of numerical models requires techniques which make it easier to create, ma-
nipulate and display large data files, and which facilitate interactive data management (Šimůnek et 
al. 1999). Introducing such techniques frees users from cumbersome manual data processing, and 
enhances the efficiency in which programs are being implemented for a particular example. To 
avoid or simplify the preparation and management of relatively complex input data files and to 
graphically display final simulation results, we were very keen in developing interactive graphics-
based user-friendly interfaces (GUIs) for the MS Windows environments. From 1995 on this has re-
sulted into several of the software packages described above. While earlier versions (until 1998) 
were still 16-bit applications, all software packages from 1998 on are 32-bit applications fully com-
patible with all Windows operating systems released after Windows 95. 

7 CONCLUSSIONS 

Over the last 15 years the close collaboration between the University of California Riverside, 
and the U.S. Salinity Laboratory, and more recently with PC-Progress in Prague, Czech Repub-
lic, and SCK•CEN, Mol, Belgium, resulted in the development of a large number of computer 
tools that are currently being used worldwide for a variety of applications involving the vadose 
zone. The numerical models may be used to simulate not only one- and multi-dimensional water 
flow, heat transport and solute transport in variably saturated media, but also the transport of 
carbon dioxide, major ions, trace elements, colloids, viruses, bacteria, and wastewater. The 
popularity of the modeling tools is in large part due to their ease of use because of the availabil-
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ity of interactive graphical user interfaces. While the earlier models have proved to be useful for 
analyzing subsurface flow and processes, several more complex models and modules are being 
developed at present. One example is the HP1 code that couples the HYDRUS-1D water flow 
and solute transport model with the PHREEQC geochemical model. Since the resulting com-
bined program brings together the state-of-the-art in both flow and transport modeling and mod-
eling of geochemical reactions, we believe that HP1 represents a very flexible and promising 
tool for evaluating complex interactions of various processes in the vadose zone. 
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